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Primitive Groups with a Determination of the 
Primitive Groups of Degree 20. 


By Euizasetu R. BENNETT. 


Introduction. 


Substitution groups were first considered in connection with the solution of 
algebraic equations. The earliest work that devotes considerable attention to 
these groups (Ruffini, Teoria generale delle equaztoni, Bologna, 1799) divides 
the substitution groups, or permutations, as Ruffini calls them, into two main 
classes, viz., the cyclic and non-cyclic permutations. The non-cyclic permu- 
tations are again divided into permutations of the first, second, and third kind, 
which correspond to what are now known as intransitive, imprimitive, and 
primitive groups. 

The primitive group notion was emphasized later by Galois, who detined 
primitive groups in connection with primitive equations * and who was the first 
to show the close relation which exists between the theory of substitution 
groups and the solution of algebraic-equations. From his time mathematicians 
have recognized the fact that the determination of all the substitution groups of 
a given degree is a fundamental problem of algebra. Since the determination 
of intransitive groups is based on a knowledge of the transitive groups of lower 
degree and the determination of imprimitive groups requires a knowledge of 
primitive groups of lower degree, it is evident that the determination of the 
primitive groups of different degrees is important for the solution of this 
fundamental problem. Numerous theorems have been published which aid in 
this determination, and the enumeration of all the primitive groups of a given 
degree has been carried through degree 19.+ 


* Galois, Huvres publiés par FH. Picard, Paris, 1897, pp. 11, 53 

+ The possible primitive groups of degree 19 are mentioned by Jordan, Paris Comptes Rendus, Vol. 
LXXIX (1874), p. 1150. Extensive references as regards the primitive groups of lower degree are given in 
the Encyclopédie des Sciences Mathématique, Vol. I, p. 564. 


1 


. 


2 Bennett: Primitive Groups with a 


The first part of the present paper contains a number of theorems con- 
cerning the determination of simply transitive primitive groups. In Part II the 
primitive groups of degree 20 are determined, while in Part III certain primitive 
groups whose maximal subgroup contains a transitive constituent of prime 
order are considered. 


Part I. 
Simple Transitive Primitive Groups. General Theorems. 


Let G represent a primitive group of degree n and let G, represent its 
maximal subgroup of degree n—1. When @ is simply transitive, G, is 
intransitive and must contain certain transitive constituents. The determi- 
nation of all the simply transitive primitive groups of a given degree n, there- 
fore, requires the determination of the intransitive groups of degree n —1 
which can be maximal subgroups of a primitive group. It is important to 
know what groups may occur in G, as transitive constituents and what relations, 
if any, must exist between the degrees or between the orders of such transitive 
constituents. Various theorems which aid either directly or indirectly in the 
determination of these transitive constituents have been proved by Jordan,* 
Miller,t and Rietz. 

In the present paper extensive use has been made of the following theorem 
and corollary with respect to the transitive constituents of G: 

THEOREM. If a transitive constituent of G, is of a prime order, the order 
of G, is the same prime number, and G is of class n — 1. 

Coro.tiary. If G, contains a constituent of degree 2, its order is 2, and 
the degree of G is a prime number.§ 

The corollary, in particular, has suggested the consideration of what 
additional transitive constituents G, must contain when it contains either a 
transitive constituent of degree 3 or a transitive constituent of degree 4. The 
results of these considerations are stated in Theorems VII to X. 

Certain conditions regarding the transitive constituents which must occur 
in G, are obtained by considering a subgroup K of G, which will now be 
defined. Suppose one of the transitive constituents M of G, is a non-regular 


* Jordan, Traité des Substitutions, p. 284. 

+ Miller, Proc. London Math. Soc., Vol. XXVIII, pp. 535, 536. 

¢ Rietz, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVI, pp. 5, 6. 
§ Miller, Proc. London Math. Soc., Vol. XXVIII, p. 536. 
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group of degree m and consider the isomorphism that exists between this group 
and the group formed from all the other transitive constituents of G,. The 
invariant subgroup of G, corresponding to identity in the transitive constituent 
of degree m will be denoted by H and the subgroup composed of all the 
substitutions leaving a letter of the transitive constituent of degree m fixed will 
be denoted by K. 

In Theorems I to VI inclusive it is assumed that H is of degree n —m— 1 
and that G,: contains a transitive constituent M of degree m, but no other 
transitive constituent whose degree divides m. 

TueoreM I. If the subgroup which is both in K and also in a transitive 
constituent of degree m, of G, 1s transitive, K must contain another transitive 
constituent of degree m, which is not a transitive constituent of G, and which is 
similar to the one previously known to be in K. 

Since K leaves at least one letter of G, fixed, it must occur in some con- 
jugate of G,, as G,;. The group G{ may then be considered with respect to the 
isomorphism which exists bettveen its transitive constituent M’ of degree m and 
the group formed from all the other transitive constituents of Gj. Since & is 
composed of all the substitutions leaving a letter of the transitive constituent 
of degree m fixed, the order of K is one m-th the order of G, and, therefore, its 
order must be one m-th the order of Gj. Moreover, since the subgroup X leaves 
a letter of the transitive constituent M of G, fixed, when it occurs in G{ it must 
also leave a letter of some transitive constituent of.G{ fixed. However, none 
of the transitive constituents of G{ except M’ have degrees which divide m. 
Therefore, K could not be contained in a subgroup composed of all the substi- 
tutions leaving a letter of a transitive constituent of G{ fixed, M’ excepted, for 
the order of K would not divide the order of such a subgroup. The sub- 
group K also could not leave fixed all the letters of a transitive constituent 
of Gj, for in G, K contained letters from all the transitive constituents of G. 
The subgroup K in G{ must then be composed of all the substitutions leaving 
a letter of the transitive constituent M’ of degree m fixed and must occupy 
in G{ a place similar to the one which it occupied in G,. The transitive con- 
stituent m, in Gj cannot have exactly the same letters as in G,, for if it had 
this property, G, and G{ would generate an intransitive group. This is im- 
possible since G, is a maximal subgroup of G. It is evident that when the 
subgroup of the transitive constituent of degree m, in & is transitive, the 
letters cannot be partly different from what they were in G,. Therefore, all 
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the letters of the transitive constituent of degree m, in Gj; must be entirely 
different from what they were in G,, and K must contain another transitive 
constituent of degree m, which is similar to the one already known to be in it. 
Since G, and G{ generate G, this additional transitive constituent of degree m, 
in K cannot be a transitive constituent of G;. 

TueorEM II. Jf the subgroup which is both in K and also in a transitive 
constituent of degree m, of G, ts intransitive, then K must contain a transitive 
constituent similar to one of the transitive constituents occurring in this intransitive 
subgroup. 

Since KX leaves at least one letter of G, fixed, it must occur in some con- 
jugate of G,, as Gj. When Gi is considered with respect to the isomorphism 
which exists between its transitive constituent IM’ of degree m and the group 
formed from all the other transitive constituents of Gj, it may be shown as in 
Theorem I that K occupies in Gj a place similar to the one which it occupied 
in G,. The subgroup which is both in K and also in a transitive constituent 
of degree m, of G{ is intransitive and will contain in & certain transitive con- 
stituents of the same degree. At least one of these must be entirely different 
from any such constituent occurring in the intransitive subgroup of the con- 
stituent of degree m, of G, which isin K. If such were not the case, G, and G{ 
would again generate an intransitive group. Therefore, K must contain a 
transitive constituent similar to one occurring in the subgroup of the group of 
degree m, which is in & and entirely different from it. 

If in place of the transitive constituent of degree m, in G,, the transitive 
constituent MU of degree m is considered, a theorem with respect to the subgroup 
of M composed of all the substitutions leaving a letter of this transitive con- 
stituent fixed similar to Theorems I and II may be proved. The theorem is 
as follows: 

THEOREM III. Jf 1 represents the degree of one of the transitive constituents 
of the subgroup of M composed of all the substitutions leaving a letter of this 
transitive constituent fixed, or the degree of this subgroup ttself when it is transitive, 
then K must contain a transitive constituent of degree | not in M. ‘ 

As in the previous theorems the subgroup A must occur in some conjugate 
of G,, as Gj, and when G{ is considered with respect to the isomorphism which — 
exists between its transitive constituent U/' of degree m and the group formed 
from all the other transitive constituents of Gj, K is seen to occupy in Gj a 
place similar to the one which it occupied in G,. The subgroup of M’ which is 
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composed of all the substitutions leaving a letter of M/’ fixed cannot be entirely 
the same as that occurring in the transitive constituent M of degree m of G;. 
If such were the case, G, and G, would generate an intransitive group, which is 
impossible, since G, is maximal. If the subgroup of //’ leaving a letter fixed 
is transitive, none of its letters can be the same as those of a corresponding 
subgroup composed of all the substitutions leaving a letter of the transitive 
constituent UM of G, fixed, since each set of 7 letters is transitively connected. 
Therefore, K must contain a transitive constituent of degree 7 which is entirely 
different from the one appearing in the subgroup of M@ which isin XK. Should 
the subgroup of M’ leaving a letter fixed be intransitive, it will contain certain 
transitive constituents. At least one of these must be entirely different from 
any such constituent occurring in the subgroup of / which is in K; otherwise 
G, and G{ would again generate an intransitive group. Therefore K must again 
contain a transitive constituent of degree / different entirely from any such 
constituent occurring in the subgroup of M in G, where 7 is assumed to repre- 
sent the degree of any one of the transitive constituents of the subgroup com- 
posed of all the substitutions of I which leave a letter fixed. 

THEOREM IV. Jf G, contains a primitive group M, of degree m, as a transt. 
tive constituent, the subgroup of M, occurring in K is transitive. Should this 
transitive subgroup in K also be primitwe, G, must contain an imprimitive group 
whose systems of imprimitivity are of degree m,. 

The subgroup A must occur in some conjugate of G,, as G;, and must 
occupy in G{ a place similar to the one which it occupied in G,. Since Z is 
of degree n—m—1 and a primitive group cannot contain an intransitive, 
invariant subgroup,* the subgroup of the transitive constituent of degree m, 
in K must be transitive. The subgroup K must then contain another transi- 
tive constituent of degree m, similar to the one already in K and which is not 
a transitive constituent of G,. If this additional transitive constituent is 
primitive and is also a part of some transitive constituent of G, of degree 
greater than m,, it must be a system of imprimitivity of this constituent of 
larger degree. This follows from the fact that H is of degree n— m—1 and 
the considered primitive constituent of K of degree m, which is a part of a 
transitive constituent of G, has a transitive subgroup in H. 


* Compare Burnside, Theory of Groups, p. 187. 
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Corottary I. Jf a primitive group of degree m, occurs asa factor in G,, 
then G, must contain an imprimitive group whose systems of imprimitivity are of 
degree m,. 

The transitive constituent of degree m, occurs as a primitive group in K 
and, therefore, has a transitive subgroup of degree m, in H. 

CorotLary II. All the transitive constituents of G, cannot be primitive 
groups. 

THeoreM V. /f the transitive constituent M of degree m of G, is a primitive 
group, and if no transitive constituent of degree | occurs in G,, where | represents the 
degree of one of the transitive constituents of the subgroup of M leaving a letter 
fixed, or the degree of this subgroup itself when it ts transitive, then when the 
transitive constituent of degree lof K which is not in M has a transitive subgroup 
in H, G, must contain an imprimitive group of degree ml. 

According to Theorem III the subgroup K must contain a transitive con 
stituent of degree 7 which is entirely different from any such constituent 
occurring in the part of K that is in &. Since the order of K is one m-th the 
order of G,, this transitive constituent of degree 7 must be transformed into itself 
by one m-th the substitutions of G,. Then since the subgroup composed of all 
the substitutions of M leaving a letter fixed is a maximal subgroup of a primitive 
group, if the transitive constituent of degree / in K were transformed into itself 
by more than one m-th the substitutions of G,, it would be transformed into itself 
by the entire G,. This is impossible, since G, is assumed to contain no transi- 
tive constituent of degree 7, The transitive constituent of degree / in K has a 
transitive subgroup in H and is not a transitive constituent of G,; therefore, 
it must be a system of imprimitivity of some transitive constituent of Gj. 
Then since the constituent of degree 7 is transformed into itself by only one m-th 
the substitutions of G,, G, must contain an imprimitive group of degree mi. 

Corotuary I. Jf the transitive constituent of degree 1 in K which is not 
in M ws a primitive group, G, always contains an imprimitive group of degree ml. 

Since H is of degree n—m—1 and an invariant subgroup of a primitive 
group is transitive, the subgroup of the constituent of degree 7 in H is always 
transitive. 

Corotuary II. Jf the transitive constituent M of degree m of G, is a 
K-times transitive group, K>3, G, always contains an imprimitive group of 
degree m(m — 1). 

The subgroup composed of all the substitutions leaving a letter of fixed 
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is at least doubly transitive and, therefore, a primitive group. It is also of de- 
greem—1. Therefore, G, contains an imprimitive group of degree m(m — 1). 

TueorEM VI. Jf G, contains an imprimitive group M of degree m as a 
transitive constituent, and if no transitive constituent of degree 1 occurs in G,, 
where | represents the degree of any one of the transitive constituents of the subgroup 
of M composed of all the substitutions leaving a letter of M fixed, then when the 
transitive constituent of degree | which is not in M has a transitive subgroup 
in H, G,.must contain a transitive constituent of degree m'l, where m' represents 
some divisor of m different from 1. 

According to Theorem III the subgroup & of G, must contain a transitive 
constituent of degree / entirely different from any such constituent occurring in 
the part of Kin M. Since the order of XK is one m-th the order of G,, this trans- 
itive constituent of degree 7 must be transformed into itself by at least one m-th 
the substitutions of G,. It cannot be transformed into itself by G, or G, would 
contain a transitive constituent of degree 7. However, the transitive constituent 
of degree 7 may be transformed into itself by certain subgroups of G, con- 
taining K. The orders of such subgroups must then be multiples of the order 
of K or one m’-th the order of G,, where m’ is some divisor of m different from 1. 
Then if the transitive constituent of K of degree / is transformed into itself by 
~ one m-th the substitutions of G, and the part of the constituent of degree Jin H is 
transitive, it must be a system of imprimitivity of some transitive constituent 
of G,, and G, must contain a transitive constituent of degree m/l. 

THEorEM VII. Jf G, contains a transitive constituent of degree 3, it contains 
another transitive constituent of degree 3 or 6.* 

When the transitive constituent of degree 3 is of order 3, the theorem is 
self-evident, since all the other transitive constituents must be of the same 
degree and order.+ If the constituent of degree 3 is of order 6 and G; is of 
this same order, all the other transitive constituents of G, must be of degrees 
3 or 6, for only transitive constituents of these degrees can be put in simple 
isomorphism with the symmetric group of degree 3. It may then be assumed 
that the order of G, is greater than 6, and since the theorem would require no 
proof if G, contained a second transitive constituent of degree 3, it may be 
assumed that G, contains only one transitive constituent of degree 3. Under 


* This theorem was proved by Professor G. A. Miller in a lecture course during the year 1909-10. 
t Miller, Proc. London Math. Soe., Vol. XXVIII, p. 536. 
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this assumption H is of degree n — 4 and Theorem ‘V then states that G, must 
contain a transitive constituent of degree 6. 

TueoreM VIII. Jf G, contains a group of degree 4 whose order is a power 
of 2 as a transitive constituent, it must contain another transitive constituent of 
degree 4 or of degree 8. 

When the transitive constituent of degree 4 is of order 4, G, is of order 4 
and G is of class n—1.* The group of order 8 and degree 4 can be repre- 
sented only on 4 or 8 letters; therefore, when the transitive constituent of 
degree 4 is of order 8 and G; is of the same order, G, can contain only transi- 
tive constituents of degrees 4 or 8. Since any transitive constituent in simple 
isomorphism with the transitive constituent of degree 4 and order 8 must be of 
degree 4 or 8, it may be assumed that the order of G, is greater than 8. The 
subgroup of the transitive constituent of degree 4 composed of all the sub- 
stitutions leaving a letter of this constituent of degree 4 fixed is of degree 2. 
Therefore, K must contain a transitive constituent of degree 2 entirely different 
from the one occurring in the subgroup composed of all the substitutions 
leaving a letter of the transitive constituent of degree 4 fixed. Since G, can- 
not contain a transitive constituent of degree 2 and the constituent of degree 
2 in K may be transformed into itself by one-fourth and also by one-half of 
the substitutions of G,, G, must contain a transitive constituent of degree 4 or 
of degree 8. 

TuHeoreM IX. Jf G, contains the alternating group of degree 4 as a transitive 
constituent and the order of G, exceeds 12, G, must contain a transitive constituent 
of degree 12 whose order is at least 36. 

When the order of G, exceeds 12, there may be an intransitive con- 
stituent @ of degree 7 and order 12 formed from the simple isomorphism of 
certain groups with the considered alternating group of degree 4. The sub- 
group H will then be of degree n—r—1. If such an isomorphism does not 
occur in G,, H is of degree n— 5. In either case X must contain a transitive 
constituent of degree 3 entirely different from any such constituent occurring in 
the part of K in the alternating group of degree 4 or in # when it occurs, 
This constituent of degree 3 is the cyclic group of degree 3. If a constituent 
of degree 3 occurs in G,, it must be the symmetric group of degree 3 and occur 
wholly in H, for G, could not contain a constituent of degree 3 and order 3 and 


* Miller, Bull. Amer. Math. Soc., 6 (1899-1900), p. 104. 
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no isomorphism exists between the symmetric group of degree 3 and the alter- 
nating group of degree 4. Therefore, the cyclic constituent of degree 3 cannot 
be a part of any symmetric constituent of degree 3 that may occur in G,. 
Since the additional cyclic group of degree 3 in K must be in H, is transformed 
into itself by only one-fourth the substitutions of G, and could not occur as a 
transitive constituent of G,, G, must contain a transitive constituent of degree 12. 
The order of the subgroup of this transitive constituent of degree 12 occurring 
in A cannot be less than 8. Therefore, G, must contain a transitive constituent 
of degree 12 whose order is at least 36. 

THEoREM X. Jf G, contains the symmetric group of degree 4 as a transitive 
constituent and no transitive constituent of degree less than 4, then if the order 
of G, is 24, tt must contain another transitive constituent of degree 4, 6, 8, 12 or 24. 
If the order of G, ts greater than 24, and H is of degree n — 5, G, must contain 
a transitive constituent of degree 12, 

The symmetric group of degree 24 can be represented only on 4, 6, 8, 12, 
or 24 letters.* Therefore, if the order of G, is 24 and no transitive constituent 
of degree less than 4 occurs, the other transitive constituents, when such occur, 
can be only of degrees 4, 6, 8, 12, or 24. If the order of G, is greater than 24 
and Hf is of degree n—5, from Theorem IV it is evident that a transitive 
constituent of degree 12 must occur. 


Part II. 
$1. Simply Transitive Primitive Groups of Degree 20. 

We first observe that the order of a transitive constituent of G, and, there- 
fore, the order of G, could not be divisible by any one of the primes 5, 7, 11, 13, 
and 17. Ifsuch were the case, G, would contain substitutions of these orderst 
and of degrees 5g, 7g, 11g, 13g, and 17g, where g represents the number of 
cycles in the substitutions of the given orders. When g= 1, the degree of the 
primitive group generated could not exceed p+ 2,{ a degree which is less 
than 20 for each of the primes considered. When g= 2, a possibility that 
occurs for the primes 5 and 7, or when g = 3, as is possible for the prime 5, the 
limit for the degree is again less than 20§ for each of the primitive groups that 


* Dyck, Math. Ann., XXII (1883), pp. 84-86, pp. 105-106. 

+Cauchy, Hzercises d’ analyse, 3 (1844), p. 250. 

tC. Jordan, Bulletin de la Société Mathématique de France, Vol. I (1873), pp. 40-71 and pp. 175-221. 
§ Manning, Trans. Amer. Math. Soc., Vol. X (1909), p. 252. 
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might be generated. Then since the order of a transitive constituent of G, is 
not divisible by these primes, G, could contain no transitive constituent whose 
degree is divisible by any one of them.* In other words, we see at once that 
transitive constituents of degrees 17, 15, 13, 11, 10, 7, and 5 cannot occur 
in G,. It is also known that G, cannot contain a transitive constituent of 
degree 2. These results together with Theorem VII show immediately that the 
largest possible degree for any transitive constituent of G, is 9. 

We shall first consider all the possible groups when the maximum degree 
of a transitive constituent of G, is 9; then those when this maximum degree 
is 8, etc. 

A transitive constituent of degree 9 cannot occur in G,. The possi- 
ble systems of intransitivity which require special consideration are 9, 6, 4 
and 9, 4, 3, 3. 

When the systems of intransitivity of G, are 9, 6, 4 and G, is considered 
with respect to the isomorphism which exists between its transitive constituent 
of degree 4 and the group formed from the transitive constituents of degrees 
9 and 6, it is seen that the order of G, must exceed the order of the transitive 
constituent of degree 4. The subgroup H corresponding to identity in the 
transitive constituent of degree 4 will be of degree n— 5, for the class of G, 
must be at least 12. Then according to Theorems IX and X, G, must contain 
a transitive constituent of degree 12. This is impossible with the systems of 
intransitivity 9, 6, 4; therefore, such systems cannot occur in G;. 

When G, contains a transitive constituent of prime degree p, the order 
of G, is not divisible by p*.t It is evident, therefore, that the systems of 
intransitivity 9, 4, 3, 3 cannot occur in G}. 

If G, contains a transitive constituent of degree 8, but no transitive 
constituent of higher degree, its possible systems of intransitivity are 8, 8, 3 
and 8, 4,4, 8. Since only one constituent of degree 3 occurs in either case, 
Theorem VII shows at once that a transitive constituent of degree 8 cannot 
occur in G;. 

When G;, contains a transitive constituent of degree 6, but none of larger 
degree, the systems of intransitivity of G, may be 6, 6, 4, 3 or 6, 4, 3, 3, 3. 


* Compare Burnside, Theory of Groups, p. 140. 
+ Jordan, C. R., Vol. LX XIII (1871), p. 853; Manning, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVIII 


(1906), p. 226. 
t Rietz, AMERICAN JOURNAL OF MATHEMATICS, Vol. XXVI (1904), p. 6. 
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It is evident that the transitive constituent of degree 4 must be either the sym- 
metric or the alternating group of this degree and that the constituent of de- 
gree 3 must be the symmetric group of degree 3. Since the class of G, must 
be at least 12, in both cases G, may be considered as formed from a simple 
isomorphism between the intransitive group of degree 9 and the intransitive 
group of degree 10. 

If the systems of intransitivity of G, are 6, 4, 3, 3, 3, the intransitive group 
of degree 9 contains only one Sylow subgroup of order 3* while the intransitive 
group of degree 10 contains more than one such subgroup. The simple iso- 
morphism, therefore, cannot be established. 

If the systems of intransitivity of G, are 6, 4, 6, 3, the constituent of 
degree 6 in the intransitive group of degree 9 must be of order 48, 24, or 12, 
for the intransitive group of degree 10 has more than one Sylow subgroup of 
order 3°. The order of the intransitive group of degree 9 cannot be divisible 
by 9, for the order of G, cannot be divisible by 3%. The order of G, is, there- 
fore, equal to the order of the transitive constituent of degree 6 in the 
intransitive group of degree 9 or is 48, 24, or 12. It is at once evident that 
the order of G, cannot be 12 since the constituent of degree 3 is the symmetric 
group of degree 3. The order of G, also cannot be 24* and on account of 
class a G, of order 48 cannot be constructed. Therefore, G, can contain no 
transitive constituent of degree 6. 

A transitive constituent of degree 4 cannot occur in G,. The possible 
systems of intransitivity are 4, 3, 3, 3, 3,3 and 4, 4,4,4,3. If the systems of 
intransitivity are 4, 3, 3, 3, 3, 3, G, may be considered as formed from a simple 
isomorphism between an intransitive group of degree 10 and an intransitive 
group of degree 9. The intransitive group of degree 9 will contain only one 
Sylow subgroup of order 3* while the intransitive group of degree 10 contains 
more than one such subgroup. The considered isomorphism is then impossible. 
Theorem VI shows at once that the systems of intransitivity 4, 4, 4, 4, 3 cannot 
occur in 

Since a constituent of degree 2 cannot occur in G, and 19 is not divisible 
by 3, a transitive constituent of degree 3 cannot occur in Gy}. 

This completes the consideration of the simply transitive primitive groups 
of degree 20 and shows that no such groups exist. 


* Miller, Proc. London Math. Soc., Vol. XXVIII, p. 534. 
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§2. Multiply Transitive Groups of Degree 20. 


A multiply transitive group of degree 20 must have a transitive group of 
degree 19 as the maximal subgroup composed of all the substitutions leaving a 
letter fixed. According to the determination made by Jordan, besides the 
alternating and symmetric groups of degree 19, there are only six transitive 
groups of this degree, the metacyclic group and its subgroups.* The orders of 
the latter groups are 19, 2.19, 3.19, 6.19, 9.19, and 18.19. 

Since a transitive group of degree n and order n(n — 1) whose operations 
other than identity displace all, or all but one, of the symbols, can exist only 
when n is the power of a prime, no primitive group of degree 20 can have 
the group of degree and order 19 as a maximal subgroup. 

If a primitive group of degree 20 and order 20.19. 2 existed, it would 
contain both positive and negative substitutions. The subgroup of its positive 
substitutions would be a group of degree 20 and order 20.19. Since such a 
group has been shown not to exist, the required group of order 20.19. 2 can- 
not exist. 

A primitive group of degree 20 and order 20.19.3 cannot exist. Such a 
group must contain 

380 substitutions of degree 18, order 3. 
899 66 6c 20. 


The substitutions of order 5 contained in the group must be of degree 20 
having four systems of intransitivity. A subgroup of order 5 cannot be 
transformed into itself by substitutions of degree 19 nor by substitutions of 
degree 18 and order 3. Therefore, the number of subgroups of order 5 must 
be a multiple of 57. From Sylow’s theorem the number of subgroups of 
order 5 must be of the form 5A + 1; there must then be at least 171 subgroups 
of order 5. Since it is impossible to form 171 subgroups of order 5 from 399 
substitutions of degree 20, a primitive group of order 20.19 . 3 cannot exist. 

A primitive group of degree 20 and order 20.19.3.2 cannot exist. 
Such a group would be both positive and negative and contain a positive sub- 
group of order 20.19.3. Since the positive subgroup does not exist, the 


group considered cannot exist. 


* Jordan, C. R., Vol. LXXIX, p. 150. 
+ Jordan, Liowville’s Journal, 2™¢ sér., Vol. XVII, p. 355. 
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Mathieu* has proved that there is at least one triply-transitive group of 
degree p+ 1 and order p{p*— 1) and one doubly-transitive group of degree 


p+ 1 and order Lp 1), p being any prime number, The latter group is 


composed of the positive substitutions of the former. Frobenius has further 
proved that there is only one group of each order except for the case p= 7 


when there are two groups of order al p*—1).+ For degree 20 there is then 


only one primitive group of order 20.19.9 and only one primitive group of 
order 20.19.18. 

This completes the determination of the primitive groups of degree 20. 
Besides the symmetric and alternating groups of this degree, there are only 
two primitive groups and these are the well-known Mathieu groups of orders 


1) and (p*— 1). 
Part III. 


Certain Primitwe Groups whose Maximal Subgroup Contains a Transitive 
Constituent of Prime Order. 


In the following discussion G will be considered as denoting any primitive 
group of degree n whose maximal subgroup contains a transitive constituent of 
order p, p an odd prime. We first observe that G, must be of order p and G of 
class n — 1.{ Then according to Frobenius, the degree of G is of form g’, q a 
prime, and G contains a characteristic abelian subgroup H of degree g* and 
type (1, 1, .---, 1).§ 

THEOREM 1. Jf the number of transitive constituents of prime order p of G, 
is 2°, a > 0, the degree of G is of form 2*p+1= 4", gq anodd prime. If a is 
even, a primitive group G can exist only when a=0, mod. 4, or when a= 2 and 
q belongs to exponent 2, mod. p, and there is only one group G for each set of values 
of p and « for which the equation 2°p + 1= 4° is satisfied. If a is odd, the group 
G can exist only when a is 1 or a prime. When a=1, G is a subgroup of the 
metacyclic group. In case a + 1 and odd, a can be only 1 or some power of 2,as 2". 
When a 1 and a=1, there is one and only one primitive group G of degree 3° for 


* Mathieu, Journal de Mathématiques, Vol. V (1860), p. 37. 
¢ Frobenius, Berliner Sitzungsberichte (1902), pp. 455-459. 
t Miller, Proc. London Math. Soc., Vol. XXVIII, p. 536. 
§ Frobenius, Berliner Sitzungsberichie (1902), pp. 455-59. 
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each prime p for which 2p + 1= 38% Whena+1 and a = 2”, one and only one 
primitive group G exists for each set of values of p and y for which 2p + 1 = q". 

Since G, contains 2* transitive constituents of order p, the degree of 
G, is 2*p and the degree of G is 2p +1, an odd number. But the degree 
of G must be the power of a prime; therefore, 


(1) 


g an odd prime. It will now be shown that Equation (I) can exist, if a is even, 
only when a= 2 or a=0, mod. 4. We have, when a is even, 


If a>2 and #0, mod. 4, K must be odd and, therefore, K = p and 2*=q’— 1. 
The latter equation is satisfied only when a= 3 and g=3. Equation (I) then 
becomes 8p + 1 = 3%, an equation which does not exist under the given con- 
ditions. Therefore, Equation (I) cannot exist when a is even, greater than 2 
and $0, mod. 4. 

If 23» +1=4q’, g must belong to exponent 2, mod. p, or exponent 1, 
mod. p. Suppose q belongs to exponent 2, mod. py. The order of the group of 
isomorphisms of the abelian group of order gq’ is divisible by p while q’ — 1 is 
not divisible by p*, x >1. Then for each set of values of p and a only one 
primitive group G can exist for a= 2.* The primitive group of order 75 and 
degree 25 is an example of this type of group. Herea=3, p= 3, and g= 5. 

When q belongs to exponent 1, mod. p, the number of subgroups of 
order q is not divisible by p. The subgroup G, is then not maximal and G is 
not primitive. 

Now consider that a is odd and first assume that a= mn, m and n odd 
primes. Then 


which is at once seen to be impossible unless either m or n is 1 or both m and n 
are 1. Thus a must be 1 or a prime. 

When a= 1, we have 2°» + 1 =g and G is a subgroup of the metacyclic 
group. There is only one such group for each set of values of p and a for which 
the equation 2*p + 1 =q is satisfied. 


* Rietz, AMERICAN JOURNAL, Vol. XXVI (1904), p. 12. 
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When a is an odd prime, 2*>=q—1org=2*+1. Assume that a is odd. 
Then we have 
a? + .... +1). 
Therefore a = 1 when odd and g= 3. Assume that « is even and that a= KI, 
where £ consists of powers of 2 and / consists of odd factors only. Then 
(2% +1)((2*) — .... +1). 
Therefore, 7 = 1 and a = 2” when a is even. 

When a is an odd prime and a=1, we have 2p +1 = 8° and G is of 
class 2p. Since all the groups of class 2p have been determined,* it is known 
at once that this condition gives a primitive group G of degree 3° for each 
prime p for which 2p + 1 = 37. 

When a is an odd prime and a = 2”, we have 

+ .--- +1) 
or 

g—1=2 and +1. 
Therefore, if the equation 2”)+ 1=q" is satisfied, a is the exponent to 
which g belongs, mod. p. The order of the group of isomorphisms of the abe- 
lian group of order g* is divisible by p and g*— 1 is not divisible by p*, 2 >1, 
Then there is one and only one group @ for each set of values of p and a for 
which 2” +1=g%.t The primitive group of degree 125 and order 125. 31 is 
an example of the above type of group. 

THEorEM II. Jf the number of transitive constituents of prime order p is an 
odd prime r, then a primitive group G may only exist when its degree is of 
form rp + 1= 2%, where a is 4, an odd prime, or the square of an odd prime. 
There is only one primitive group G when a=4. If a=’, B an odd prime, 
for each set of values of r and p for which the equation rp + 1 = 2 exists only one 
primitive group G occurs. If ais anodd prime @, for each set of values of r and p 
for which the equations rp+1=2° exists, rp, two primitive groups always 
occur. 

Since G, contains r transitive constituents of prime order p, the degree 
of G, will be represented by rp and the degree of G by the expression rp + 1. 
But rp + 1 is even and the degree of G must be the power of a prime; therefore, 


rp +1 = 2". (I) 


* Manning, Trans. Amer. Math. Soc., Vol. IV, pp. 351-57. 
+ Rietz, AMERICAN JOURNAL oF MaTHEMATICS, Vol. XXVI (1904), p. 12. 
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It is first assumed that a is even. Ifa=2, mod. 4, we have 


that is, 7p would have at least three factors unless 6 = 1 when it has only one. 
Both conditions are impossible. 
If a=0, mod. 4, we have 


rp = 2*— 1 = — 1 = (2? — 1)(2° + 1)(2” + 1), 


which has three factors unless @=1. When 6=1 and p=5, a primitive 
group of degree 16 and order 80 exists. The group is not primitive, if p = 3. 
Now assume that a isodd. The exponent a may be the product of like or 
unlike odd primes or a prime. 
If a= By, 6 an, odd prime and y one or more old primes, 8B < y, 


rg = — 1 = (2° —1)[(2*) + (2°) ITHL.M, (I) 
rg = (2)? —1 = — 14+ =8. 7. (II) 


If Z is not a prime, (II) contains too many prime factors. If Z is a prime, it 
must divide either § or 7 and rq is again equal to more than two prime factors, 
which is impossible. Therefore, a Oy. If B=y or y=1, that is, a= (? 
or a= @, it is evident that (I) may exist. Then if a is odd, it must be the 
square of a prime or a prime. 

Assume that 6 = y, that is, a= 6. Then 


rp = 2” — 1 = (2% — 1)[(2°)P-1 + (2°)P +1). 
If r< p and the equation sp + 1 = 2 exists, 
r=2?—1 and p= (2°14 .... + 2 +1. 


In this case 2 belongs to exponent 6, mod. 7, and exponent @?, mod. p. 

When £? is the exponent to which 2 belongs, mod. p, the group G whose G, 
contains 7 systems of order p is primitive. Only one such group can exist for 
each prime p. The order of the holomorph ZL of the abelian group of order 
2 is (2° —1)(2"— 2)....(2"— . 2". This is divisible by p, but not 
by p*. Then all the subgroups of order p in LZ are conjugate and, therefore, 
all subgroups of order 2p are also conjugate. There is then for each set 
of values of r and p, r<p, only the one primitive group whose G, con- 
tains systems of order p. Such a primitive group occurs when r=7, p= 73, 


and 6? = 9. 
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If p= —1 and r=(2°)* 1+ .... + 2°+1. Then 2 belongs to 
exponent 8, mod. p. In this case there is no primitive group @ containing r 
systems of order p in its G,. The number of subgroups of order 2° occurring 
in the abelian group H of order 2® is 


(2° — 1)(2°-'— 1)... — 1) 


(2— 


But WN is not divisible by p. Then some subgroups of H of order 2° are 
invariant under p or G, is not maximal and a primitive group G does not 
exist. Therefore, for each set of values of r and p for which the equation 
rp + 1 = 2” exists, only one primitive group G occurs. 

Now assume that y=1, that is, a=@. Then rp+1= 2°, B an odd 
prime, and @ is the exponent to which 2 belongs, mod. r, and also mod. p. The 
order of the holomorph of the abelian group H of order 2° is divisible by p 
and 7, but by no higher powers of these primes. Then it may be shown as in 
the previous cases that there exists a primitive group G containing r systems 
of order p. However, if the equation rp + 1 = 2° exists, this existence is not 
destroyed if r and p exchange values. Suppose this change is effected. Then 
since 2 belongs to exponent , mod. r, it will also belong to exponent @, mod. p, 
where p has the value previously held by rv. For this latter condition by 
processes similar to those already used, it may be shown that another primitive 
group G of degree 2° exists. Therefore, for each set of values of r and p, 
r= p, for which the equation rp+1=2° exists, two primitive groups always occur. 
Two such primitive groups exist, for instance, for the relation 23.89 = 2" — 1. 
Both are of degree 2", but the G, of one contains 23 transitive constituents of 
order 89, while the G, of the other contains 89 transitive constituents of order 23. 

‘Turorem III. If the number of transitive constituents of prime order p 
occurring in G, is 2r, r an odd prime, then a primitive group G can only exist 
when the degree is of form rp +1=¢", where q is a prime of form 4n+ 3 and 
a ts 1, an odd prime, or the square of an odd prime. If a=1, the group G tsa 
subgroup of the metacyclic group. If a=’, B an odd prime, the degree of G is of 
form 3” and for each set of values of r and p for which the equation 2rp + 1 = 3” 
exists, only one primitive group G occurs. If a= and qg#3 for each set of 
values of rand p for which the equation 2rp-+1=4q° exists, only one primitive 
group G is possible, while if a = 8B and q = 3, rp, two groups are possible. 
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Since the number of transitive constituents of prime order p in G;, is 2r, the 
degree of G may be represented by 279+ 1. But the degree of G must also 
be the power of a prime; therefore, we have 

arp ++1=9", (I) 
g an odd prime. 

The left-hand member of this expression is always congruent to 3, mod. 4, 
whatever values p and r may have. Therefore, g must be a prime of form 
4n + 3 and a an odd number. 

Consider 2rp = g*’ — 1, where a= By, @ being an odd prime and y one or 
more odd primes, 8 < y, 


= + + .... +1] 


=(q—1)L.R, (II) 
arp = t+ .--- +1] 
=(q— 1). N. (III) 


It is evident that Equations (II) and (III) can exist only if g=3. Then 
if Z in (11) is not a prime, g°’ — 1 has too many prime factors. If Z is a prime, 
it must divide either UY or N since it is different from both and a number can 
be resolved into its prime factors in only one way. Again g°’—1 has more 
than two odd prime factors. Therefore, (I) cannot exist when a = Gy. 

An inspection of Equations (II) and (III) shows that the existence of the 
equation 2rp = g* — 1 may be considered possible if @B=y=1, B=y, 
or y = 1, that is,a=1l,a=’, ora= 68. 

When a= 1, 2rp + 1 =q and G is a subgroup of the metacyclic group. 

When y = we have 

In order that g* — 1 may not contain too many prime factors, g must be 3. 

Assume p. Then 


and 
p= (8°)! + + .... + 3° +1. 


These values for 7 and p show that 3 belongs to exponent 6*, mod. p, and 
exponent 8, mod. r. Since 6 is the exponent to which 3 belongs, mod. p, 
a primitive group G exists. Also since the order of the group of isomorphisms 
of the abelian group H of order 3” is divisible by p and 3” — 1 is not divisible 
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by p*, x >1, only one such group G exists for each set of values of r and p for 
which the equation 27p + 1 = 3* is satisfied. 

Assume r>p. Then p= 3*!+ ....-+1 and 3 belongs to expo- 
nent 8, mod. p. In this case no primitive group G exists. For the number of 
subgroups of order 3° in the abelian group H of order 3 is not divisible by p. 
Then G;, is not maximal and there can be no primitive group G for r > p. | 

If p = 757, r= 13, and 6 =3, a group G illustrating the case when r< p 
occurs. 

When y = 1 and g#3, we havea=@ and 

=P t ..-- +941). 

If r<p, and +1. Then gq belongs to 
exponent 1, mod. 7, and exponent @, mod. p. As in the previous cases, it may 
be shown that one and only one primitive group G occurs for each set of values 
of r and p for which the equation 27p + 1= 4° exists. As an illustration, this 
equation is satisfied when 6 = 5, g=7, r= 38, and p= 2801 and a primitive 
group G exists whose G, contains 6 transitive constituents of order 2801. 


If r > there is no primitive group existing. Then p= and the 


number of subgroups of order g in the abelian group H of order g® is not 
divisible by p and G;, is not maximal. 
When g =3 andy= 1, a=@ and 
2rp = 3° — 1 = 2(38 14 3814+ .... +3+4 1) 
or 


rp = 3814 3? 4+ T. 


Assume S$ 7. If p=T, and again when p=S, 8 belongs to exponent 
8, mod. p. Also for both values of p the order of the group of isomorphisms 
of the abelian group H of order 3° is divisible by p and 3*—1 is not divisible 
by p*. Then for each of these values of p, one and only one primitive group @ 
exists. Therefore, if a= and gq =8 for each set of values of r and p, r+ p, 
for which the equation 2rp + 1= 3° is satisfied, two primitive groups exist. 
The identity 2.28 .38851 = 3"! — 1 gives one set of values of r and p for which 
two primitive groups exist. 

THeoreM IV. Jf the number of transitive constituents of prime order p of G, 
is rq, r and q odd primes, the degree of G is of form rqp+1= 2%. Then if 2 
belongs to an even exponent with respect to any one of the primes r, g, and p, 
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a primitive group G can exist only when its degree is 2° or 2”, b an odd prime. 
If a =8, only one primitive group G exists. If a= 2b, b an odd prime, for each 
set of values of r, g, and p for which the equation rgp + 1 = 2” its satisfied, only 
one primitive group G is possible. 

Since G, contains rg transitive constituents of order p, the degree of 
G, is rgp and the degree of G is rgp +1, an even number. But the degree 
of G is also the power of a prime; therefore, 

rqp +1 = 2. 

If 2 belongs to an even exponent with respect to any one of the primes 7, q, 
and p, a must be even. Consider a=2, mod. 4, and assume a = 2bc, b an odd 
prime and c the other odd factors, if such exist. Then 

rqp = 2 — 1 = (2° — 1)[(2>)e-1 + +1] 

(2° 4+ .... 41]. 
This equation is evidently impossible unlessc = 1. It then becomes 
rgp 2 .... 41). 
Therefore, when a= 2, mod. 4, a = 26, 6 an odd prime. Let 
.... +1). 

Then 2 belongs to exponent 2b, mod. p, and by considering the holomorph of 
the abelian group of order 2”, it may be shown by methods similar to those 
used in Theorem II that for this value of p only one primitive group @ exists. 
If p were equal to either one of the other factors of 2*?— 1, no primitive 
group G@ could exist. Therefore, for each set of values of 7, g, and p for which 
the equation rgp + 1 = 2° is satisfied, only one primitive group G exists. Such 


@ primitive group occurs when 7g = 9 and p = 7, also when rg = 93 and p= 11. 
Now consider that a=0, mod. 4, and assume a= 4c. Then we must have 


= — 1 = (2° — 1)(2° + 1)(2” + 1). 
If c= 1, the above equation is impossible; and if ¢ >1 and odd, it is also 
impossible. Therefore, c must be even, or a = 8d and 
rgp = 2°4 — 1 = (24 1)(2% + 1)(2% + 1)(2 + 1). 
In order that the above equation may exist, d must be 1. Therefore, if a=0, 
mod. 4,a=8. When a=8, rg=15 and p=17 and only one primitive 
group G@ exists. 
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On the Arithmetical Theory of Pencils of Binary 
Quadratic Forms. 


By D. N. Leaner. 


1. Given two binary quadratic forms: 


2buy+cy’, 
B=a' + 2Vxy+ cy’, 


where the coefficients are integers, positive or negative or zero, the totality of 
forms obtained by giving to a and @ all positive or negative or zero integer 
values in the expression a A+ (8B will be called a pencil of forms and will be 
denoted by (A, B). The forms A and B will be called the base forms of the pencil. 

2 If A=aAt+ 8B and B= yA4+06B are two forms of the pencil, 
then the pencil (A, B) is said to be contained in the pencil (A, B). It is easily 
seen that any form that appears in (A, B) appears also in (A, B). The converse 
is not necessarily true. If two pencils are such that each is contained in the 
other, they are said to be equivalent. 

3. THEOREM. If two pencils are equivalent and their bases are related by the 
equations A=aA+ 6B, B=yA+5B, thn ad—By=+1. 

For solving the two equations for A and B, we have 


where e=ad—(y. It is necessary therefore that and be integers, 


and therefore that = — 8 should be. But this expression is equal to - 


whence e= +1. The equivalence will be called proper or improper according 
as e= +1 or e= —1. 


| 
B=— YA+<B, 
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4. In the study of pencils two kinds of transformations will be used. 
The first, as above, connects the base forms of the two pencils. The pencil 
(A, B) will be said to be transformed into the pencil (A, B) by the a-substitution 


. If, in the second place, the transformation x =Aa'+uy', y=va'+p2/ 


be applied to the variables in the two base forms A and B, two other forms are 
produced which may be taken as base forms of a new pencil (A’, B’). The pencil 
will then be said to be transformed into the pencil (A’, B’) by the A-substitution 


(; : ). It will be found that in this case the two pencils are not necessarily 


equivalent, even when Ap —vwv=+1. IfAp—uv=+ 1, the pencils will be 
called similar, and the similarity will be called proper or improper according as 
or —1. 

5. We shall denote by D and D’ the determinants of A and B respectively, 
and the invariant 2b6'—ac!'—a'c by F. The binary quadratic form 
Dz’? + Fay + Dy’, which is of fundamental importance in the theory, we 
shall denote by H, and call the harmonic form of the pencil. The form 
(ab! — a'b) a? + —a'c)xy + (be — which except for a constant 
factor is the Jacobian of the two forms, will be denoted by J and called the 
Jacobian form of the pencil. The resultant of A and B, which is also the deter- 
minant of H and J, will be denoted by #. It has the value 


R= —4DD' = (ac —a'c)? — 4 (ab! —a'b) (bc! — 
6. THEOREM. Two equivalent pencils have the same resultant. 
If A=aA+8B, B=yA+5B, where ad —Gy=+1, we have 


A=(aa+t Ba) a? + 
B=(yatda’)a? + 2(yb+ 5b) ryt (yo+ dc) y?. 


If now we compute the determinants D and D’, of A and B, we find: 


D=a®D+a8F+ 
Also _ 
From these equations R= F?—4DD'=(ad—@6y)*?*R=R. 
7. From the form of the expressions for D, D! and F in the preceding 
paragraph, we infer immediately the following theorem : 
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TuEoreM. If the pencil (A, B) is contained in the pencil (A, B) and the bases 
are related by the equations A=aA+ 6B, B=yA+5B, then the form H of the 


pencil (A, B) goes into the form H of the pencil (A, B) by the substitution G ) : 
8. Asa particular case of the last theorem when ad —@y = +1, we have 


the theorem: 


THEOREM. Two equivalent pencils have equivalent forms H, and the equivalence 
of the forms is proper or improper according as the equivalence of the pencils is 
proper or improper. 

9. Turorem. Jf Jand J are the Jacobian forms of two equivalent pencils, 
then J= + J, the upper sign or the lower occurring according as the equivalence of 
the pencils is proper or improper. 

Let the pencils be as given in paragraph 6. The form J belonging to the 
pencil (A, B) is found to be 


[(aa + Ba') (yb + (ab + Bb) (ya + 2? 


+ [(aa + Ba’) (ye+$e)—(act+ Be) (ya+da')]ay 
+ [(ab + Bb) (ye + dc’) — (yb +40) (ac+ Be)] yz. 


This easily reduces to 


(ad — By) [(ab! — a'b)a? + (ac —a'c) xy + (be — 


whence J =(ad— By) J. 

10. THEOREM. Two similar pencils have the same forms H. 

Let the two pencils be (A, B) and (A', B'), where A= (abe), B=(a'b'c’), 
A'=(abc), B'=(a'b'c') Then if the A-substitution which connects the two 


~ 


pencils be C : ) , we have the following equations: 


b=aru + 
ec =au’+ 2bup + cp’, 
cv, 

ru +b 
20 up+c'p’. 


. 
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It is easily verified that 
— ac = (b*—ac)(Ap — 
—a'cd = (b" —a'e’) (Ap—ur)’, 
and 
—ac' —a'c = (26b' —ac' —a'c) (Ap — ur)’. 

The H forms are thus identical, since (Ap — uv)? = 1. 

11, THeorEM. Two similar pencils have equivalent forms J; and the equiva- 
lence is proper or improper according as the similarity of the pencils ts proper or 
improper. 

It is easily verified, using the notation of the preceding theorem, that 

ab! — = (ab! —a'b) 22 + (ad — a'c) av + (be — 
ac! —a'c = 2(ab!—a'b)aut (ac'—a'c)(Ap + ur) + — v9, 
be' — b'c = (ab! —a'b) — (ac — a'c)up + (be — p’. 

These are precisely the coefficients that would be obtained by transforming J 
by the substitution 

12. TuHrorEeM. Jf two pencils are equivalent and also similar, then their 
A-substitution 1s an automorph of J, and their a-substitution 1s an automorph of H. 

13. THEOREM. Given a pencil, an equivalent pencil may always be found 
in which one of the base forms shall lack any desired coefficient. 

Let the pencil be (A, B), where A= (abc) and B=(a'b'¢). If it is 
desired to find an equivalent pencil (A, B), such that the base form A shall 
lack the middle coefficient, choose a and @ such that ab + 6b'/=0. This may 
be done in such a way that a and @ shall be relatively prime. Thus if d is the 
greatest common factor of 6 and J’, the values of a and @ are b/d and b'/d. 
y and 6 may now be found such that ad —@y=+1. Then the a-substitution 


ee x ) accomplishes the desired result, As y and 6 are not uniquely determined, 


an infinite number of such pencils may be found. It is not, however, in general 
possible to make more than one coefficient vanish. Thus if (vy, 6) are one pair 
of values such that ad —@y—=+1, then the other pairs are y +a and 
6+, where & is any integer. If now we wish to make the third coefficient, 
say, of B, vanish, we must choose & so that 


(y +ha)e+ (6+%6)c'=0, 


Be’ 


whence 


which is not generally integral. 
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14, Prospiem. To find a pencil that shall have a given Jacobian form. 
We suppose, without loss of generality by the preceding theorem, that b= 0. 
We have then, 


(1) —ac=D, (4) al = L, 
(2) =D, (5) acd—ac=M, 
(3) —ad—ac=F, (6) 


where L, M and WN are the coefficients of the given form J (note that U/ is the 
entire coefficient of the term xy, not 2M). From equations (4) and (6) we have 
a/e= — L/M, and this with (1) gives a = DL/N and c?=DN/L. From (38) 
and (5) we have ac =(M—F)/2 and d@c=+(M+F)/2. Let now d be 
the greatest common divisor of Z and N, so that ZL=dL' and N=dN’, where 
and N’ are relatively prime. Since a? = DL/N=DL'/N' and c?= DN'/L’, 
it is clear that D must be a multiple of Z’ and of N’ and that the multiple must 
be asquare. Put then D=k’L’ WN’, and we get: 


a =ki/, 

ec =—kN, 

a =(M+F)/2kN, 
= d/k, 


= (M—F)/2kL'. 
From these equations it appears that M+ F and M— F are divisible by 2% and 
that therefore & divides both Mand F. k also divides d, and since d divides L 


and WU, é is a factor of R= M*? —4 LN. 
It also appears that 
F= M (mod 2kL’') 
and 
F =— M(mod 2k N’), 
so that the values of F which are available differ by multiples of 24L’'N'’ 


or 2D/k. 
The form H which goes with the above pencil is 


Nx? + Fey + + (F?— NL] 


If now we take another F, say & + 2Dg/k, where g is any integer, we get 
for the corresponding form H' 


H N' L'a? + (F42Dg/k) xy + + (F +2Dg/k?— M’)/4kL NJ 
4 


| 
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It is easily verified that H’ may be obtained from H by the substitution 

a F) , 8o that if g/k is an integer H and H’ are properly equivalent, also that 

the two pencils that correspond to these two values of F are connected by the 

a-substitution & “F It follows readily that if two values of g differ by a 


multiple of &, the corresponding pencils are equivalent, and that therefore for 
any value of & which is a divisor of d there are & classes of non-equivalent 
pencils having the same Jacobian form J. It is easily seen also that two pencils 
obtained from the distinct positive values of & are not equivalent. Indeed one 


k! 
goes into the other by the a-substitution @ 2) , which is not integral in the 


coefficients unlessk/=+hk!. It follows therefore that: 

The number of non-equivalent pencils having a given Jacobian form is >,k, 
where k runs through all of the positive divisors of d, d being the greatest common 
divisor of L and N. 

In particular, if J is primitive, = 1 and there is only one class of pencils 
having J for a Jacobian form. From the above solution of the problem it also 
appears that: 

15. THEOREM. Two pencils having the same Jacobian form are equivalent, 
if their harmonic forms are equivalent, and if the Jacobian form is primitive the 
two pencils are always equivalent. 

16. As an illustration of the solution of the problem of the preceding 
paragraphs let it be required to find all pencils having the Jacobian form 


J = 102? + 20xy + 100’. 


Here d= 10, L/=1, M=10, k=1, 2,5 and 10. The total number of 
non-equivalent classes of pencils will therefore be 14+ 2+5+10= 18. 
The general base forms for the pencils will be 


A=(k,0,—10k), B=(20—F/2k, 10/k, 20—F/2k). 
When 4=1, F=0 (mod 20), giving the class represented by the pencil 
A =(1,0,—10), B=(1, 10, 10). 
When k= 2, we have the two classes represented by the pencils: 


A =z (2, 0, 20), B= (I, 5, 0), where F' = 20 (mod 80); 
A = (2,0, —20), B=(2,5,—10), where 60 (mod 80). 
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When & equals 5, we have the five classes corresponding to the values 
F = 80, 180, 280, 380, 480 (mod 500), and represented by the pencils: 


(5, 0, —50), (1, 2, —6), 

(5, 0, —50), (2, 2, —16), 
(5, 0, —50), (3, 2, — 26), 
(5, 0, —50), (4, 2, —36), 
(5, 0, —50), (5, 2, —46). 


When & equals 10, we have ten classes corresponding to the values 
F = 180, 380, 580, 780, 980, 1180, 1380, 1580, 1780, 1980 (mod 2000), and 
represented by the pencils 4 = (10, 0, —100) and B the following forms: 

(1, 1, —8), (2, 1, —18), (3, 1, — 28), (4, 1, — 38), (5, 1, —48), 

(6, 1, — 58), (7, 1, — 68), (8, 1, $8), (9, 1, —88), (10, 1, — 98). 


17. THEoremM. The harmonic form is the duplicate of the Jacobian form. 
This theorem follows from the identity : 
[(ab! —a'b) + (acd —a'c) xy + (be! y*] [(ab! — a’b) + (ac! —a'c) ay! 
+ (be = (6? —ae) [a ea! (xy + 
— (2bb' —ac!—a'c). [aaa (xy +2'y) +c yy'] [axa + +2'y) 
+eyy!] + alc’) + b(ay! + aly) + cyy')’. 
This indicates that if in the form H we make the bilinear substitution, 
Hay 
Y = — bay'— bal y—cyy’, 
we get J(xy).J(a'y’') as above. 
18. TxHeorEM. Jf the Jacobian form is primitive, then the harmonic form 
belongs to the principal genus. 
This follows from the preceding theorem by well-known principles in the 
composition of classes (cf. Mathews, ‘‘Theory of Numbers,” p. 171).: 
19. TueorEM. Jf H belongs to the principal genus, it will serve as the 
harmonic form of some pencil. 
For by a theorem, due to Gauss, every such form is obtainable as the 
duplicate of some form J. The pencil with this form J for its Jacobian form 
will have the given form H for a harmonic form. 


20. TxHeoreM. If the form M is contained in a pencil, the determinant of the 
form is representable by the harmonic form of pencil. 
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For if M=aA-+8B, the determinant of M is found (see paragraph 6) 
to be 


Da’? + FaB+ D' B*. 


21. From the preceding theorems, it appears that the determinant of every 
form contained in a pencil is a quadratic residue of the resultant F of the pencil, 
and that conversely the resultant & is a quadratic residue of the determinant of 
every form contained in the pencil. Further, since a quadratic residue of a 
number is a quadratic residue of every divisor of that number, it follows that 
every factor of & is a residue of every factor of the determinant of every form 
contained in the pencil; and conversely, every factor of the determinant of any 
form contained in the pencil is a residue of every factor of £, the pencil always 
being supposed primitive. As a special theorem, if & is divisible by a prime of 
the form 4n—1, then every odd prime divisor of the determinant of any form 
contained in the pencil must be of the form 4n +1. For by the law of quadratic 
reciprocity there are no two primes both of the form 4m —1 each of which isa 
quadratic residue of the other. 

22. Ifa form M= (i, m,n) is contained in a pencil A = (a, b,c), 
B=(a',0',c’), then (ab! —a'b) (bn —em) = (be — (am and conversely. 

For if M=aA+B, then 

l=aa+t Bad, 
m=ab+ BU, 
n=act+(e; 


and putting these values in the equation which is to be verified, we have the 
identity: 


(a b' —a'b)(abe+ Bbe —acb— Bb'c) 
= (be! — b'c) (aab + Bab’ —aab— Ba'd). 


Starting from this identity the converse is easily established. 


23. THEOREM. (riven any two pencils, there is one form primitively represented 
by both.* If there is more than one, then one form is contained in the other and there 


are an infinite number of such forms. 


*A form M=aA + $B is primitively represented by the pencil (A, B) when the parameters a and £ are 
prime to each other. 
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Let the two pencils be (A, B) and (M,N), where A=(a,b,c), B=(a',b',c’), 
M = (i,m, n), N=(U', m,n’). From the equation yM+5N 
we have . 

aa+ Ba =yl+5dl, 
ab+BU=ym+dm, 
ac+ Be = yn+ dn’. 
Eliminating a, we have 
(ab! —a'b) = y (am— 61) + d(am' — 
B (bc —b'c) =y(bn— cm) (bn! — em). 
Eliminating @, we have 
y — a'b) (bn — em) — — (am — b1)] 
+ [(ab! —a'b) (bn' — em’) — (bc — (am' — bl')] = 0. 

If now the forms M and WN are not contained in the pencil (A, B), then the 
coefficients of y and 6 are not zero, by the preceding theorem. Dividing out 
extraneous factors, we have, for determining y and 4, an equation Py + Qd=0, 
where P and Q are relatively prime to each other. From this y=%Q and 
6 =—kP, where & is an arbitrary integer, which may be so chosen as to make 
8 anda integral. Different values of & will lead to forms which are identical 
except for a constant factor. 

The theorem still holds when one of the forms, M say, is contained in the 
pencil (A, B). In that case the coefficient of y vanishes. Thus §=zero and 
a, B, y are to be obtained from the equations 


aa+Cad=~yl, 
ab+6b=ym, 
ac+ 


whence eliminating a, we have 
(ab! —a'b) = y(am— bl), 
B (bc — b'c) = y(bn—ecm), 
B (ac! —a'c) = y(an—cl). 


These equations will serve to determine (@ and y uniquely, and so also a 
uniquely except for a constant factor, unless the coefficients of 8 and y all vanish, 
in which case the pencil (A, B) is of a trivial sort, the base forms being identical 
except for a constant factor. The values of a, @ and y manifestly give the 
representation of M by the pencil (A, B). 
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In case both forms belong to the pencil (A, B), it is clear that the pencil 
(M, NV) is contained in the pencil (A, B); and so in this case there are an infinite 
number of forms primitively representable by both pencils. 

24. Applying the above theorem to two similar pencils which are related 


by the A-transformation ) , we have the theorem: 


THEOREM. There are two and only two forms primitively representable by a 
pencil which are equivalent under a given transformation. 


For let @ be that one form primitively representable by the pencil P and 
by the pencil P’ similar to it. Now every form of P is equivalent to some form 


of P' by the transformation e ‘ ) . Some form of P, f say, is therefore equiv- 


alent to @ by this transformation. 

This theorem does not imply that every form of a pencil is equivalent to one 
and only one other form in that pencil, but that a given transformation reveals 
one and only one such pair of equivalent forms. 

25. An exception to the above theorem arises when the A-transformation 
is an automorph of J (see paragraph 19). In that case there are an infinite 
number of forms primitively representable by the pencil which are equivalent 
under the transformation. In fact every form of the pencil has a form in the 
pencil equivalent to it for every automorphic transformation of J. If now F# is 
positive, the number of automorphic transformations of J is infinite, and the 
number of forms in the pencil equivalent to any given form in the pencil is also 
infinite. If, however, the number of automorphs of J is finite, as in the case 
when # is negative, then the number of forms in a pencil which are equivalent 
to any given form of the pencil is finite. In any case the number is not greater 
than the number of representations of the determinant of the given form by the 
harmonic form of the pencil. 


On the Principle of Duality in the Geometry of the 
Sphere. 


By Artuur Ranvum. 


1. In the geometry of the surface of the sphere, or what is practically the 
same thing, in two-dimensional Riemannian geometry, it has long been known 
that the principle of duality applies not only to projective theorems, but to 
metrical ones as well.* But although this principle has been used in spherical 
trigonometry and in the theory of inscribed polyedra, it does not seem to have 
been applied to the theory of spherical curves or to the kinematics of the sphere. 

In this paper a few of the simpler applications to these subjects will be 
made. The history of mathematics has shown that before the application of the 
principle of duality to a given domain is recognized, one of two dual theorems 
is apt to be discovered long before the other, perhaps because of its closer con- 
nection with intuition. In the projective geometry of the plane a case in point 
is that of Pascal’s and Brianchon’s theorems. In the metrical geometry of the 
sphere, similarly, it turns out, as I shall try to show, that certain well-known 
theorems give rise, by the mere use of duality, to theorems that have an un- 
familiar and even startling aspect. 

2. The fundamental notion is that of two polar configurations, which are 
defined as two configurations in which every point P of one has a corresponding 
great circle p of the other, which is its polar with respect to the absolute conic; 
that is, p is situated at a quadrant’s distance from P. We assume the radius of 
the sphere to be unity. By examining the correspondences that exist between 
two polar configurations, we easily arrive at all the results of this paper. 


To begin with, however, we see that in order to make the duality precise, 
we must introduce the concept of a directed great circle; that is, a circle having 


* For a recent statement of this fact see R. Bonola: “Questioni Riguardanti La Geometria Elementare,”’ 
edited by F. Enriques (1900), p. 217. 


a 


relations become obvious: 


Point of the sphere. 

Pair of diametrically opposite points. 

Any two pairs of diametrically oppo- 
site points determine one great 
circle. 

Spherical distance between two points. 


A circle* is the locus of a point situated 
at a constant distance from a fixed 
point called the center. 


introduce the following duality: 


The linear displacement of a moving 
point. 


4. Since the area of a lune is equal to twice the angle between its bounding 
great circles, therefore the area swept out by a moving great circle is twice its 
Here it will be understood that the area swept out by a 


angular displacement. 
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a definite direction of description or rotation. 


In a spherical polygon, therefore, the sides are not dual to the interior angles; 
in the special case in which the sides and interior angles are all less than 7, and 
the sides are all directed alike with respect to a point describing the perimeter, 
the sides are dual to the ezterior angles. 


The Duality of Are and Area. 


3. By considering a polygon with an infinite number of sides and passing 
to the limit, we see that the length of the path, or the linear displacement, of a 
point moving along a curve from one position P to another Q is equal to the 
angular displacement of its polar great circle in enveloping the polar curve from 
the position of the tangent p to that of the tangent g. Here the term angular 
displacement means the limit of the sum of the infinitesimal angles between 
successive tangents, which is, of course, not equal, in general, to the angle 
between the initial and terminal great circles p and q. 


The angular displacement of a moving 


By its aid the following dual 


Directed great circle of the sphere. 

Great circle with both directions. 

Any two great circles determine one 
pair of diametrically opposite points. 


Angle between two directed great 
circles. 


A circle* is the envelope of a directed 
great circle making a constant angle 
with a fixed (directed) great circle 
called the axis. 


We can therefore 


great circle. 


* Cf. Coolidge: ‘‘Non-Euclidean Geometry”’ (1909), p. 131. 
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moving great circle means the area swept out by that semicircle which extends 
in the positive direction from the point of tangency with the envelope to the 
diametrically opposite point. The duality just introduced may now be written 
as follows: 


Twice the length of the arc described The area swept out by a moving great 
by a moving point. circle. 


5. The theorem implied by this may be given still another statement, 
as follows: The area included between a curve C and its opposite curve 0, and 
bounded by two of their common tangents p and q, is equal tu twice the length 
of the corresponding arc of its polar curve C’ bounded by the points P and Q, 
the poles of p and q, respectively. 

Here the area bounded by p and q must be understood to mean the area 
swept out by the tangent in moving from ptog. If an inflectional tangent r 
lies between p and q, then it will be convenient, although by no means absolutely 
necessary, to consider the area swept out between p and r and the area swept out 
between r and g as being of opposite algebraic signs; if so, then in the polar 
curve, where the point & is a cusp lying between P and Q, the arc PR and the 
arc &Q must be given opposite algebraic signs. Hence we have the duality: 


Twice the length of the arc of a curve The area between a curve and its 
bounded by two of its points. opposite curve and bounded by two 

of their common tangents, 

The curve is assumed to have no The curve is assumed to have no 
point-discontinuity; that is, to be tangential discontinuity; that is, to 
the locus of a continuously moving be the envelope of a continuously 
point. turning great circle. 


Finally, the area between a curve and its opposite curve can be regarded 
as the area exterior to the curve. Hence: 


Twice the length of the arc of a curve | The area exterior toa curve and lying 
between two of its points. | between two of its tangents. 


6. Now suppose the curves to be closed. In that case the entire area 
between C and C is twice the length of the entire arc of C’; and since the area 
of the sphere, which is 42, is made up of the area between C and @ and twice 
the area inside of C, therefore the area inside of C plus the length of C’ is equal 
5 


~ 
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to 22. So we have proved the known* theorem that the sum of the length of a 
closed spherical curve having no point-discontinuities and the area of its polar 


curve is equal to 22. 


Evolutes and Involutes. 


7. We shall now consider the relation between spherical evolutes and 
involutes and its dual relation. In all that follows, in order to avoid circum- 
locution, we shall not usually distinguish between two diametrically opposite 
points or curves. We define the evolute of a curve as the envelope of its 
normals; the more precise definition and its dual are as follows: 


The envelope of a great circle p pass- The locus of a point P' on a variable 
ing though a variable point A of a tangent a’ toacurve J’ and situated 
curve J and making an angle 5 at a distance 3 from the point of 
with the tangent a at that point tangency A’ is a curve £’ called 
is a curve £ called the evolute of J; the polar evolute of I'; J’ is then 
I is then an involute of £. a polar involute of E’. 


pi E/ 


In this figure the straight lines represent great circles; H and £’ are polar 


curves; PP’, of length > is normal to both; p’ and p are the polars of P and 


P', respectively. 


* Cf. Boklen, Grunert’s Archiv, Vol. XLIII (1865), p. 18, and Maxwell’s ‘‘Electricity and Magnetism,”’ 3rd 
ed. (1892), Vol. II, p. 40. 
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It is evident that if J coincides with J', E and £’ are polar curves; that is, 
the polar evolute of a curve is the polar of its evolute; whence the name polar 
evolute. Similarly, every polar involute of a curve is an involute of its polar 
(not the polar of an involute). 

8. The relation between parallel curves (geodetic parallels on the sphere), 
on the other hand, is a self-dual one. Thus if J and J’ are parallel curves (see 
figure), on which A and A’ are corresponding points, and a and a’ are the tangents 
at these points, respectively, then the great circle AA’ is normal to both curves 
and the distance between A and A’ is constant; dually, the point aa’ (= P’) is ata 


distance 3 from both A and A’, and the angle between a and a’ is constant. 


Every curve has a singly infinite number of parallel curves. In a family of 
parallel curves the polar of every curve of the family is also included in the 
family. Every curve has an infinite number of involutes forming a family of 
parallel curves, and also an infinite number of polar involutes forming another 
family of parallel curves. Conversely, all the members of a family of parallel 
curves have the same evolute and the same polar evolute. Hence, any two 
polar curves have the same evolute and the same polar evolute. 

9. The following dual theorems are evident from the figure: 


The evolute # of a curve J is the locus The polar evolute #’ of a curve J’ is 
of the center P of the circle of the ervelope of the axis p’ of the 
curvature* at a variable point A circle of curvature at a variable 
of I. | point A’ of J’. 

On a tangent p to acurve # any two The angle between the tangents a 
of its involutes J and J’ cut off a and a’ that can be drawn from a 
segment AA’ of constant length point P’ of a curve £’ to any two 
(independent of the position of the of its polar involutes J and J’ is 
tangent). constant (independent of the posi- 

tion of the point). 


10. By means of the duality between arc and area we easily obtain the 
dual of the well-known theorem} that the length of an arc of the evolute is equal 


* The circle of curvature, or osculating circle, of a curve lying on a sphere is a circle of the sphere and 
can obviously be given a purely spherical definition. 2. g., see P. Serret, ‘‘Lignes 4 Double Courbure”’ (1860), 
pp. 29-35, where spherical evolutes are also considered, but not polar evolutes. 
+See Serret, loc. cit., p. 35. 
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to the difference between the corresponding radii of curvature of the involute. 
The following statement of the dual theorems is partly illustrated by the figure: 


*If p’ and q’ are tangents to a curve H’ 


*If P and Q are points on a curve EL 


and if the tangents at these points 
meet an involute J of the curve in 
the points A and B, respectively, 
then the length of the arc PQ of E£ 


and if through their respective 
points of contact great circles a! 
and 0’ are drawn touching a polar 
involute J’ of the curve, then the 


area exterior to between and q’ 
is equal to the difference between 
the areas of the lunes (p’a’) and 
(q'b'). In other words, the angular 
displacement of a tangent to H#’ in 
moving from p’ to q’ is equal to the 
difference between the angles ( p’ a’) 
and (q’ b’). 


is equal to the difference between 
the distances PA and QB. 


11. Since the semicircle extending along a common tangent a to two 
diametrically opposite curves J and J from one point of contact A to the other 
is bisected by the corresponding point P’ of their polar evolute HZ’, therefore the 
area between J and I, bounded by two common tangents, is divided into two 
equal parts by £’.+ This fact makes it possible to state the theorem of §5 in the 
following form: 

The area included between a curve J and its polar evolute and bounded 
by two great circles a, and a,, which are tangents to J, is equal to the length of 
the corresponding arc of its polar curve bounded by the points A, and A,, the 
poles of a, and a3, respectively. Hence the duality: 


The length of the are of a curve 
bounded by two of its points. 


The area between a curve and its polar 
evolute and bounded by two of its 
tangents. 


* A more precise statement of the limits within which these theorems are applicable is easily inferred 
from the analogous statement for the geometry of the plane given by Mangoldt in the Hncyclopddie der Mathe- 


matischen Wissenschaften, Vo). III 3, p. 35. 
+If Z’ is a closed curve, it evidently also divides the entire area of the sphere into two equal parts. See 


Serret, loc. cit., pp. 90-91, where this theorem is ascribed to Jacobi. 
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Continuous Spherical Movements. 


12. The kinematics of the sphere, or what is the same thing, the kinematics 
of the bundle whose vertex is the center of the sphere, deals with the movements 
or displacements which leave the sphere as a whole fixed, or which have one 
fixed point, the center of the sphere. We shall consider a continuous movement 
of the sphere; that is, the limit of the sum of an infinite number of infinitesimal 
rotations. 

If throughout the entire movement a point P of the spherical surface (and 
its opposite point) remains fixed, then the movement becomes a simple rotation 
about P. Since p, the polar of P, also remains fixed, the movement can be 
regarded as a translation along p, provided a translation is defined as a spherical 
movement which leaves a great circle fixed, by analogy with a plane translation, 
which leaves a straight line fixed. 


A rotation about a point P through A translation along a great circle p 
an angle a; P is called the center through a distance a; p is called 
of the rotation. the axis of the translation. 


Notice that a rotation and a translation are here the same movement con- 
sidered from dual standpoints, and not, as in the kinematics of the plane, 
essentially distinct movements. 

13. In the general case of any continuous spherical movement it is well- 
known* that the movement can be regarded as due to the rolling (without 
sliding) of a movable curve C, on a fixed curve C, and that C, and C are uniquely 
determined by the movement; at any instant the point of contact P of the two 
curves is the instantaneous center of rotation. 

Let C/ and C’ be the polar curves of C, and C, respectively, and let p’ be 
the polar of the point P; then Cj and C’ touch each other and their common 
tangent at the point of contact is p’. The instantaneous movement evidently 
consists of a translation along p’; and the entire movement may be regarded as 
due to a sliding of the movable curve Cj on the fixed curve C’, namely, the limit 
of the sum of an infinite number of infinitesimal translations. At any instant 
the common tangent p’ is the instantaneous axis of translation. 


* Cf. Ziwet’s ‘‘Theoretical Mechanics’’ (1893), Vol. I, p. 19, where the theorem is stated substantially 
as follows: Any continuous movement about a fixed point O can be produced by the rolling of one cone on 
another, both cones having their vertices at O. See also Koenigs, ‘‘Lecons de Cinématique’’ (1875), p. 187, 
theorems 8 and 4. 


| 
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Consequently, the most general continuous movement of the sphere can be 
produced by the sliding (without rolling) of a movable curve C/ on a fixed curve 
C'. Cj and C’ are uniquely determined by the movement. 

Notice that a corresponding theorem does not hold in the kinematics of the 
plane, for there a sliding or translatory movement is of a very special character. 


A movable curve C, rolling on a fixed 
curve C; their common point of con- 
tact P is the instantaneous center 
of rotation. 

If one of the two curves degenerates 
into a point, the other does, and the 
movement becomes a simple rota- 
tion about that point. 

One of the two curves may degenerate 
into a great circle, but not both. 


A movable curve Cj sliding on a fixed 
curve C’; their common tangent p’ 
at the point of contact is the in- 
stantaneous axis of translation. 

If one of the two curves degenerates 
into a great circle, the other does, 
and the movement becomes a simple 
translation along that great circle. 

One of the two curves may degenerate 
into a point, but not both. 


This special case will be considered in §§ 16-20. 


14. In all that follows we shall assume the movement to be of such a nature 
that the curves C, and C, one of which rolls on the other, have no point-discon- 
tinuities, and therefore the polar curves Cj and C’, one of which slides on the 


other, have no tangential discontinuities. 
curves the duality between arc and area. 


We shall now apply to these four 


It is intuitively evident that when one curve rolls on another, the lengths 


of the corresponding arcs of the two curves are equal. 


This fact and the one 


dual to it may be made explicit as follows: 


If a curve C;, rolls on a fixed curve C, 
and if to the points P and Q of C 
correspond, respectively, the points 
P, and Q, of C,, then the length of 
the arc P,Q, is equal to the length 
of the are PQ. 


Corresponding points and corresponding tangents are, of course, those which 


If a curve C/ slides on a fixed curve C’, 
and if to p’ and q’, tangents to C’, 
correspond, respectively, p; and qj, 
tangents to C/, then the area ex- 
terior to C; between p; and gq; is 
equal to the area exterior to (’ 
between p’ and q’. 


= 
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at some instant of the movement become common points of contact and common 
tangents at those points, respectively. 


15. It is also well-known* that acon- ,; Therefore, a continuous movement of 
tinuous movement of the sphere can the sphere can be represented by 
be represented by the path-curves the envelopes of two of its great 


of two of its points. | 


circles. 


Moreover, a continuous movement can be represented self-dually by the 
path-curve J, of a moving point A and the envelope J, of a moving great circle a. 


Line-Element Movements. 


16. In particular, A and a can always be chosen with a passing through A. 
If so, it may happen, in a certain type of movement, that J, and J, coincide; 
that is, that a fixed curve J exists which is at the same time the locus of A and 
the envelope of a, and moreover that throughout the movement the tangent to J 
at the point A is precisely the great circlea. This means that the line-element + 
(A, a) of the curve J is carried along the curve, remaining a line-element of J 
throughout the movement. We shall call such a movement a line-element move- 
ment and J a line-element curve of the movement. 

17. The analogous case in the kinematics of the plane has been considered 
by Schoenfliest and the conclusion he draws holds also for the sphere. Namely, 
a line-element movement along the curve J (figure, §7) is precisely the same 
as a movement produced by rolling its normal great circle p on its evolute £. 
Thus the instantaneous center of rotation is always at the center of curvature P 
of J. 

This agrees with the usual derivation of the involute J from its evolute Z; 
for the unwinding of a string amounts to the same thing as the rolling of a 


~ 


great circle. 
By the principle of duality, now, we draw a further conclusion which does 


not hold for the plane. Namely, a line-element movement along J is the same 
as the movement produced by sliding the point P’ on the polar evolute £’. It 
is to be observed that the sliding of P’ on EL’ is a determinate movement, whereas 
the mere fact that EZ’ is a path-curve of P’ does not fix the movement. 


* Cf. Schoenflies, ‘‘Geometrie der Bewegung”’ (1886), Chap. 1, §4, Art. i, and Chap. 2, §3, Art. 1. 
+ Cf. Lie-Scheffers, ‘‘Geometrie der Beriihrungstransformationen”’ (1896), p. 11. 
t Loe. cit., Chap. 1, § 6, Art. 5. 


18. These results may be summed up as follows: Every line-element 
movement, by which a line-element (A, a) is carried along a curve J (figure, § 7), 


is identical with 


the rolling of a great circle p on a 
fixed curve H; E is the evolute 
of J, and p is a normal to J. 


When a great circle p rolls on a curve 
E, the locus of every point A of p 
is an involute J of # and is also a 
line-element curve of the movement. 


The tangent to the involute J at the 
point A remains perpendicular to 
the rolling great circle p. 


Every involute J of # is the locus of 
a point A lying on the rolling great 
circle p. 
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the sliding of a point P’ on a fixed 
curve E'; E’ is the polar evolute of 
I, and P’ is a point lying on a tan- 


gent tol ata distance 7 from the 


point of tangency. 

When a point P’ slides on a curve L’, 
the envelope of every great circle a 
passing through P’ is a polar in- 
volute J of #’, and is also a line- 
element curve of the movement. 

The point of tangency of the great 
circle a with the envelope J remains 


at a distance 3 from the sliding 
point 
Every polar involute J of E’ is the 


envelope of a great circle a passing 
through the sliding point P’. 


Every line-element movement has an infinite number of line-element curves, 


which form a family of parallel curves. 


19. As corollaries to the dual theorems of § 14 we have the following: 


If a great circle p rolls on a fixed 
curve £, and if to the points P and 
Q of E correspond, respectively, 
the points P, and Q, of p, then the 
distance P, Q, is equal to the length 
of the arc PQ. 


This dual result is also a special case of that obtained in § 10. 


If a point P’ slides on a fixed curve F’, 
and if to p/ and q’, tangents to H’, 
correspond, respectively, and gj, 
great circles passing through P’, 
then the area of the lune (p; q{) is 
equal to the area exterior to H 
between p' and q’. In other words, 
the angle (pj gj) is equal to the 
angular displacement of a tangent 
to #’ in moving from p’ to q’. 
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Inverse Line-Element Movements. 


20. Any spherical movement can be regarded as a displacement of a mov- 
able sphere S’ with respect to a fixed concentric sphere S. To an observer on 
S', however, S becomes movable and S! fixed; the resulting displacement of § 
with respect to S’ is called the inverse movement.* 

In the inverse movement the roles of fixed and moving curves described in 
§13 are interchanged; C rolls on C, and ( slides on Cj. 

It is to be noticed that the inverse movement is not in general the same 
as the original movement taken backwards. Thus in the original movement 
let C; roll on C from the position Cg to the position C;,; then in the backward 
movement C, will roll on C from the position C,, to the position Cy, while in 
the inverse movement C will roll on C,. If, however, the original movement 
is a simple rotation, then the backward movement and the inverse movement 
are evidently identical. 

An inverse line-element movement is therefore the same as the rolling of a 
curve # on a fixed great circle p, or dually the sliding of a curve #’ through 
a fixed point P’. In the figure (§7) P will move along p and p’ will revolve 
around P’, as the curves # and Z’ roll and slide, respectively. Moreover, the 
line-elements (A, a), (A’, a’), etc., infinite in number, whose points lie on the 
fixed great circle p and whose great circles pass through the fixed point P’, will 
remain fixed, while the curves J, /', etc., will move in such a way as to continue 
to have these line-elements; e. g., Z will continue to touch the fixed great 
circle a at the fixed point A. 

Closed Curves. 


21. By aclosed curve we shall mean one that is dually closed; that is, not 
only the locus of a continuously moving point which returns to its original 
position, but also the envelope of a continuously turning great circle which 
returns to its original position. 

If two movements carry a sphere from the same initial position to the same 
final position, we shall call them equivalent movements. Kvery movement is 
therefore equivalent to a simple rotation about a point (translation along a great 
circle). 


* Cf. Schell, ‘‘ Theorie der Bewegung und der Kriafte”’’ (1879), Vol. I, p. 224; Schoenflies, loc. cit., Chap. 1, 
§ 2, Arts. 3-5, and ‘‘Encyclopddie,’? IV 1, p. 198. The dualism between a movement and its inverse, which is 
considered by Schell and Schoenflies, must not be confused with the duality which I am considering in this 


paper. 
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If a curve @ rolls on a fixed closed 


RanuM: Principle of Duality in the Geometry of the Sphere. 


Let us now take up the case in which one of the two curves C, or C (and 


therefore also its polar curve C/ or C’) is a closed curve, and in which the move- 
ment makes one or more complete circuits of this curve. 
First suppose the moving curve to be closed. 


If a closed curve C,, of length a, rolls 
on a fixed curve C, and if in its 
initial and final positions the same 
point P, of C, coincides, respect- 
ively, with the points P and Q of C, 
then the movement is equivalent to 
a line-element movement along C 
from P to Q. If the point of tan- 


gency makes 2 complete circuits of 
C, from P, back to P,, then the 
length of the arc PQ of C is equal 
to na. 


If a closed curve C/, of exterior area 


a’, slides on a fixed curve C’, and if 
in its initial and final positions the 
same great circle tangent to Cj, 
coincides, respectively, with the 
great circles p' and gq’, tangents to 
C’, then the movement is equivalent 
to a line-element movement along 
C' from p! to q’. If the common 
tangent makes n complete circuits 
of Cj from p{ back to pj, then the 
area exterior to C’ between p’ and g! 
is equal to na’. 


22. Next consider the inverse movement, in which the fixed curve is closed. 


curve C,, of length a, and if in its 
initial and final positions the points 
P and Q of C coincide, respectively, 
with the same point P, of C,, then 
(letting p, be the tangent to C, at P,) 
the movement is equivalent to an 
inverse line-element movement, in 
which C moves along the fixed line- 
element (P;, p,) from P to Q. 


as in the last section. 


| 


A further conclusion concerning arcs and areas can be drawn here, exactly 


If a curve C’ slides on a fixed closed 
curve Cj, of exterior area a’, and if 


in its initial and final positions the 
great circles p’ and gq’, tangents to C’, 
coincide, respectively, with the same 
great circle pj, tangent to Cj, then 
(letting Pj be the point of contact 
of p, with C/) the movement is 
equivalent to an inverse line-ele- 
ment movement, in which C’ moves 
along the fixed line-element (P!, p/) 
from to q’. 


23. The general theorems just enunciated (§§ 21 and 22) can now be applied 


to the case in which C is a great circle and C’ a point, while C, and C/ are any 


| 
| 
— 
| 
| 
| 
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closed polar curves. The original movement is then a special kind of line-element 
movement or its inverse. 

Thus the dual theorems of § 21, in this special case, take the following form 
(figure, §7): 


Every inverse line-element movement Every inverse line-element movement 
due to the rolling of a closed curve £, due to the sliding of a closed curve 
of length a, on a great circle p, and E', of exterior area 2a’, through a 
such that p makes a complete circuit point P’, and such that P’ makes a 
of £, is equivalent to a simple trans- complete circuit of £’, is equivalent 
lation along p through a distance a. to asimple rotation about P’ through 

an angle a’. 


24. Similarly the theorems of § 22 take the following form (figure, § 7): 


Every line-element movement pro- 
duced by sliding a point once around 


Every line-element movement pro- 
duced by rolling a great circle once 


| 
| 
| 
| 


around a closed curve H,oflengtha, | a closed curve E’, of exterior area 
from the position p to the same 2a’, from the position P’ to the 
position again is equivalent to a same position again is equivalent to 
simple translation along p backward a simple rotation about P’ backward 


| through an angle a’, or forward 
| through an angle 27—a! equal to 
the interior area of the curve. 


through a distance a. 


The movement is of finite period, if and only if 
the length of the curve | the area of the curve 
is a rational multiple of z. In particular, the movement is of period 2 or 
equivalent to a 
translation through the distance a, if | rotation through the angle x, if the 


the length of the curve is an odd | exterior area of the curve is an odd 
multiple of half the length of a great — multiple of the area of a hemisphere ; 
ctrele ; 


and the movement is equivalent to the identity; that is, will carry every point 

of the sphere into itself, 

if the length of the curve is an even | if the exterior area of the curve is an 
multiple of half the length of a great | even multiple of the area of a hemi- 
circle. | sphere. 
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suppose. A.A’ =a. 


Finally, I saw how obvious the dual theorem was. 
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25. In the special case in which # and £’ are spherical triangles, the 
movement just considered becomes a succession of three simple rotations (trans- 
lations); and if these triangles are assumed to have their sides and interior 
angles all >0 and <1, the last theorem takes the following form : 


A spherical movement that consists of 
three successive rotations about the 
vertices A, B, C of a spherical tri- 
angle through angles equal respect- 
ively to the three corresponding 
exterior angles of the triangle, and 
that causes a great circle starting at 
CA to roll once around the triangle, 
is equivalent to a simple translation 
along CA backwards through a dis- 
tance equal to the perimeter of the 
triangle. 


The movement can not be of period 1, 


but will be of period 2, if the perim- 
eter of the triangle is equal to two 
quadrants of a great circle, and will 
be of period 4, if the perimeter of 
the triangle is equal to one or three 
quadrants of a great circle. 


| 
| 
| 
| 
| 
| 


| 


A spherical movement,that consists of 


three successive translations along 
the sides a, b, c of a spherical tri- 
angle through distances equal re- 
spectively to the lengths of those 
sides, and that causes a point start- 
ing at the vertex ca to slide once 
around the triangle, is equivalent 
to a simple rotation about ca back- 
wards through an angle equal to the 
sum of the exterior angles of the 
triangle, or forward through an 
angle equal to the spherical excess, 
that is, the interior area, of the 
triangle.* 


The movement can not be of period 1, 


but will be of period 2, if the interior 

area of the triangle is equal to the 

area of two octants of the sphere, 

and will be of period 4, if the interior — 
area of the triangle is equal to the 

area of one or three octants of the 

sphere. 


26. In the figure of §7 let E be a closed curve of length a having no cusps, 
and therefore EZ’ a closed curve of exterior area 2a having no inflections; also 


Then the line-element movement by which p makes one 


complete circuit of # and P! one circuit of #’ will carry A around into 4’, 


* By a curious chance this theorem, which was the starting-point of the investigation contained in this 


paper, first came to me as the result of a roundabout non-Euclidean line of argument. 


Afterwards a direct 


proof, without the use of duality, was communicated to me by Professor J. L. Coolidge, of Harvard University. 


| 

| 

| 

| 

| 
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so that J and J’ must be parts of the same involute of #. Further, this involute 
will itself be a closed curve, if and only if a is a rational multiple of a. If £ 
has cusps, and therefore #' has inflections, this theorem will still hold good, 
provided the length of # and the exterior area of £’ are determined according 
to the convention laid down in § 5. 


Hence a necessary and sufficient condition 


that the involutes of a closed curve | that the polar involutes of a closed 
are also closed curves is that its | curve are also closed curves is that 
length be a rational multiple of a | its area be a rational multiple of 2. 


Application to the Riemannian Plane. 


27. In Riemannian space there are four simple two-dimensional con- 
figurations whose geometries are closely analogous to that of the Euclidean 
(or Riemannian) sphere, namely the plane, the bundle or sheaf, the right 
paratactic congruence, and the left paratactic congruence, paratactic lines being 
Clifford parallels.* All the dual theorems of this paper are immediately appli- 
cable to each of the four geometries. At present I merely wish to consider 
briefly the first one, that of the plane. 

If the Riemannian space is double, the plane is so perfect a picture of the 
sphere that the only change needed is to read “straight line” for ‘‘great circle.” 
We assume, of course, that the radius of curvature of the space is + 1. 

28. If the space is single, a few other changes will be needed and the 
duality will become simpler in some respects than before. Thus, diametrically 
opposite points and curves become coincident points and curves, and the point 
becomes dual to the undirected straight line; in § 4, instead of having “the area 
swept out by a great-circle” defined in a rather artificial way, we see that the 
new phrase ‘‘the area swept out by a straight line” will mean exactly what it 
says, since the entire length of the straight line is z. 

It is to be noticed that if a tangent to a closed curve in the single Riemannian 
plane makes one complete circuit of the curve, it will sweep out the entire 
exterior area of the curve just twice, and therefore that while the area swept out 
is twice the entire length of the polar curve, the exterior area of the origina] curve 


*T have made a study of the relation between these four geometries in a paper which I am preparing for 
publication elsewhere. 


a 
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is exactly equal to the length of the polar curve. On this account it will be 
necessary in the right-hand theorems of §§ 21 and 22 to replace ‘‘exterior area 


! 
a’” by “exterior area a and similarly in §§ 23 and 24 to replace “exterior 


area 2a!’ by “exterior area a’.”? Moreover, in the right-hand theorem of § 24 
“‘the area of a hemisphere”? must be replaced by ‘“‘half the area of a plane,”’ 
and in the left-hand theorem of the same section “half the length of a great 
circle’? must be replaced by ‘‘the length of a straight line.” 

When the suggested alterations and the obvious changes of language that 
go with them have been made, the results of this paper will take their place as 
a set of dual theorems in the geometry of the single Riemannian plane. 


CoRNELL UNIVERSITY, June, 1910. 
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On the Fundamental Postulate of Tamisage. 


By Raymonp K. Mortey. 


1. Introduction. 


As is well known, Sylvester and Franklin in their computation of tables of 
groundforms of binary quantics by means of generating functions made use of the 
so-called Fundamental Postulate of Tamisage, which is briefly that there can not 
exist a groundform and a fundamental syzygy of the same degorder. They 
inferred the truth of this from its holding for all binary quantics of order not 
greater than six, but they were unable to prove it in general.* In 1882 
J. Hammond showed that there is an exception to this postulate in the case of 
the seventhic of degorder 5.13.+ This result was at once confirmed by Cayley ft 
and generally accepted by mathematicians, but none the less it seems to have 
been viewed with suspicion by Sylvester and his followers for some time, or at 
any rate to have been regarded as a very remarkable and perhaps solitary ex- 
ception. This view was strengthened by the fact that Sylvester in 1881 had 
succeeded in proving the non-existence of a groundform of the eighthic of 
degorder 10.4, where von Gall thought he had found an exception.§ Besides 
this, the seventhic was regarded || as somewhat exceptional anyway, inasmuch 
as Sylvester and Franklin were in this case alone unable to exhibit the Represen- 
tative Form of the Generating Function with a finite numerator, owing to their 
supposing that there was no invariant of order 10% (& integer). This assumption 
was, as a matter of fact, due directly to the Fundamental Postulate, and of course 
indicated nothing with regard to it. 


* See Sylvester, AMERICAN JOURNAL, Vol. IJ, p. 230; Franklin, AMERICAN JOURNAL, Vol. III, p. 128. 

+ Proc. Lond. Math. Soc., Vol. XIV, p. 85, and AMERICAN JOURNAL, Vol. V, p. 218. 

t Proc. Lond. Math. Soc., Vol. XIV, p. 88. 

§ Von Gall, Math. Ann., Vol. XVII, pp. 31, 139, 456; Sylvester, Comptes Rendus, Vol. XCIII, pp. 192, 365; 
also AMERICAN JOURNAL, Vol. IV, p. 62. 

|| See e. g. Elliott, «‘ Algebra of Quantics,’’ pp. 181-182. He seems to be unaware of Hammond’s work 


cited below. 
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In 1888 von Gall computed the complete system of groundforms of the 
binary seventhic by the method of Gordan,* completing the work begun by 
Gordan himself in the well-known ‘‘Formensystem Binarer Formen.’”’ Gordan’s 
method fails if at all by an excess of groundforms, the only proof of the irreduci- 
bility of the forms being the failure of the investigator to reduce them. On the 
other hand, the effect of the Fundamental Postulate is to make the method of 
Sylvester fail if at all by defect. Von Gall found a number of cases in which he was 
unable to make his results agree with Sylvester’s, among them the case already 
pointed out by Hammond of degorder 5.13. Von Gall states (loc. cit., p. 335) 
that in correspondence with him Sylvester said that he (Sylvester) had succeeded 
in proving the existence of a groundform of degorder 5.18, and admitted the 
possibility of other exceptions to the Fundamental Postulate. Hammond in 
1890+ by a direct method proved the existence of one irreducible invariant of 
the binary seventhic of order 20 and of one of order 30, in part confirming 
von Gall’s work in those cases. With the aid of this result he reduced the 
Generating Function of the seventhic to a Representative Form with a finite 
numerator. This reason for regarding the seventhic as inherently exceptional 
was thus proven groundless. 

There remain a number of cases in which von Gall’s results for the seventhic 
do not agree with Sylvester’s besides the three already mentioned in which 
Hammond has confirmed von Gall. The fact that such experts as Gordan and 
von Gall have failed to find the forms in question reducible does not of course 
prove them so (witness the case of the eighthic referred to above), however 
strong a presumption it may make in that direction. It should perhaps be 
mentioned here that Stroh{ has deduced a theoretic criterion for testing reduci- 
bility, but it is not always easy to apply in any given case. 

In consideration, therefore, of the lack of absolute proof either way in ies 
cases of disagreement between Sylvester’s results and von Gall’s, it has seemed 
worth while to discuss some of the simpler of these cases. Further, although 
of course a single exception disproves the Fundamental Postulate as thoroughly 
as more from a logical standpoint, yet in view of the possibility that the seventhic 
might in some way peculiar to itself cause exceptions it seems desirable to point 
out that exceptions to the Postulate are by no means confined to the seventhic. 


* Math. Ann., Vol. XXXI, p. 318. 
+ Math. Ann., Vol. XXXVI, p. 255. 
Math. Vol. XXXIII, p. 106. 
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2. 


The Binary Seventhic. 


The present section shows that in the four simplest cases, after that dis- 
cussed by Hammond, von Gall’s results are correct, that Sylvester’s table is 
defective owing to further exceptions to the Fundamental Postulate. 

The following table shows the differences between Sylvester’s results and 
von Gall’s.* In the squares containing one figure the results agree. Where 
two figures are given the upper one is von Gall’s result, the lower Sylvester’s. 


DEGREE IN COEFFICIENTS. 


oto 


ow 


or 


ORDER IN VARIABLES. 


4 56 6 7 8 9 10 11 12 18 14 15 
1 
1 
1 1 1 1 1 
2 1 2 1 1 
2 2 2 
2 2 2 1 
4 2 
3 8 
2 
4 1 
3 0 
1 
0 
1 
0 
1 
0 
0 


* Von Gall, Math. 


7 


Ann., Vol. XXI, p. 336; Sylvester, AMERICAN JOURNAL, Vol. II, p. 2380. 
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01 2 8 
1 
1 
1 
1 2 
3 
3 2 
3 3 
9 3 5 
10 4 
11 5 3 
12 6 6 
13 7 
14 4 
15 3 1 
16 2 | 
17 2 
18 9 | 
19 2 
20 
23 
26 | 
30 
7 : 
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Before taking up the cases of disagreement it will be convenient to collect 
certain abbreviations. The system of groundforms of the binary seventhic 
adopted and the abbreviations for them are those used by von Gall. 


— Groundforms of Binary Seventhic. 

= a; ; 

C= A=AL= (kh); C= = (Hk); 
g= gh =(rhP; n=nh= (rh); 

=(rr)?; P=Br=(kp); 


As is usual the index scheme jt Js - will be used as abbreviation for the 


well-known Gordan series,* 


Nz — Ay — Ag) (Ae 
( )¢ ?) 


Nz — — Ag) (Ag 


t 


where n,n, ”; are the orders of f, f, f; respectively, and either 


or 

Certain basic or elementary syzygies are of the greatest use in the investi- 
gation. All but the last two of them are taken from Stroh, ¢ though the simpler 
ones were known previously. 

fi fe fs f, denote forms of order as great as the weight of the syzygy in 
which they occur, unless otherwise stated. ¢ is a cubic form. gq and @’ are 
quadratic forms. 


* Gordan, ‘‘Formensystem,”’ p. 11, III. 
+ Stroh, Math, Ann., Vol. XXXVI, p. 271. 
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WEIGHT 1. 


(fi fo fs) =fi (Se fa) + fe (fa fi) + hs (fi fo) = 0. 


WEIGHT 2. 


[hi fe fs fale = 2 (fi fa) (fo fa) + hi fa fa? + fi 
fs — (ffi fefs = 0. 


(The sign of the third term as printed in Stroh, Joc. cit., is incorrect.) 
WEIGHT 3. 


Lh fe fs =2 (fi fo) (fs. 9)’ —2 (1 9) (fo fa)” + 2 (fi fs)” 
—fs((fi9)’ fe) + hs ((fe fi) + (fi = 9. 


This syzygy holds also when f; is a quadratic form. 
WEIGHT 4. 


hy —2(Ah (aa) + ha)‘ aq’ 
— (fig? — (fi) — fi? 
—29 hy +hi(fe, a7) = 0. 


The two following syzygies also of weight 4 are not given by Stroh: 


fi fetal = — 9)" — — (fi 
— 6(f, fo) (ta) + 3 (fea? + (fet)? 
+ 9)’ fo)? + ((f2 fi? + 29 ((fi fe) 
+ = 0, 
= 2fe((fi a) — — ta 
— 3(f, fo) (ta? + 3 (fit? (fg) —2(fi@) (fet)? 
+ 2¢((fig) fe)? + fy = 0. 
These syzygies are most easily proven by a method due to Stroh.* Let the 
forms f,, fe, t, g be represented as powers of linear functions, 


fi=@tay)”, 
Then the (¢ + 1)th coefficient of f,, say a;, is represented by a‘; of f., b,, by b'; 
and soon. Form the transvectants of these forms and take the first coefficient, 
which will be denoted by a subscript 0 on the transvectant. Then 


(fife = ~ G) a; 
may be represented by 


(—1) (3) a‘ = (a—b). 


* Stroh, Math. Ann., Vol. XXXVI, p. 273. 
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Further, if the index of the transvectant is the same as the order of the second 
form within it, it is clear that the second coefficient of the transvectant is obtained 
from the first merely by increasing the subscript of every a involved by unity. 
A similar process gives the third from the second and so on. For instance, if 
the transvectant with the subscript 7 denotes the (7 + 1)th coefficient of the 
transvectant, 


3 
Then the first coefficient of a transvectant like ((f, ¢)* f.)*, 


Sf — 8 


= 2 ( 1) = ( 1) G) 
may be represented by 
=5(—1) (“) ¢ (a — (a—b)*. 
So also for other transvectants of similar form. 
Then the syzygy [f, fetqg], = 0 may be represented thus: 
— 3(6—d)* (b—c)’— 3 (a— (a— — 2 (a — — 6 (a — (c— 
+ 3(a—d)* (b—c)? + 3 (a— (a — by’ 
+ 3(6—d)’(b—a)? + 2(a (a— + 2(6— cc)? (6 — a) = 0. 
Now put 
a—b=—¥, a—e=—d¢, a—d=—d; 
then 
b—c=)—d¢d, b—d=—d', c—d=c'—d'. 

After making these substitutions, which serve to express the syzygant as a 
function of three variables, drop the primes and the result is exactly what would 
result if a=0 in the original expression. It becomes, therefore, 

— 3(b—d)* (b—c)— 3c? 6b? (c— d)? + 3c? (b— dp’ 
+ 3d’ (b—c)?+ + 3b°(b—d)? + 2bc? + 26(b—c)®? =0, 
which is easily verified. 

{f, fotq},=0 is proven in a precisely similar way. 

Take up now the cases of disagreement between Sylvester’s results and 
von Gall’s. The simplest case is that in which Hammond has proven that 
there is an exception to the Fundamental Postulate, namely of degorder 5.13. 
A brief analysis of it will be included here for completeness. 


= 
z 
i 
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Von Gall shows one irreducible covariant of this degorder, namely (77)?. 
There are four reducible covariants, (1.7).(4.6),* (2.2).(3.11), (2.6).(8.7), 
(2.10).(3.3), which are 

&.(f0), 

A computation of A(7, 5; 13)+ shows that there are four linearly inde- 
pendent covariants of degorder 5.13. If, therefore, there exists a syzygy among 
these four reducible covariants, there must be a groundform. Further, von Gall’s 
system is certainly complete; therefore if there is a groundform, the one he ex- 
hibits must be irreducible. There is such a syzygy, namely, 


(fll) = f (kl) + + =0; 
f(kl) —k(f +1.y =0. 


There are then in this case both a fundamental syzygy and a groundform, 
and consequently an exception to the Fundamental Postulate. 

The next case in which the two sets of results differ is that of degorder 6.12: 
Von Gall exhibits one irreducible covariant, namely (¢7)?, and it is easy to find 
that there are the following seven reducible covariants: 


(1.7) (5.5) [2], (2.2)(4.10), (2.6)(4.6), (8.8)(3.9), (3.5) (3.7), 
(1.7) (2.2) (3.8), 


or 


which are: 
f-9, ree, (fl)? (f)), 
A computation of A(7,6; 12) shows that there are seven linearly inde- 
pendent covariants of degorder 6.12. If, therefore, there exists a syzygy of this 
degorder, there must be a groundform, and by the same reasoning as above 
it may be taken as the form (¢/)’. There is such a syzygy, namely, 


f.(fl?)? — 1. — (fl)?. (fl) = 0. 
For from (f, (f7), 7) =0 it follows that 


2) + Uf) + = 0. 
But the series 5) shows at once that =— = and the 
series gives ((f1)?f) =(H1). Therefore 
(J). (J =0. 


* (i,m) denotes a covariant of degree i, order m. 
+ The symbol A (j, i; m) is used in the same sense as in Franklin, AMERICAN JOURNAL, Vol. III, p. 129. 


, 
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In this case also, then, von Gall’s table is correct and Sylvester’s is defective by 

one groundform, owing to another exception to the Fundamental Postulate. 
The case of next higher degree is of degorder 7.11. Von Gall shows one 

irreducible covariant (7/*)*. There are 15 reducible covariants, namely 


(1.7)(6.4)[2], (2.2) (5.9) [2], (2.6)(5.5) [2], (2.10)(5.1), (3.3) (4.8) [2], 
(3.5) (4.6), (3.7) (4.4) [2], (3.11)(4.0), (2.2)°(3.7), (2.2) (2.6) (3.3), 


which are : 


The value of A(7,7; 11) is 11, the number of linearly independent co- 
variants of this degorder. There must therefore be certainly four independent 
syzygies among these reducible covariants, and five if (77*)* is irreducible 
Conversely, (77/*)* is irreducible if there are five syzygies. 

Perhaps the simplest proof of the irreducibility of (77*)* is the following: 
If it be reducible it must satisfy a relation of the form (7/?)‘= mK, where K 
is a reducible covariant of degorder 7.11, and the m’s are constants. This relation, 
for the same m’s, must hold for all values of the coefficients of f. Take two sets 
of values for them: 

I. a=a,=a,=a,=a,=0, A $0, a, $0. 

II. ag$0, a, 
On the basis of these suppositions the computations are not difficult. Of course 
only the first term of each covariant of degorder 7.11 is necessary. The suppo- 
sition I gives, omitting forms and parts of forms that can not affect the result : 


2 2 
i=(4) aya; zy + (5) (—20a3) y*, 
= ~ 2/3 + (—20 ay xy? + 400 at ', 
T= 4/15 a2 a, 15) 1/1365 2a, 2 y! + et 

=(, aay / apa, y* + etc., 

k = 2a,a,2° + 1/10 apd, 2° + ete., 
p x, 
g = — + ete, 


(f0)? = — 2 aaj x’ + etc., 
(fl) = aja, + ete. 
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The supposition II gives: 
= + (7) (—5a,a)ay + (5) (—2008) 
P= 400 + 100 aga,a°y + Gy 150 ajaj xy’ 
4 100 a,a3 + 400 af 
+ Cr) (— 80/273 ayasa,) + etc., 
hk = 2a,a,a° + 2a3 at y? + 3/2a,a,x° + 2aj x” 
p = (8aya3 + 24a!) at + 6 aia, + etc., 
y= 10/llaazay + (— 3/11 ay as a4) 294? + ete., 


= 2aaza° + G) 16/9 + etc., 


r = — + (—5 aja) + + 20 az y’, 
(fl)? = — 20a, aja’ + etc., 
(f7) = —5aa,a,x' + etc., 


i= aya, + (a) + etc., 
g = 10 a,a,a3 + ete. 

From these may be obtained completely the numerical coefficients of the 
following terms of the first coefficients of all the covariants of degorder 7.11: 
ayaga,. Supposition I gives the first, II the others. The first 
two are sufficient for the purpose in hand. They are most plainly exhibited 


in a table. 
apa; as = 200 —40 0 0 20 200 0 0 
ae a’ a, 0 —40 8 —40 0 0 0 


aa,at «OO 200  —400 200 0 0 0 
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Here, except for the first form (77*)*, the second row is —5 times the first. 
It follows that in any expression > mK the coefficient of aja,a{ will be —5 times 
that of ajaza,; but this is not true of (7/?)*. Hence (7/?)' and (7/*)* 
is irreducible. In this case again, therefore, an exception to the Fundamental 
Postulate has made Sylvester’s table incomplete. 

A second proof consists in showing that there are five independent syzygies 
of degorder 7.11, which as already pointed out involves the irreducibility of 
(T7’)'. These five syzygies will now be obtained. 

In the syzygy (fife fs) =0 put = (fl), fL=4, fg= 1, and it becomes 

(0)? (hl) — 0) + U(( fl)? k) = 0. 
But from Gi follows ((f7)?7) = (f7)3, and from comes 
(f%)* = 1/10(f2), (1) 
which, taken with gives 
012/’ 


((f 1)? = (yl)? + 10/11 + 1/45 (fl) 
These give the syzygy 
+ 10/11 U(el) — + (2) + 1/45 
Again, if in the same syzygy f, = (41)’, f-=f, f;=l, the result is 
(2)? (fl) —f + =0. 


Here and together with (1), give 


((kl)? 2) = and ((kl)? f) = — (yl)? + 12/11 (el) — 1/30(f2) 7. 
These values make the syzygy become 
— f (kl)? —1 (yl)? + 12/11 U(el) + (f2) (Al)? — 1/307? (fl) =0. 
Another syzygy results from the basic syzygy [f, fefsq]s =0 on putting 
fe=h, namely, 
2 (fk) (11)? — 2(fl) (kl)? + 2(k1) (fl)? + + (fh)? = 0, 
which, on putting in the values of unknown transvectants already obtained, 


becomes 


—U(yl)? + 1/11 U(el) + (fl)? — (Al)? + yO + 1/452 (fl) = 0. 
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A fourth syzygy comes from fs) =0 on putting =f, f,=(fr)’, fz = 2. 


It is 
— (Fr)? =0. 
From (i724 it is easy to find 


134 
= — 5 (2) 
and this, taken with Jit and ({34); yields by elimination 
(fr)? = 5/2 p— 1/107. (3) 
Moreover, on this account, 
((fr)°l) = 5/2 (pl), (4) 


since (/?, 7) = 0. 


From (G25), and (734) [the last shows 


043 133 034 334 
=0 (5)] 
elimination gives 
(fr)? = 1/2 (7h). (6) 


But this, in the result of elimination between C —) and ‘im 


with (1), gives 
((fr)2f)? = — 1/6 (yl)? — 7/22 + 1/45 (fl) 


Now from (f A! and +e! it is easy to obtain 


((f7)*f) = 3((fr)’f)? —1/2k.7, 
which gives at once 
= — 1/2(y 1)? — 21/22 + 1/15 
The syzygy then becomes 


5/2f(pl)— 5/2 p(fl) +:1/30 (fl) + 1/271 (yl)? + 21/227 (eZ) 
+1/2k.r.l=0. 


together 


‘The fifth syzygy is obtained from jf, f.tq},—=0 by putting 
t=r,g=l. Itis 


2f ((fr)*1)— 3f — rl (ff — 8 (FF)? (7)? + 3 (fr)? 


— 2(f1) (fr + =0. 
8 


| 
| 
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From comes ((fl)? 7)? = ((fr)?2)? + 1/3((fr)?l), and from 


and (6) comes 
(fr)? 1)? = — 1/8 


Therefore ((f7)? rv)? = — 1/3 (K/*)? + 1/8 ((fr)? 2). 
Again, gives ((fl)?f)? = (M7)? + 5/18%.1. 


These values, together with some of those previously obtained, give the 
fifth syzygy, 


5/2f (pl) + f(ki*)*— 5 p(fl) — 3 H(rl)® + 87 (Hl)? — 3/2 (kl) (f 2)" 
—1/6h.U.r + 1/52 (fl) =0. 


(7) 


That these five syzygies are linearly independent may be ascertained by the 
usual tests or briefly thus: The terms &£(fl?)®, y.C, H(r/)? appear in the first, 
third and last syzygies respectively, and in no others. These syzygies, then, 
could enter into no linear relation connecting the five. The only remaining 
possibility is that the second and fourth syzygies should be related, which is 
clearly not the case. 

There are then five linearly independent syzygies of degorder 7.11, and as 
already noted this involves the existence of a groundform and therefore of an 
exception to the Fundamental Postulate. 

The next case is that of degorder 8.10. Von Gall shows one irreducible 
covariant ({/*)*. There are 20 reducible covariants, namely: 


(1.7) (7.3) [2], (2.2) (6.8) [2], (2.6) (6.4) [2], (3.8) (5.7) [2], (3.5) (5.5) [2], 
(3.7) (5.3) [2], (3.9) (5.1), (4.0) (4.10), (4.4) (4.6) [2], (1.7) (3.8) (4.0), 
(1.7) (2.2) (5.1), (2.2) (3.8) (3.5), (2.2) (4.6). 


These are: 
B (41)? of g (rZ) 
C.(Hl), f.r.0, ler. (fl), 


A computation of A (7, 8; 10) shows that there are fourteen linearly inde- 
pendent covariants of degorder 8.10. There must then certainly be six linearly 
independent syzygies of this degorder, and if there are seven there must be a 


5S 
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groundform. As von Gall’s system is certainly complete, it may be taken as 
the form ({/*)*. There are seven such syzygies, as will now be shown. 


In (fife fs) =0 let fg =7; then, 
1) — (kr)* .( fl) (kr)? f) =0. 
From and together with (5) 


034/’ \025 051 042 
and (6), elimination gives 
= 1/10 (fl?)* — 3/10(r2). (8) 
Therefore 
((4r)* 7) = 1/10 — 8/10 ((rZ) 2), 
Trl 


which, by the aid of ( ), becomes 


= 1/10 (f29)§— 1/50. (r2)? + 8/207. 0. (9) 


= 1/10 ((f)*f) —3/10 ((r2)f), 


which, by (J and and an elimination between 4) and 


4 , becomes 


f) = — 1/20 (r7)?. f + 17/120 (k1) + 3/20(fl)?.r+ 1/5(H7*?)® (10) 
The syzygy becomes, then, 
3/10 (rl). (f7)—1/10(fl?)*. (fl) — 3/20f .2. (rl)? — 17/120 
— + 1/10 f + 3/20f.r.C=0. 
The second syzygy comes directly from (f; fz fs) =0 on putting f,; =p, 
f, =k, fgs=l. That is, 
(kl) +k. (lp) +1.(pk) = 0, 


p. (kl) —k.(pl)—l. =0. 
The third syzygy is found from (f, f.f;) =0, when =k, fg=(k1)*, fg =. 
It is 


Also 


or 


1) — (k1)?. —1. (kl)? k) =0. 


Lkl 


((47)?7) is evaluated at once by C 02 


); which gives ((&7)*7) = 


klk 


((kl)?k) is more complicated. First from G 


comes ((k2)?k) = ((kk)® 


= 
2 
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Next express the groundform differently. Namely 


ee 0s together with (1), (2) and (5), give 
(kk)? = —7/45k.1— 1/5 (Al)? — 2/5(fr). 
Then 
1) = — 7/45 (kl, 7) — 1/5 ((A71)? 1) — 2/5 2). 


This, by the aid of é and an elimination between 


rr) and gives finally 
k) = 7) = — 1/151. (kl) — 1/5 (AP)? + 1/5 f. (rl)? —1/5r.(fl)’, 
and the third syzygy is 
k. — + 1/15 + 1/5 f.1. (r1)? 
+1/57.1.(fl)? =0. 
The fourth syzygy results from [f, fo fs =0 by placing =f, fp =7, 
Namely, 
2(fl) (rl) + f.r. (ll)? + (fr)?.? —f.l.(rl)? 
Here it is only necessary to put (fr)? = — 1/2(k/) from (6) to get as the 
fourth syzygy 
2(fl).(rI) +f.r.C—1/20?. (kl) —f.l.(rl)?—7.1. (fl)? =0. 
For the fifth sygyzy, in [fifefsgjs=0 put f=(fl)’, p=g=l. 
There results 


2(f, (f1)*) (20)? — 2(F 2). (£2)? 1)? + 2 2) (F0)? — 2. (F2)*) 
+ 2)? 0)? f) + = 0. 


The unknown transvectants here are evaluated thus: From (4 19) comes 


(J, ({2)*?)=— (Hl). From (545) is found (145) gives 
((f2)*2) = (f2)%. Obviously ((f2)*, = 0. f) = (FL)*F) by 


means of ((f7)*2)? = (f/)* just obtained, and this with the aid of (747) and 


is easily changed to (((f2)*7)*f) = + 2/31. (2). 


at once shows that (f, (f2)?)’ = — (&/). 
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These give for the fifth syzygy 
21.(Hi?)?— 1/80. (kl) + 2(fl)*. (f?)?—2(fl). (fl?) —2C.(Hl) =0. 
The sixth syzygy is obtained from [f, f,¢q],=0 by making f,=/f, f,=4, 
t=r,g=/; namely, 
— 3f r)?— (fk). (rl)? + 3(fr)*. (el)? 
+ 3(fl)’. (er)? + 37 ((fl)?k)? + + 20. ((fr)*h) 
+2.1.((kr)*f) =0. 
To get ((&7)?r)? in terms of known transvectants use 
with the aid of (9), 
(41)? r)? = ((rk)? 1)? + 1/25 (f — 2/251. (r7)? + 3/507.C. 


022)" It gives, 


From (¢ : “i and (3) and (7) is obtained the expression 


((f2)? 7)? = — 1/3 + 5/6 (pi). 
(f%)* has already been found in (2), namely (f%)*=— 1/5(f1l)*, and (fr)? also 
in (6) as (fr)? = — 1/2 


From Ie 


029 and (07 >) together with (1) and (2), comes 


((f2)? &)? = (el)? + 1/30( fl)? .7—2/45f.C. 
To evaluate ((41)? f)? use and (1). Thus is found 


(41)? f)? = ((f4)? 0)? — 1/6 1/18 
From (3), ((fr)*%) = 5/2 pk— 1/107, which by use of becomes 
((fr)®k) = 6/2 (pk) + 1/102. (k2), 
and from (10) 
((kr)*f) = — 1/20 (r1)2f + 17/120 (&2). + 8/20 + 1/5 (HEY? 


These substituted in the syzygy above serve to express it in transvectants 
of the complete system thus: 


— 3/25 f.(fi?)'— 3f.(gl)?— 11/75 f.r.C+7/50f.1.(rl)?— 51.6 
+ 2/51.(H7?)? + 3/107.7. (fl)? + 29/602? (kl) +k. — 5/2k. (pl) 
+ 6r.(el)? + 3(fl)?.g—6e.(rl)?— 3/2(k1)’. (kl) =0. 
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The seventh syzygy comes from making the same substitution, f, =/, 
fpok, t=r,q=1, in fetg},=0. That makes it 


2k. ((fr)8l)— 3h. 3(fh)?. (rl)? + 3 (fr). 
—2(fl). (kr)? +7. (kl)? f)? =0. 


The value ((f7)?7) = 5/2(p/) was found in (4), and from (8) 
(kr)? = 1/10 (fl?)*— 3/10 (rZ). 


The other unknown transvectants were all evaluated for the preceding syzygy. 
Putting in the values there obtained and these two gives, for the final form of 


this syzygy, 
+h + 5/2k(pl) + 8r. (eZ)? 
+ 3/5 (fl) (rl) —1/5(f2) — 3 e. (rl)? — 3/2 (41) = 0. 


That these seven syzygies are independent appears from the fact that the 
determinant of the coefficients of the terms in f(g/)*, 7.(el)’, p. (kl), (f1)? (fT), 
(41)? (kl), f..(rl)? does not vanish. Other sets of terms are also 
easily found that give a non-vanishing determinant. In this case also, therefore, 
Sylvester’s table is defective, owing to another exception to the Fundamental 
Postulate. 

The last case of disagreement which will be taken up is that of degorder 10.4, 
Owing to its occurrence in a sense relatively early in the table of groundforms, 
it is comparatively simple. Sylvester shows here three irreducible covariants, 
while von Gall shows four. These are (H7/*)’, (G7?)*, (A7)?, (ul). There are 
the following ten reducible covariants of this degorder: 


(2.2) (8.2) [3], (3.8) (7.1) [3], (4.0) (6.4) [2], (5.1) (5.8) [2], 


which are 


(1°)? 2)8 
(4 
1+ (pl’)? r. 2\4 
(pl) 


The value of A(7, 10; 4) is 13, which is therefore the number of linearly 
independent covariants of degorder 10.4. If then there exists any syzygy of 
this degorder among the ten reducible covariants enumerated, there must be 
18— 10 +1=4 groundforms, and as before the completeness of von Gall’s 
system shows that the forms given may be taken as the four groundforms. 
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There is one such syzygy, namely, 
r. —1.(¢l) — (rl)? (rl) = 0. 
For in (f; fo fi) =0 put f,=(rl)’, Then 
(rl)? (rl) + = 0. 


follows ((r2)*2) = and from (515), ((rd)*r) = 


But from + 02 
((r7)*l) =(¢l), which give the above syzygy at once. 


012 


Here also, therefore, another exception to the Fundamental Postulate makes 
Sylvester’s result incorrect. 


3. Some Exceptions to the Fundamental Postulate for Quantics of Order Higher 
than the Seventh. 


As already pointed out there has existed a suspicion that the exceptions to 
the Fundamental Postulate might possibly be confined to the seventhic. Such 
is not the case, as will be shown in the present section. In fact the exceptions 
in the cases of higher orders are fairly numerous. 

Every quantic of odd order as great as 5 has at least one syzygy of degorder 
8.8, at least two of degorder 9.7, at least one of degorder 9.9, and at least one of 
degorder 10.4. These syzygies produce exceptions to the Fundamental Postulate 
in the cases of the ninethic degorders 8.8, 9.7, 10.4; eleventhic degorders 8.8, 
9.7, 9.9, 10.4; thirteenthic degorders 8.8, 9.7, 9.9, 10.4. 

These two facts are proven thus. Every quantic of odd order as great as 3 
has a groundform of degorder 2.2, and one of degorder 3.3. For the quadratic 
has an invariant (2.0), and it follows from Hermite’s Law of Reciprocity that 
every quantic of order 2m +1 has a covariant of degorder 2.2, which is evidently 
irreducible for m>0. Again, the cubic has an invariant (4.0) and a covariant 
(3.8). Then, by Hermite’s Law, any quantic of order 4m-+1 or 4m+ 3, 0. é., 
2m-+41, has a covariant of degorder 3.3, which is also evidently irreducible 
form >0. Further, from the fact that the quadratic has a quadratic invariant 
it follows by Hermite’s Law that every quantic of order 2m +8 has a covariant 
of degorder 2.6, which is easily seen to be irreducible if m >0. Again, the 
cubic has a (reducible) covariant of degorder 3.5, one of degorder 5.5 and a 
quartic invariant. Therefore a quantic of order 4m+3 or 4m+5, t.¢., 4m+1, 
or in general 2m-+1, has a covariant of degorder 3.5, and this is irreducible 
if the order of the quantic is as great as 5. 
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For convenience, for a quantic of odd order in general, denote the ground- 
form of degorder 2 2 by L, that of degorder 3.3 by R, that of degorder 2.6 by F, 
and that of degorder 3.5 by G. 

If now, in [fi f=f=F, =L, it becomes a syzygy 
of degorder 8.8 for the quantic of odd order in general; namely, 

2(FF)* (LL)? + (FF) L? + 2F.(FL*)‘ =0, 

or, expressing the degorders involved, 
2 (4.8) (4.0) + (4.4)! (2.2)? — 2(4.4)?— 4 (2.2) (6.6) + 2(2.6) (6.2) = 0, 


which is a syzygy of degorder 8.8. 


Two syzygies of degorder 9.7 are obtained thus. In [f, f-f;¢];=0 put 
fs=q=—L. This gives the syzygy 


2 (FR) (LL)? — 2(FL) (RL)? + 2(RL) (FL)? — L (( FL)? R) + L ((RL)* F) 
+ L’ (FR)? = 0, 
or 
2 (5.7) (4.0) — 2 (4.6) (5.1) + 2(5.8) (4.4) — (2.2) (7.5) + (2.2) (7.5)’ 
+ (2.2)?(5.3) = 0, 
which is a syzygy of degorder 9.7. Again, in [f, f.¢q'],=0, the substitution 
A=F, h=G, I=7Y=L gives 
2(FG)? (LL)? + (FG)*‘ L? — 2 (FL)? (GL)? — 2L ((GL)? F)? — 2 L ((FL)* G)? 
+ F(GL’)‘ + G(FL’)*=0, 
or 
2 (5.7) (4.0) + (2.2)? (5.3) — 2 (4.4) (5.8) — 2(2.2) (7.5) — 2 (2.2) (7.5)! 
+ (2.6) (7.1) + (3.5) (6.2) = 0. 


This is evidently independent of the preceding and makes therefore two syzygies 


of degorder 9.7. 
To get the syzygy of 9.9 put in 


This gives 


2 (FG) (LL)? — 2(FL) (GL)? + 2(GL) (FL)? — L((FL)? G) + L((GL)? F) 
+ L*(FG)*=0, 


or 


2 (5.9) (4.0) — 2 (4.6) (5.3) + 2 (5.5) (4.4) — (2.2) (7.7) 4 (2.2) (7.7) 
+ (2.2)? (5.5) =0. 


Moriey: On the Fundamental Postulate of Tamisage. 65 


The syzygy of degorder 10.4 may be obtained from (f; fo f;) =0 by making 
fi=(RL)’, fo = R, fg =L, or directly from the syzygy found for the seventhic 
case 10.4. For the result found there depends only on the degorders of 7 and 7, 
and not at all on the order of the quantic. But the degorders of Z and P& are 
precisely those of Zand rv. Then it gives a syzygy true for the general quantic 
of odd order to replace 7 by Z and r by R&R. This gives 

R(RL’)®— L((RR)*? L) — (kL)? (RL) = 0, 
or 
(3.3) (7.1) — (2.2) (8.2) — (5.1) (5.3) = 0, 
which is the general syzygy of degorder 10.4. 


It now remains to show that these syzygies produce exceptions to the Fun- 
damental Postulate. Sylvester’s table for the ninethic shows two groundforms 
of degorder 8.8, two of degorder 9.7, and fourteen of degorder 10.4, and these 
numbers are certainly minima. In these three cases therefore, since syzygies of 
these degorders have just been found, there exist together groundforms and 
fundamental syzygies, 7. e., exceptions to the Fundamental Postulate. 

Further, a computation* of the groundforms of the eleventhic and the 
thirteentic by the method of tamisage shows a positive number of them for 
degorders 8.8, 9.7, 9.9 and 10.4 in both cases. There are therefore exceptions 
to the Fundamental Postulate in all these cases, in fact double exceptions for 
degorder 9.7. 

So far all exceptions to the Fundamental Postulate have been confined to 
quantics of odd order. It is the purpose of the present paragraph to show that 


* As the author is not aware where such results as these are to be found if they have been previously 
computed, he ventures to append them as far as he has found it desirable to carry them. They were calculated 
by ‘‘crude’’ or ‘‘brute’’ tamisage, which for a limited field costs less labor than the more complete reduction 
of the Generating Function to the Representative Form. The minus (written above for compactness) indicates 


syzygies. 
TABLES OF GROUNDFORMS, AS GIVEN BY TAMISAGE, TO DEGREE 10, ORDER 10. 


Eleventhic. Thirteenthic. Fourteenthic. 
012834567 8 9 10 0128 45 6% 8 9 10 6 2 4 
1 1 I J 1 I 1 1 1 

1 1 1 2 } 1 1 2 1 $ 1 93 
2 3 2 4 3 2 4 2 5 4 2 42 5 4 
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there are exceptions to the Postulate in the case of quantics of even order. 
It will be shown first, that there is in general a syzygy of degorder 10.6 for 
every quantic of order 4m-+2[m>0], and second, that this produces exceptions 
to the Fundamental Postulate in the cases of the tenthic and of the fourteenthic. 
The cubic has an invariant of degree 4 and a covariant of degorder 2.2. It 
follows by Hermite’s Law that any quantic of order 4m-+2 has a covariant (3.2), 
and this is necessarily irreducible if m>0. Similarly, since the quadratic has a 
quadratic invariant, every quantic of even order has a covariant (2.4). Denote 
the covariant (3.2) by Q and (2.4) by P. Now in (f, f. fs) =0 put f, = (PQ)’, 
P, f,=Q. Then 

(PQ)? (PQ) — P((PQ)’ Q) + O((PQ)’ P) =0; 
or, since from ‘eo ((PQ)?Q) = (PQ’)3, and from ((PQyP)= 
((PP)? Q), this may be written, perhaps a little more neatly, as 

(PQ)’ (PQ) — P(PQ’)’ + @((PP)’ Q) = 9, 
or, expressing the degorders involved, 
(5.2) (5.4) — (2.4) (8.2) + (3.2) (7.4) =0, 

which is a syzygy of degorder 10.6. 

The tenthic is a special case of this. Sylvester’s table for the tenthic shows 
ten groundforms of degorder 10.6. There is therefore an exception to the Funda- 
mental Postulate in this case. Again, the method of tamisage applied to the 
fourteenthic gives 175 groundforms of degorder 10.6 (see foot-note, p. 65), so that 
here too is an exception. 

It is easy to show that the twelfthic has at least one exception to the 
Fundamental Postulate. For it has groundforms (2.4) and (2.8), as may be 
readily ascertained by Hermite’s Law or by reference to Sylvester’s table for 
the twelfthic.* Let the quantic be represented by f, the covariant (2.4) by w 
and (2.8) by v. Then make =f, f,=u, fg=v, in (fi fe f3) = 0. That is, 


f (wv) + uf) + o(fu) =0, 
(1.12) (4.10) + (2.4) (3.18) + (2.8) (3.14) =0, 
which is a syzygy of degorder 5.22, Now Sylvester’s table (doc. cit.) shows four 


groundforms of degorder 5.22. Consequently there is here also an exception 
to the Postulate. 


or 


* Sylvester, AMERICAN JOURNAL, Vol. IV, p. 48. 
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With regard to the syzygies in this section, where some forms occur which 
might be reducible, one precaution is necessary, namely, to be sure that the 
syzygies are actually such, not merely identities. Take first the syzygy of 
degorder 8.8 belonging to quantics of odd order. As already pointed out, the 
forms F and LZ are irreducible. So also is the form (ZZ)’, for it is of degorder 4.0 
and no quantic of odd order can have a quadratic invariant. Therefore the only 
way in which this syzygy might reduce to an identity would be 

2 (2.2) (2.6) (4.0) + (4.4)! (2.2)? — 2 (4.4) — 4 (2.2) (2.6) (4.0) 

+ 2 (2.6) (2.2) (4.0) =0. 
But this requires 

(4.4)/ (2.2)? = 2(4.4)’, 
or, since the right-hand member is a square (barring the numerical constant) 
and so is the second factor on the left, (4.4)’ must be a square. But since there 
is but one form (2.2), namely Z, this gives (4.4)’ (and hence (4.4) also) = a 
numerical multiple of Z’. Referring back to the transvectant values of these 
symbols, this is 

(PP) and (FPL) = 4,.L’ 

(where A, and 4, are numerical multiples), which are not true if the order of the 
quantic is as great as 5. The syzygy then can not reduce to an identity. 

The syzygies of degorder 9.7 belonging to quantics of odd order are simpler. 
In the first, the second term (4.6) (5.1) can not be reduced. For the factor (4.6) 
is irreducible because a quantic of odd order can not have a form (2.4) nor (3.1). 
(This appears at once from Hermite’s Law applied to the quadratic and cubic 
respectively.) (5.1) is also plainly irreducible. This term then can not go out 
identically and this is an actual syzygy. Similarly in the second syzygy of this 
degorder the next to the last term (2.6) (7.1) is plainly irreducible, and therefore 
the syzygy can not reduce to an identity. | 

In the syzygy of degorder 9.9 for quantics of odd order the second term 
(4.6) (5.3) is irreducible into factors of lower degorder, and can not cancel; so 
the syzygy can not be an identity. 

In the same way the last syzygy for odd quantics, of degorder 10.4, is easily 
seen to be an actual syzygy. 

The syzygy proven for quantics of order 4m +2 was 


(5.2) (5.4) — (2.4) (8.2) + (3.2) (7.4) =0. 
The quantic of order 4m -+ 2 can not have a cubic invariant, for the cubic has 
only one invariant, degree 4, so by Hermite’s Law only a quantic of order 4m 
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can have a cubic invariant. Also a quantic of even order can not have a 
covariant (2.2) nor one of degorder 4.2. The possible decompositions, then, of 
the above relation are: 
(2.4) [(5.0) (3.2)] ” (3.2) [(5.0) (2.4)] + [(3.2) (2.0)] (5.4) 
or (2.4) [(2.0) (6.2)] or (3.2) [(2.0) (5.4)] + [(3.2) (2.0)] (5.4) 

In any one of the four possible combinations of the two members it is to be 
understood that factors included in brackets [] may occur as a single irreducible 
one, and that a reduction into factors may introduce numerical multiples which 
are not shown. It may be remarked that the first possibility on each side can 
occur only if the order of the quantic is 4m+18A[m>0,A>0]. For since 
the quintic has irreducible invariants of degrees 4, 8, 12, 18, only, to have a 
quintic invariant a quantic must be of order 42,-+ 8A, +122;4+ 18%, 1.6, 
of order 4m+ 184. This number can not coincide with 4m -+ 2, the order of 
the quantic under discussion, unless 2 >0. However, in any case the syzygy 
can not reduce to an identity. 

The syzygy found for the twelfthic is also obviously not an identity. 


4. Conclusion. 


It appears then that exceptions to the Fundamental Postulate of Tamisage 
are much more widespread than the few cases pointed out by Hammond. They 
are not confined to the seventhic, nor to quantics of odd order. Indeed, if we 
divide quantics into three classes, according as the orders are 4m, 4m-+2, or 
2m-+1, we may say very roughly that in the tables of groundforms and 
syzygies, there is a region of syzygies that is nearly fixed; 7.¢, that changes 
but little as the order of the quantic is increased within the class. (For odd 
quantics this region is likely to begin when the sum of the degree and order 
exceeds 14.) On the other hand, the region of groundforms in the tables 
appears to extend continuously as the order of the quantic grows greater in its 
class. When these two regions overlap, exceptions to the Fundamental Postulate 
occur. This begins to be the case for odd quantics when the order is as great 
as 7, for even quantics when it is as great as 10. There seems to be no reason 
for supposing that Sylvester’s method will ever become exact again for quantics 
of a sufficiently high finite order. Sylvester’s method remains valuable only as 
furnishing a minimum number of groundforms. It is likely to be exact for a 
quantic of high order only when the sum of the degree and the order of the case 
in question is relatively small. 
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Derivative Domains of Rationality. 


By S. Epsteen. 


INTRODUCTION. 


In this paper I have attempted to outline a theory of derivative domains of 
rationality and to give a few applications to linear homogeneous differential 
equations. 

§1, 3°, is based on a paper of E. H. Moore; the points of difference being 
(a) the function theoretic domains may be founded on any of the five precisely 
defined number domains instead of only one, the domain of rationals; (b) the 
assumptions regarding the functions are such as to lead to Fuchs’ existence 
theorem for linear homogeneous differential equations; and (c) it is shown how 
a domain may be enlarged hy the adjunction of operations as well as functions. 
§ 2 is based on the work of Frobenius, Koenigsberger and Loewy. The irre- 
ducibility and reducibility definitions of Frobenius and Koenigsberger overlap 
when the latter are applied to linear homogeneous equations, and this leads to 
confusion. The discriminating notation of § 2, 1° and 2°, removes the difficulty; 
in § 2, 3°, this is extended to Loewy’s relative irreducibility and relative reduci- 
bility, and concrete illustrations are given. 

In all cases when theorems due to others are used or restated from the new 
standpoint, due credit is given in the foot-notes to the respective'authors. The 
remaining portions of the paper (excepting a few points of common knowledge, 
such as §1, 1° and 5°) I believe to be new. 

It may be well to call the attention of the reader to the analogies with 
Algebra. Indeed, the Normal Domains (§ 8) and the Index of an Equation (§ 4) 
were originally suggested in this manner. 


§1. ConstRrucTION OF THE DoMAINS. 


1°. The Numbers of the Domains. A set of numbers is called a domain 
(realm, field) of rationality, or briefly, a domain, when all the sums, differences, 
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products and quotients (division by zero excepted) are numbers belonging 
to the set. All rational numbers (the positive and negative integers and 
fractions) constitute a domain which we shall designate by the black-faced 
letter r. The integers by themselves do not form a domain, because the 
quotient of two integers may be fractional. The positive numbers by them- 
selves do not form a domain, because the difference of two positives may be 
negative. 

The numbers of the domain r, together with i = /—1 (a, + 7b,, where a, 
and b, belong to r), form a domain c. 

The totality of real numbers forms a domain R, the domain of reals. The 
numbers of R, together with i =/—1(A,+7B,, where A, and B, belong to R), 
form a domain C, the complex domain. 

Since the sum, difference, product and quotient of two algebraic numbers* 
is an algebraic number, the totality of algebraic numbers forms a domain A. 

The above five domains are given as illustrations; they are not exhaustive, 
since other domains may be constructed. 

2°. The Functions of the Domains. Throughout this paper it will be 
assumed that all the functions of the complex variable x =2,-+7%2,, which we 
consider, are analytic and meromorphic in a certain common finite region of 
existence X of the x-plane, the poles being isolated points.+ These two assump- 
tions are made in order that we may be able to assert with Fuchs} that every 
linear homogeneous differential equation 


_ da” 
+h @) @y =0, 


with coefficients in the given domain, has a fundamental system of integrals 
Yi-+++Yny every one of whose elements is holomorphic and analytic in XY except 
at isolated points, and is determined by its value and the values of its first n —1 
derivatives at any arbitrary regular point x of X. 


* An algebraic number is the root of an algebraic equation; 7%. e., of an equation in integral powers of a 


single unknown with coefficients belonging to r. 
¢ The totality of these singularities does not have to be a system of isolated points; the requirement is 


merely that the singular points of any one function be isolated. 
¢ L. Fuchs: «Zur Theorie der linearen Differentialgleichungen mit verainderlichen Coefficienten,”’ Journal 


fiir reine und angewandte Mathematik, Vol. LX VI (1866), pp. 121-160. 
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3°, Function- Theoretic Domains.* Take any m functions 
u; = u;(z), (j= 1, m), 


and consider the totality of rational functions of these, the coefficients being 
numbers of C.+ This totality constitutes the function-theoretic domain of rationality 
>=C[y...- tm]. 

We say that C<a> is obtained from C by the adjunction of the functions 

Certain functions of a domain, without vanishing formally, that is, for 
Uy..++Um a8 indeterminates, vanish identically as functions of x; these equations 
are the identities of the domain. For example, the expression 1—u?—uj does 
not vanish when w, and w, are regarded as indeterminates, but it becomes 
identically zero for u,= sin x, cosa. 

If in addition to the m functions u; of C<a> certain UM additional functions 
U;, (ax) are introduced and these m + & functions are utilized for the construction 
of a new domain 0 <a>, then 0 <a> contains 0 <a> as a subdomain. One 
sees easily that r is a subdomain of ¢ and of R; and that r, c and R are all sub- 
domains of C. © 

As before, it is said that C <a> is obtained from C <a> by the adjunction 
of the M functions U,, or, C <a> is obtained from C by the adjunction of the 
m+ M functions u;, U;. 

If to the domain C <x> the first derivatives 


(j=1,..--, m), 
of the functions u;(x) are adjoined, the first derivative domain is obtained, 


and similarly, by adjunction of all derivatives of order 1, 2, ...., A, the h-th 
derivative domain 


C <r > SC Un, 


and thus an infinite succession of derivative domains (A =1, 2,....) is obtained. 


* E.H. Moore: ‘Concerning Transcendentally Transcendental Functions,’? Mathematische Annalen, Vol. 
XLVIII. 

+ For some investigations the original number domain might well be r,c,RorA. It is an interesting 
problem, in any specific investigation, to define the smallest domain in which the results are valid. 
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If the m first derivatives u;....uj, belong to the original domain C <a>, 
then the derivative of every function of C<a> belongs to C<a> and the 
original domain is identical with the first derivative domain, and, indeed, with 
every derivative domain C <a>, (h=1,2,....). In this case the domain 
C <x> is said to be perfect. 

One should distinguish between C<a”> and C[a]. The former contains 
functions of x, but does not necessarily contain the independent variable zx itself; 
the latter is the domain C with a adjoined, 7. e., the domain of rational functions 
of x with coefficients belonging to C. Inasense, C[x] may be regarded as a 
special case of C<a>. | 
The following are examples of perfect domains: 


a) R; b)C; d) e) e’]; 
f) R[a, logz]; C[a, log a]. 
In the applications we shall consider none but perfect domains. Should it 
be desired to transform the independent variable of the equation K (y) = 0 


from « to & by means of 


or (a), 
the perfect domain C<<a#>=C [uy....u,,] is transformed into 

9m (ED), 
9; (&) = (E)) = u; (2). 


In order that C,<x> shall also be a perfect domain, it is necessary and 
sufficient that d&/dx shall belong to C<x>, or, what amounts to the same 
thing, da/d& belong to C<é>. 

A domain may be enlarged not only by the adjunction of functions, but also 
by the adjunction of operations ( processes). Thus, having given a domain C<x>, 
the adjunction of the operation of differentiation means that the original functions 
U,..++U, must be such as to possess derivatives, and that the derivative of every 
function is in the domain. 

4°. Theory of Adjunction. Consider the quadratic equation ax’+ ba+c=0 
with coefficients in the domain r. For brevity, we say the equation is in r. 
Ordinarily, the equation is not solvable in this domain. The simplest irration- 
ality that need be adjoined is the solution of ~* = A,, where A, is any number 
inr. In the domain r[A}] all quadratic equations are solvable. 


where 
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Ordinarily, cubic equations with coefficients in r are not solvable in r or 
r[{Aj]. The simplest irrationality that need be adjoined is the solution of 
a’ = A,, where A, is any number in r [Af]. In the domain r [A}, A}] all cubic 
equations are solvable. 

All quartic equations in r are solvable in r[A}, A}], but quintic equations 
are not. It is known that the simplest irrationality which need be adjoined to 
render quintic equations solvable is the icosahedron irrationality.* 

The question now arises, how much knowledge of a new irrationality is 
needed to make it known to the extent that it may be adjoined to (included in) 
the domain? The reply to this is a relative one, and can be gathered from some 
concrete illustrations. Let the reader think of a hypothetical person who is 
thoroughly familiar with the domain of rational numbers r, and who is un- 
acquainted with the extraction of square roots. In order that this person may 
adjoin to the domain w= /a, where a is a positive number in r, he would have 
to learn (1°) some definition of uw, and from this (2°) to expand w in a convergent 
series ay +a,/10 + a,/107+ .... (i.e, learn to approximate it in r to any 
assigned degree of accuracy), (3°) to perform on it the operations of r, such as 
u+u, u Xu, etc. (4°) to combine it with the numbers a, (,...., of r, as for 
instance, au, (aw+ B)/(yu+5), aw®+ In time, the person in 
question would be so familiar with the square root process that he could adjoin 
it (or the square root of any definite positive number a) to the domain r. 

Suppose this hypothetical person is to be taught the trigonometric functions 
until he can (if he so chooses) adjoin any of them, such as sin a, to the domain. 
He would have to learn (1°) some definition of each of these functions, and from 
these (2°) to expand them in infinite series; (3°) the addition theorems; (4°) the 
algebraic relations between these functions, such as sin* x + cos** = 1; (5°) the 
differential coefficients of these functions.+ In brief, after a full course in 
Trigonometry, he could adjoin sin x to the domain of rationality, if he so desired. 

Following out this thought, a person familiar with the Elliptic Functions 
may adjoin them to the domain of rationality in which he is solving a given 
(algebraic or differential) equation. In general, when we encounter a class of 
algebraic or differential equations giving rise to a new irrationality, we must 
familiarize ourselves with this new function sufficiently, and then equations 


* F, Klein: ‘‘ Vorlesungen iiber das Ikosaeder,’’ Leipzig, Teubner (1884). 
+ A knowledge of the derivatives of the functions would be necessary on account of our assumption 
that all the domains under consideration are perfect. 
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dependent on it may be regarded as solved if the functional dependence is 
known. 

5°. Irrationality. Summarizing the foregoing, the derivative domains of 
rationality used in this paper, and designated frequently by D<a>, will con- 
sist of some number domain (usually C) to which any arbitrary functions, 
fulfilling the conditions of §1, 2°, are adjoined. Every sum, difference, product, 
quotient (excepting the zero-divisor) and derivative will give an element of the 
domain. When equations are under consideration, the domain is enlarged by 
adjunction until it contains every coefficient at least. 

An algebraic equation or an algebraic differential equation all of whose 
coefficients are elements of a given (derivative) domain D <a> is said to belong 
to, lie in, or be an equation in D<a>. 

A function (or number) f(x) which lies in D<a> is rational with respect 
to this domain; a function which does not lie in D <x> is irrational with respect 
to this domain. Irrational functions are of two kinds: algebraic if they satisfy 
some algebraic equation in D<a>; transcendental if they do not satisfy such 
an equation. Thus, e and a are transcendental (numbers) with respect to the 
(number) domains r,c. Transcendental functions are of two kinds: algebraically 
transcendental * with respect to D<a> if they satisfy some algebraic differential 
equation in this domain, and transcendentally transcendental if they do not satisfy 
such an equation. Thus e” is algebraically transcendental with respect to r[z], 
being a solution of y’— y=0, while the well-known gamma function, [' (x), is 
transcendentally transcendental with respect to the same domain.f 


§ 2. THe Concerts oF IRREDUCIBILITY AND REDUCIBILITY IN PRESCRIBED DoMAINS. 


1°. Frobenius’ Irreducibility and Reducibility. If a linear homogeneous 
differential equation in a domain D<a> of order n, K(y)=0, does not have 
an integral in common with another linear homogeneous differential equation 
in D<a> of order ny < n, we shall call it f-irreducible (f-1) in D<a>. An 
equation which is not in is f-reduciblet (f-r). 

That the irreducibility or reducibility of an equation depends on the domain 
of rationality is easily illustrated. Thus, y/+-y=0 is reducible in the domain C, 


* E. H. Moore, Joc. cit., p. 52. 
+ O. Holder: ‘‘Ueber eine Eigenschaft der Gammafunction keiner algebraischen Differentialgleichung zu 
geniigen,’’ Mathematische Annalen, Vol. XXVIII (1887), pp. 1-13. 
¢ After Frobenius, Crelle’s Journal fiir reine und angewandte Mathematik, Vol. LXXVI. 
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because the integral y, = e** satisfies the equation (in C) y/— iy =0; however, 
the equation is irreducible in R. 

There are many theorems on reducible differential equations analogous to 
well-known theorems on reducible algebraic equations, but occasionally the 
analogy breaks down. For instance, the fact that every root of a (reducible) 
algebraic equation satisfies some irreducible algebraic equation of lower degree 
has no counterpart. An integral of a reducible differential equation does not 
necessarily satisfy some irreducible equation of lower order. Thus, the equation 
y!" —4y" + 5y'—2y =0 is reducible in R; its integrals y, = e*, y, =e” satisfy 
the irreducible equations y'—2y=0, y'—y=0, but the integral = 
does not satisfy any equation irreducible in R and of order lower than 3. 
Indeed, the equation of lowest order which it satisfies is a reducible one: 

y" —2y +y=0. 

A differential equation with the special property of possessing a fundamental 
system of integrals y,....y, each of which satisfies an irreducible equation, has 
been called completely reducible.* 

2°. Koenigsberger’s Irreducibility and Reducibility. We will call an algebraic 
differential equation of order n and degree d, 


=0, 

prime in D<u>, if, considered as an integral function of yy'....y™, it is 
algebraically irreducible in D <a>; that is, if it is not the product of integral 
functions of the same arguments with coefficients in D<a>. The same thought 
may be restated in the following equivalent manner: 

a) Since each integral function of y, y’,...., y~? contained in £4 must 
be a common divisor of €g, the coefficients ¢,...., can not have a 
common factor; and 

b) #,,4 considered as a polynomial in y™ must be algebraically irreducible. 

An algebraic differential equation Z,, = 0 in which is prime and 
does not have an integral in common with another algebraic differential equation 
of order <n in D<ax> is said to be k-irreduciblef (k-i) in D<x>. An 
equation which is not k-t in D<a> is k-reducible (k-r) in this domain. 


* This concept is due to A. Loewy, Mathematische Annalen, Vol. LXII, who uses the term volistindig reduzibel. 
This memoir contains a number of important propositions on completely reducible equations. 

+ After Koenigsberger: ‘Allgemeine Untersuchungen aus der Theorie der Differentialgleichungen,” 
Leipzig, Teubner (1882). 
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Koenigsberger’s definition of reducibility, applied to a linear homogeneous 
differential equation, becomes: a linear homogeneous differential equation of 
order n is k-r if it has an integral in common with any algebraic differential 
equation of order n,;< n, both equations lying in D<a>. In particular, an 
equation having an algebraic integral is reducible, because the algebraic functions 
satisfy a differential equation of zero order (7. e., an algebraic equation). 

A linear homogeneous equation may be /-7 and k-r at the same time. 
Thus, the equation y+ y=0 in the domain R is /-7 but it is k-r, having the 
integral y, = in common with (y’)? + y?7—1=0. 

An equation which is f-r is also k-r; an equation which is k-7 is surely /-7. 

It should be noticed that /-r and f-¢ never apply to non-linear equations,* 
but &-r and k-t apply to both linear and non-linear equations. 

When dealing with linear homogeneous equations, we shall say, briefly, that 
they are irreducible or reducible, meaning thereby /-7 and f-7. When k-i and 
k-r are intended in connection with such equations, it will be specifically stated. 

3°. Relative Irreducibility and Reducibility.+ An algebraic differential 
equation £,,,(y)=0 in D<ax> is said to be k-trreducible (k-t) relative to any 
one of its integrals y, if it is prime in the domain and if y, does not satisfy an 
algebraic equation in D<a> of ordern,;<n. A linear homogeneous equation 
is said to be. f-trreducible ( f-1) relative to any one of its integrals y, if y, does not 
satisfy a linear homogeneous equation of lower order and in the same domain. 
In the contrary cases, we say, respectively, that the equations are k-7 or f-r 
relative to the integral y,. 

In the domain R the equation 

y"— + y=0 
is f-r relative to y,; =e” but it is f-7 relative to y,= axe”. The equation 
(1 + x?) y! + 2y=0 
in the domain R[z] is f-r relative to y,;= 42, since this integral satisfies 
xy! —y=0; it is relative to y,=1-+ 2 arctan however, it is k-r 
relative to y., since this function satisfies the non-homogeneous equation 


* One could, of course, call a non-linear equation f-r if it has an integral in common with a linear 
homogeneous equation of lower order; otherwise f-i. But I know of no application of this extension of 
the concept. 

+ A. Loewy: ‘‘Algebraische und gruppentheoretische Untersuchungen aus dem Gebiete der Differential- 
gleichungen,’’ Monatshefte fiir Mathematik und Physik, Vol. VIII (1897), pp. 227-234. 
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A non-linear equation of the first order, which has an algebraic and a trans- 
cendental integral, is reducible relative to the former, which satisfies an algebraic 
equation (a differential equation of order zero), and is irreducible relative to 
the transcendental integral. 

If E,a(y) =0 in D<a> is k-i relative to an integral y,, we say that y, 
is a superior integral®* of the equation in this domain. An integral which satisfies 


is called singular. A non-singular integral which is not superior is called an 
inferior integral. 

4°, Koenigsberger’s Theorem.t The following theorem, due to Koenigs- 
berger, is restated without proof in the terminology of this section. An appli- 
cation will be made in § 8. 

TueorEM I. Jf a superior integral of an equation in D<ax>, E,a(y)=0, 
satisfies any algebraic differential equation also in D<au>, F,4,(y) =0, where 
v >n, then all the non-singular integrals of H=0 satisfy F=0. 


§3. Normat Domains. 
If the linear homogeneous differential equation 
K(y)=y™+ ky (x) .... (x). y =0 
is irreducible in D<=ax>,, it follows that none of its integrals belong to D<a>. 


For, if an integral y, belongs to D<a>, then y= yj/y, also belongs to this 


domain, and y, satisfies an equation in D<a>, 
H(y)=5% —ny =0, 


of the first order. This is impossible if K(y)=0 is irreducible. 

In case an integral y, does belong to D<a>, and, therefore, satisfies the 
equation H(y)=0, the equation K=0 is reducible, and can be factored (sym- 
bolically in the sense of Boole) into 


K(y)=G@{A(y)} 


* Superior integrals correspond to primitive roots in Algebra. I prefer this term in connection with 
differential equations, since ‘‘primitive’’ is used in §3 in a different sense. 

+ L. Koenigsberger, loc. cit. Also A. Loewy, ‘‘Algebraische und Gruppentheoretische Untersuchungen,”’ 
etc., loc. cit., p. 231. 
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(written for brevity G H(y)), where 


the g,.---Gn_-, belonging to D<a>. This is easily proved by calculation from 
the identity K (y) = G H(y), 


ke = 92 — — (n—1)7’, 


—2 
kts = 93 — gon — (n— 2) — (n n", 
whence 
Jo = + hyn + n° 
and it is thus seen that g,, ---+, being rational in terms of /,....%,, 


n,v', nl, must lie in D<a>. 
In general, if K(y) is reducible, it can be factored symbolically into at least 


two factors K = L(), 


—N 


where are functions in D<a2> and n, < n.* 

The domain D<z, y,> will be said to be of the n-th order when it is 
obtained by adjoining an integral y, of the equation of n-th order K(y) =0, 
irreducible in D<a>. 

If n particular integrals y,....y, are adjoined to D<ax>, we obtain 
nm domains 

which are said to be conjugate to each other. The domains may be all different; 
some, or all of them, may be identical. Thus, the equation 


d 
(1—#*) — y =9, 


* Schlesinger, ‘‘Handbuch der Theorie der linearen Differentialgleichungen,”’ Vol. I, pp. 42-46, 81-87. 
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of which y, = e*"~*, y, = e°°S* are integrals, is irreducible (f-t) in the domain 
r[x]. The conjugate domains 


[a, esin— and r ecos 
are different. However, starting with R [x], the conjugate domains 


R [a, *] and BR [x, 
are identical, since 1/y,= y,e?. The equation 
d*y 
dae Y= 
of which y, = sinz and y,=cos@ are integrals, is irreducible in R, but the 
domains 
and RB 


are identical, since dy,/dx = y, and dy,/da=— y;. 

A domain D<y,> may be equivalent to D<y,> while D<y,> may be 
inequivalent to D<y,>. For instance, if y,= yj, then D<y> is equivalent 
to D<y,>, but the inverse is not true. Thus, equivalence of domains is not 
reciprocal ; if D,=D,, it does not follow that D, =). 

If all the conjugates of a given domain D <y,> are equivalent to it, then 
D <y,> is said to be a normal domain. 

If D <2, y,> is a normal domain, it follows that y, is in this domain, and 
therefore that y, is a rational differential function of y,, 


Yo = $2 (%5 Yiy 
Similarly, 
Ys — $3 Yi -)y 


Yn = Pn Yi 


the 9’s denoting rational functions of the indicated arguments. 

TuerorEeM II. Let K(y)=0 be an equation in D<x> of order n, such 
that the adjunction of a certain particular integral y, produces a normal domain 
D <x, y;>; then the general integral of K(y)=0 may be expressed as a rational 
differential function of a single particular integral (and n parameters). 


- 
§ 
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The general integral of K(y) =0 being 


the a’s denoting parameters, we have 
THEOREM III. Let 


be an equation with constant coefficients, and let the domain of rationality be C. 
If the auxiliary equation of A(y) = 0, 
+ +....+a,=0, 
has distinct roots, then the domain C [V], where 
is normal. 
We designate the roots of the auxiliary equation by 
Uy, Ups Un; 


then 


(= 1,..--,m), 


and 
By differentiation 


The determinant 


can not vanish, the wu, being unequal. We can therefore find the y, in terms of V, 


the b,....6,_,; denoting numbers inC. Since V is itself an integral of A (y) =0, 
the domain C (V) must be a normal one. 


VO e™* 4+ ....4 
1 @ 
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TurorEM IV. Jf two roots of the auxiliary equation of A(y)=0 are equal, 
Un—1 = Un, then C [x, V,_;] ts a normal domain, 


The proof of this theorem and the generalization to the case where m roots 
of the auxiliary equation are equal is similar to the proof of Theorem III, and 
will present no special difficulty to the reader. 

An equation of the n-th order (linear or non-linear) whose general integral 
is a rational differential function in D<ax> (with n parameters) of a single 
particular superior integral, is called a normal equation. 

The following is an immediate consequence of this definition: 

THEOREM V. By adjoining a certain particular integral y, of a normal equation 
to D<uax>, the enlarged domain D <x, yy> is normal. 

TueoreM VI. Let E(y)=0 be a normal equation, y, a superior integral and 
Yi, +--+) the general integral. If is any other integral of E(y) = 0, 
then (Yo, vs also an integral of E(y) = 0. 

Consider the equation 

E(p(2, 2, ----))=0. 
The equation E(y) =0 has the superior integral y, in common with it; there- 
fore (Theorem I) every integral, as y., of E(y) =0 satisfies it also. From this 


we see that 
E (9 -)) = 0, 
(Yo, Yor +--+) 
is also an integral of L(y) = 0.* 


A rational integral differential function in D<a> of the fundamental 
system y,...-.y, of K(y) =0, 


and thus 


written for brevity 
V=n(y), 


is said to be primitive f in this domain when the y’s are also rational integral 
functions in D<a> of V, V’,...., 


* E. Vessiot, Annals de l’ Ecole Normale Supérieure, Vol. IX (1892), p. 227. See also A. Loewy, ‘‘Algebraische 
und Gruppentheoretische Untersuchungen,”’ etc., loc. cit., § 4. 

+ A. Loewy, ‘Die Rationalitatsgruppe einer linearen homogenen Differentialgleichung,’’ Mathematische 
Annalen, Vol. LXV (1908), p. 136. 
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If we differentiate V (y) for x times, there arise 


av 
da 


ax” n? ny Yn 


= 


By means of the differential equation K(y)=0 derivatives of y,....y, of 
order higher than m —1 can be eliminated, giving us then n?+ 1 equations in 
the functions y,..--Yn, Suppose that these 
functions can be eliminated from the first s+ 1 of the equations (s < n’), giving 
rise to the resolvent 


The equation 0 is not necessarily &-irreducible relative to V. Among 
all the possible equations “= 0 which V satisfies, we shall consider one which 
is irreducible in D<a> relative to V; that is, which has V for a superior 
integral. Let this equation be 


The following theorem is a statement in the terminology of this section of 


a result due to Loewy.* 
TueoreM VII. The resolvent N=0 is a normal equation. 


§ 4. 


Denote the general linear homogeneous group in n variables and n” param- 
eters by 


Tue INDEx oF A LINEAR HoMoGENEOUS DIFFERENTIAL EQUATION. 


L: Yas la:,,| #9, 1, ...., 


Let y;----y, be a fundamental system of the equation A (y)=0 in 
D<x>, then a rational differential function of these integrals with coefficients 


in D<2x>d, 


is called a natural transcendental of the domain. + 


* A. Loewy, ‘‘Die Rationalitatsgruppe einer linearen homogenen Differentialgleichung,’’ Mathematische 


Annalen, Vol. LXV (1908), p. 160. 
+ A. Loewy, ‘‘Algebraische und Gruppentheoretische Untersuchungen,”’ etc., loc. cit., p. 254. 
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By the rationality group G, of the equation K =0, is meant the totality 
of substitutions (taken from Z) possessing the following double property : 

a) Every natural transcendental invariant under the substitutions of G has 
its numerical value in D<x>; and b) every natural transcendental whose 
numerical value lies in D<a2> is numerically invariant under each sub- 
stitution of G. 

If r is the order of the normal resolvent (and therefore the number of 
parameters in the rationality group G of the equation K = 0%), the integer 


is called the index of the equation K(y) =0. 
The lower the order of N=0, the greater is the index of K=0. When 
=n’, the integrals y,....y, are all in D<ax>, and the equation K =0 is 
solved (requiring at most the adjunction of an algebraic irrationality). For, 
when 6 =n*, we have r=0, and N=0 is an algebraic equation (differential 
equation of order zero). The solution V of this equation is at most an algebraic 
irrationality, and the equations 


(¢ = 1, ...., 2), 


give us a fundamental system of K= 0. 

When the adjunction of a new irrationality to D<a2> makes N=0 
k-reducible, a new normal resolvent, of lower order, is obtained, and the index 
is thus increased. From this point of view, the problem of solving a differential 
equation consists in adjoining irrationalities to D<a2> until the index becomes 
a maximum, 6 = n?. 

A differential equation K(y)=0 is said to be special in D<ax> if the 
numerical value « (x) of a natural transcendental ¢(y) lies in D <a> for certain 
fundamental systems, but not for every one of the o” fundamental systems 
defined by y,...-y, and L. 


THeorEM VIII. Jf K(y)=0 ts a special equation, its rationality group G 
ts the largest subgroup of L which leaves t(y) = a (x) numerically invariant. 
Suppose that A and B are two substitutions leaving ¢ numerically invariant, 


t,=t, 


* L. Schlesinger, ‘‘Bericht iiber die Entwicklung der Theorie der linearen Differentialgleichungen seit 
1865,” Jahresbericht der deutschen Mathematischen Vereinigung, Vol. XVIII (1909), p. 151. 
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Applying B to —t=0, we have t4, =0. From this, t4, = 
and therefore the totality of substitutions leaving ¢ (formally and) numerically 
invariant form a group G. From the foregoing definition of the rationality 
group, any substitution of Z which does not leave ¢(y) numerically invariant 
can not belong to G. On the other hand, every substitution of Z which leaves 
¢(y) numerically invariant does belong to G. For, every natural transcendental 
f(y) whose value is in the domain must be of the form 


where the function @ lies in D<a>; and every substitution of Z leaving ¢ 
numerically invariant leaves f numerically invariant and belongs to G. 

This proof of the theorem involves the assumption that there exists only 
one natural transcendental ¢(y) whose numerical value a(x) lies in the domain 
for some, but not for all the o”™ fundamental systems defined by Z. If there 
should exist a such independent natural transcendentals, we have the 

Corottary: Jf =a,(x) are natural transcendentals 
whose numerical values lie in D<x>, then the rationality group G of K(y) =0 
is that subgroup of L which leaves all these natural transcendentals numerically 
invariant. That is to say, it ts the greatest common subgroup of the groups to which 
belong. 

The following theorem will be needed in the application of §5. We refer 
the reader to the proof in Loewy’s paper, ‘‘Algebraische und Gruppentheoretische 
Untersuchungen aus dem Gebiete der Differentialgleichungen,” Monatshefte fiir 
Mathematik und Physik, Vol. VIII (1897), p. 254.* 

TueorEeM IX. Jf the rationality group of K=0 is G, the adjunction of the 
numerical value a(x) of a natural transcendental S(y) lowers it to the largest sub- 
group of G which leaves S numerically invariant. 

We now provet 

THEOREM X. For a special equation K(y)=0, the index is greater than zero, 


0. 


* See also E. Vessiot, Annales de l’ Ecole Normale Supérieure, Vol. IX (1892), p. 285. 

+ Theorems X and XI are closely related to those in Picard’s Traité d’Analyse, Vol. III, 2d edition (1908), 
p. 571. There are two elements of difference. First, in this paper they are stated from the new standpoint 
of the index of an equation; and, secondly, the proof is based on the general primitive functions V of Loewy 
instead of on the special one (known as the Picard resolvent) wu; y,+....+UnYn- 
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As before, let 
be a primitive function, which, solved for y,....y,, gives 
Since 6 =n®—7, it will suffice to show that for a special equation the order r 
of the normal resolvent V(V) =0 is less than n’, 


The equation K(y) =0 being special, there exists a natural transcendental ¢ (y) 
whose numerical value a(x) lies in D<a2>, 
Substituting the values of the y;, 


may be regarded as a differential equation for V. The order s of this equation 
must be less than n*; for, to each one of its integrals corresponds a fundamental 
system y,-..--Y, Of K which satisfies ¢(y) = a(ax); and if the order of 
t[X,....X,,..--]—a(x)=0 is n’, then ¢(y) would equal a (x) for every one 
of the o” fundamental systems of K=0; but this is contrary to the hypothesis 
that K =0 is a special equation. M(V)=0 has the superior integral V in 


common with ¢,[X(V, V’,....)...-]—a(a) =0; therefore (Theorem I) every 
integral of N= 0 satisfies this equation, and 


TuHeorEM XI, If the index of K(y) =0 ts greater than zero, 
> 0, 


the equation is a special one. 
From 6=n’?—r>0, we have, for the order of the resolvent N= 0, 


r<n'. 
Since V(V) = 0 is of order r < n’, the corresponding fundamental systems 
X,(V, V',.---), 


are o” in number (and not o”™), If r<n, we can eliminate V from the 
n equations y,= X;,(V, V’,....) and thus obtain a relation between the y, 
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satisfied by some, but not by all fundamental systems. If ner< 2n, consider 


the 2m” equations 
gpm 
yi = X, 


Remove derivatives of V beyond order r by means of V=0. If r< 2n, we 


can eliminate as before, and obtain a relation between y,...-y,, yj----y, true 
for some, but not for all fundamental systems of K=0. If 2ner< 3n, the 
same process will give us a relation between y,..--Y%n, 


Continuing in this manner, it is shown that K=0 is a special equation. 


§5. LnTecRaTION oF A DIFFERENTIAL Equation BY CHAINS OF RESOLVENTS. 


There are two methods of integrating linear differential equations by chains 
of resolvents. The first one (although second in historical order) is due to 
Loewy * and may be called the Method of Normal Resolvents. This method has 
the advantage that but one particular integral of each resolvent need be com- 
puted to give the general integral; its disadvantage (as compared with the second 
method) is that the resolvents are not of lowest possible order. The second 
method (first in historical order) is due to Vessiot, {+ and may be called the 
Method of Minimum [esolvents. This method has the advantage that the resol- 
vents to be integrated are of the lowest possible order; its disadvantage (as 
compared with the first method) is that more than one particular integral of 
each resolvent must be determined to give the general integral. 

In this section these two methods are restated (in modified form) as appli- 
cations of the concepts of § 4. 

1°. Let @ be the rationality group of K(y)=0 in D<zx>, and by ad- 
joining an algebraic irrationality}, f, to D<ax> we lower it to the maximal 
continuous subgroup of G, denoted by I, and generated by infinitesimal trans- 
formations. Let [' be a maximal self-conjugate subgroup of T=P, let Tr 
be a maximal self-conjugate subgroup of [, and so forth. By continuing this 
process we finally reach a simple group '~”, and the next one in the list, [, 
must be the identity, /. The set of groups 


(0) 1) m—1) ) 
PO, TO, poy, pom 


* A, Loewy, ‘‘Algebraische und Gruppentheoretische Untersuchungen,”’’ etc., loc. cit., p. 264. 
t E. Vessiot, loc. cit., p. 239. 
t L. Schlesinger, ‘‘ Handbuch der Theorie der linearen Differentialgleichungen,’’ II, 1, p. 80. 
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is called a composition series of [. The number of parameters inI'™ is designated 
by r,, and we let 

Px =Te1— (b= 1, ..--, m), 
where 7) =7, 7 = 0. 

Let be @ natural transcendental 
belonging to ['; that is, an invariant of [® which is altered in value by any 
substitution outside of [. The function ¢,, when transformed by I’, contains 
p, effective parameters,* and it is a solution of a normal resolvent 

P, (4) 0, 


of order p,. Any other solution of this equation, t,, belongs to the same group 
['; the same is true of the general integral 7,, and we have + 

T, = 
A, denoting an algebraic function, p,....p,, parameters. 

If we determine one integral ¢, of 6, =0 and adjoin it to D<a, f>, the 
rationality group of K(y)=0 in D<za, f, {> falls to (Theorem IX). The 
index 6 of K(y) =0 is increased, 

=d+ 6. 
Let ¢ be a natural transcendental belonging to ['; when transformed by [” 
it takes p, effective parameters and it is a solution of a normal resolvent in 


of order 2° In the domain D <2, 5 ti, to > the group of K=0 is r and 
he ind 

the index 

Similarly, in the domain D <a, f, t,, 4> the rationality group of K=0 
(3) i 

is and the index = + 91 + + . 


Continuing this process, the solution of K(y)=0 is accomplished by the inte- 
gration of the normal resolvents 


= 0, ®, = 0, =0, 
of orders 
respectively. When an integral of the last normal resolvent is adjoined, and the 


domain becomes 
D <a, f, th, 


* Vessiot, loc. cit., p. 208. +, Vessiot, Joc. cit., p. 223. 
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the rationality group falls to the identical transformation. The index 6,, becomes 


bm = + pit +++ 
and, since 


Pitpet---- + Pm = + (71—%2) + + (%m-1— 9) = 7, 
we have 
= 2’, 
and the differential equation is integrated. 

2°. Between each pair of consecutive groups ['*-” and [™ of the com- 

position series 
ro, ro, ro 

we insert a group A™, of o, parameters, which is the maximal subgroup of 
r“—» containing [™. Let u, be a natural transcendental belonging to A™. 
The function u,, when transformed by I~”, contains 7,_, — 0, effective 
parameters, and therefore satisfies a minimal resolvent 

(u) = 0, (4=1 .... m), 
of order 7;,_, — 6; - 

The adjunction of the general integral U, of ¥, =0 to the domain D<2, f> 
lowers the rationality group of K=0 from [ to [, the largest subgroup of 
A which is self-conjugate in T'®.* The index of the equation K= 0 is there- 
fore increased from 6 to 6 + 9,. 

To the domain D<xz, f, we adjoin U,, the integral of ¥, = 0, 
and the index of the equation A =0 is therefore increased from $+ p, to 
fi + p2- 

By continuing this process m times, it is seen that in the domain 
D<u,f, U,,...-, U,> the group of the equation becomes the identical 
transformation; its index rises to 


pit 
and K(y) =0 is integrated. 


THE UNIVERSITY OF COLORADO, March, 1911. 


* E. Vessiot, loc. cit., p. 238. 


Critical Revision of de Haan’s Tables of Definite Integrals. 


By E. W. SHELpon. 


§ 1. 


In 1858, D. Bierens de Haan published as “ Vierde Deel” of the Verhande- 
lingen der Koninklijke Akademie van Wetenschappen (Amsterdam) his ‘‘ Tables 
d’Intégrales Définies.”” In this volume there are 7300 formulas, and these are 
accompanied by complete bibliographical references. De Haan then undertook 
the revision of these formulas, and the consideration of the underlying theory 
of Definite Integrals. Accordingly, in 1862, his “Exposé de la Théorie des 
Propriétés, des Formules de Transformation, et des Méthodes d’Evaluation des 
Intégrales Définies’”? was issued as Volume VIII in the same Verhandelingen. 
In this is included all his critical work of the intervening four years. 

“Nouvelles Tables d’Intégrales Définies par D. Bierens de Haan” were 
published in 1867 (Leide). These tables contain 8339 formulas, of which 4200 
come from the original tables, 2620 from the ‘‘ Exposé” and the remainder from 
notes published at various times. 

In this paper it is proposed to.examine from the modern rigorous standpoint 
certain evaluations in the ‘‘ Nouvelles Tables,” and the theorems of the “‘ Exposé” 
on which they depend. In nearly every case the formulas here considered will 
involve the principal value integral. : 


§ 2. Definitions. 


De Haan first considers the function f(x) defined over the interval (a< b)* 
and possessing the continuous primitive function F(x). He employs Cauchy’st 
definition for the integral of a continuous function: 


ws (2)dz= (@ — %,-1) f (%,_1); 


* Here and elsewhere, unless the contrary is explicitly stated, all letters are finite. 
¢ Cauchy, ‘*@uv. Comp.,” Sér. 2, Tome 4, p. 122. 
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and gives also the definition /(b) — F(a), which is dismissed as being equivalent 
to the other for the functions under consideration. The assumption that f(z) 
is integrable in (a < 6) is not explicitly stated; this is important, for the 
function defined by Volterra* shows that f(x) may satisfy the conditions here 
given and yet not be integrable. 

Apparently de Haan means to include here not only proper integrals, but 
also certain improper integrals with infinite integrands; viz., those whose inte- 
grands have continuous primitives. However, Cauchy’s definition will not apply 
to unlimited functions, for as 6 approaches zero, the sum > can always be made 
to approach infinity. 

Improper integrals with infinite fields are not separately defined in the 
“Exposé.” 

Improper integrals with infinite integrands: we shall compare the modern 
definition with that of de Haan, first of all. 


1°. De Haan’s Definition. 
Let f(x) possess the primitive function F(x), in (a< d). 
Let F(x) be continuous in (a < 6) except for an infinite discontinuity at c, 
a<c<b. Then we define 


It is not explicitly stated, but from the context it is clear that uw, vy are any 
positive constants. It is also implied that for each choice of wu and » the limit 
must exist, and have the same value for all such choices. This is the “general 
value” of the integral; when u=v=1, we have the definition of the “principal 
value” (Cauchy). 


2°. The Modern Definition for this Case— One Singularity. 
Let f(x) be regular f in (a< b) except at c. Then we define 


b b 
f f@)dx=lim +lim ff (x)da, if these exist; 
a 6=0 Ya 6=0 c+ 


or 


6,=0, 6.=0 


b 
— { f@dat f if it exists, 
a C+0, 


* Giorn, di Battaglini, Vol. XIX (1881). + Lect. 1, p. 400, § 572. 
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3°. The Principal Value Definition is Adopted by de Haan. 


There is no good reason, it is stated by de Haan,* for taking uw and v other 
than unity. Accordingly it is decided to use the principal value integral through- 
out. This statement and decision are based upon the consideration of a single 


example, viz., f 2 dx. His course of reasoning is as follows: 
1+z2 
x 


1+ 


The primitive function of , F(a) = log 


No 


W, 


2 

= 5 log e+e log 

= 0, 


which is the integral’s true value. 
The “general value”’ is 


The principal is therefore, =0, which is the “‘true’’ value obtained 


lim 13 log 


6=0 


above. But, — log * is not a number, and it is not possible to state that 


=0. Nor will it do to make so important an inference from 


the investigation of a single example. 

Accordingly we may expect to find in the “‘ Exposé” and in the ‘‘ Nouvelles 
Tables” many integrals that exist as principal values only. In this paper these 
will be clearly indicated by the use of the symbol P/, with suitable subscripts 
in each case. 
4°. Finite Number of Singularities: Cauchy’s Definition of the Principal Value.t 


Let f(x) become infinite at c,, 1=1,2,....,8 
Then the principal value integrals are defined thus: 


f@)de = lim {fi + + f. } 


* ««Exposé,”’ p. 7. + ‘‘Ciuv. Comp.’’, Sér. 2, Tome 4, p. 148 —Résumé des lecons calc. inf. (1823). 


and 


6 
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According to these definitions, f(x) may possess a principal value integral 
in (a< 6), and yet not possess a principal value integral in (a< %), %#c,; 
or in (a,< am), %< 6b and Similarly in the case of the 
integral for (—o, « ). 

5°. Finite Number of Singularities: G. H. Hardy’s Definition.* 
Let f(a) become infinite at c,, q, ....,¢,3 a<o<b, 1.=1,2,...., 
Then Hardy defines 
b Co—9e b 
P de = limit 


6,=0, 6.=0, 6s= 
According to this definition, if f(a) possesses a principal value integral 
in (a< 5), it also possesses a principal value integral in any (a, < 2%); a< 2%, 
%, o,. 
We may add the remark that, consistently with the above, if f(x) has the 
singularities ¢,, c.,...-, ¢,, and we take the principal value integral f(x) dz, 


its convergence implies the convergence of each of the following principal value 


integrals: 
+f where <2,<q and 0; 
Xe 
and 
f , Where x, %c,, but include, between themselves, at least one 


of the c,. 


This definition* appears in the first of Hardy’s four important papers on 
‘“‘The Theory of Cauchy’s Principal Values,” in which he establishes under fairly 
broad conditions many useful theorems on Infinite Series, Continuity, Inversion 
of Integration, Differentiation under the Integral Sign, etc. Frequent references 


we here made to these papers. 


6°. The Various Definitions Required here. 


(a) = lim {f+ 4 where ac<c< b. 


See §7, (4), (5) and (6). 


* Proc. Lond. Math. Soc., Vol. XXXIV (1901), p. 18. 
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See § 8, (5). 


() = lim ity f(a)de. 
See §6, (3), (6), (7) and (9). 


(d) Pf = lim + lim) f “+ ft, 
where —c<c< bb. 
See § 6, (4); cf. (8). 


b 
where ¢,,< d,_,<¢,, 
to put it briefly. 
See § 4, (25) and (27); § 6, (8). 
This last agrees with Hardy’s definition given in 5° above. The meaning 
of such symbols as P,.4.0, P_a,c,+s,40, ete., is at once evident. 


§3. Abbreviations, ete. 


VIII: Verhandelingen der Koninklijke Akademie van Wetenschappen, 
Deel VIII, 1862. Exposé de la théorie, des proprietés, ete. 


Nouv. Tab.: Nouvelles Tables d’Intégrales Définies, par D. B. de Haan, 1867. 
T172,F4: Table 172, Formula 4, in the Nouvelles Tables. 


Lect. I: Lectures on the Theory of Functions of Real Variables, Volume I, 
by James Pierpont, 1905. 


si (u): “dx, u in the domain (—, ). 


§ 4. 
= (1—eospq), Nouv. Tab, 1172, F4. (1) 


2) 


We shall prove the following: 


or = — p<o, 


(2) 


At «=0, set the integrand, f(x, p) = p/q’. 


| 
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We shall show that we may differentiate twice under the integral sign. 
Consider the integral, J, in three parts: 


a b 
a “b 
1°. — az. (3) 


In OS p<p,) both f(x, p) and the derivative (a, p) 
are continuous. Therefore, 


af, of d x. (4) 


Again, in &,, both f/(x,p) and its derivative (x, p) are continuous 
Hence from (4) we get (3), by = again. 


= 0S psp). 
_ sin px 
Let f (x, p) = —— where O(x) = 
The of are 

a" (q + x)’ 
both of which are continuous in R,. Moreover, g is a constant independent 
of p. A corollary of Hardy’s* justifies differentiation under the principal value 


integral sign : 


> Of cos pa 
We may apply this same course of reasoning again, having now: 
COS px cos px 
f(x) = O(x) = 
We obtain (5). 
=f 3 (7) 


“R= © , in Us, n Bs). 


* Proc. Lond. Math. Soc., Vol. XXXV, p. 84. tv. Leet. I, ip: 
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p) is regular in = oc ; 0, and continuous in p for each in Y;, 
F, (x, p) is regular in Rj a uniformly continuous in p in any rectangle (b, B; 


0,7). Since lfo|S 


aS f; is uniformly convergent in $3. Therefore, 


we have: * 
di, 
dp Op da in (0, py). (8) 
We may differentiate under the integral sign again, for p in (0, p,). In this 
case, the derivative = is integrable in (b,«) for each p in By’, 


since f sin px is limited in Y%;, gs is monotone in V(o ) and =0 as r=0.+ 
And Sf dx converges uniformly in ¥3' = (pp, p,), since we have 


sin px 1 


sin px . 1 
where f P* dx converges uniformly in $4’ and ice is monotone. { 
db & 


Hence§ we may aah 


f 
= J, im (po, (7) 
4°. Bringing ad the results of 1°, 2° and 3°: 
0? 
= P, Sx da (Po; (9) 
also P, dx in (0, p,). (10) 
(9) gives aS, x(q? — (11) 
if p>o, (12) 
or =0 if p= 0. 


* Lect. I, p. 493, §683,2. This theorem holds true if fj is uniformly continuous in y in any arbitrary 
interval (a< 6), except on the linesx=a,. Cf. Lect. I, 666, 66%. 

+ Lect. I, p. 453, § 643. 

t Lect. I, p. 470; p. 468, § 661, 2. 
§ Lect. I, p. 498, § 683, 2. 
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Now, multiplying (12) by 2 and integrating, we have 


= nl —2q°I? +0. 


Setting »=0 and using T17, F1 (see § 4): 


P 


Integrating again, setting p=0, we have J= —cospq); (2a) 


Similarly, making the proper changes in (11) we get the result for p< 0. (2b) 
Criticism. 
(a) For T172, F4 to be true, it is necessary that p$0. This is shown 
clearly at equation (12), § 4, where the first integral of (11) is —F if p< 0. 


(b) Thecondition on q given in (2) is necessary. For if g=0, the integral 
is divergent in any interval (0<a). If g<0 we must consider P,,). 

(c) In accordance with de Haan’s definition of the improper integral, the 
notation in T172, F 4 conveys no hint of the fact that the integral exists only 
as a principal value. 

(d) The method of proof used here is that of de Haan in VIII Méth. 25, 
N 3, p.522; where, however, differentiation under the integral sign is employed 
twice without any justification. 


sinpg, Nouv. Tab. T 161, F5. (18) 
This becomes : 

P, — ™ ging; p50, q>0, 


0 2q 


(14) 
or sina: p<0, 


According to the preceding proof, equation (2) may be differentiated under 
its integral sign, giving (14). See, again, VIII Méth. 25, N 3, p.522. This 
integral is evaluated in one of Hardy’s papers* also. 


* Quart. Journ. P. A. Math., Vol. XXXII (1901): ‘“*On Differentiation and Integration under the Integral 
Sign.”’ 
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(see ‘‘Corrections”’ also). 


This becomes: 
Py = —Fcospg; p>, 
(16) 
or = 5 PQ; p<0, g>0. 


As before, by differentiating under the integral sign in (138), we get (15). 
See again the references given under (13). 


*sin px sin ra dx ) 
J, = — cospq.singr; p>r?, 
or = — sin pg -cos gr; pcr, 


Nouv. Tab., T 166, F 1. 
These become: 


P, de cospg.singr; pSrso, 
= — sing. cosgr; rsp q>0. 


In the proof use (14) = T 161, F5, writing 
sin px. sinrx = 


And similarly T 166, F 2 and F3. 


esnpxrdx _ pn. 
J, sin pq, Nouv. Tab., T171, F1. (19) 
== (2cos pg—pqsinpq), Nouv.Tab.,T171, F2. (20) 
0 
J, ig (sin pg — pqcos pq), Nouv. Tab., T 171, F3. (21) 


f = (sinpq+pqcospqg), Nouv.Tab.,T171, F4. (22) 


13 


= 
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But these four do not even exist, if g>0, either as integrals or as principal 
value integrals, except in the degenerate case of (20), where p>0O and gq=0 


give the integral used above at (12). 
De Haan derives these in VIII at p. 565, where they all depend upon the 
differentiation under the integral sign of (14) = T 161, F5 and (15) = T 161, F4. 


f — a”) a") 2(q?—r) (cos pq — cos pr), (23) 
Nouv. Tab., T 174, F3. 


sin ad 
Cis 2) (72 = 2) 2(q?— (r? cos pr = cos P (24) 
Nouv. Tab., T 174, F 4. 


The first of these becomes: 


_ n 
x?) — a?) | Pq pr) (25) 
g>r>o. 
And exactly the same revision is necessary in (24). (26) 


In VIII, p. 331, de Haan decomposes these integrands into partial fractions 
and uses T7161, F 4 in both cases. 


Similarly, to T175, F3 and F4 the principal value sign and conditions on 
the constants must be added. Then we have: 


cos pada 
(q sin pr — r sin pq); (27) 
P>%, g>r > 0. 
- —__ n ‘ 
Perf (q?— (r?— (7 sin pr — gsin pq); (28) 


p> 0, > 0. 
As in the last group, we use T 161, F'5, as at VIII, p. 331, where, however, 
the evaluations given in shee and F F (485) a are ey 


x daz 
Pree Tab., T 249, F 2. 


dx 
arc tan”. — Nouv. Tab., T 249, F 4. 30 
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dx 1 
arc cot ~. = __ _ (nlog? na), 31 
J, q (p—=)’ ) 

Nouv. Tab., T 249, 
ce —nq° 
= Nouv. Tab., T 249, F 11. (32 
J are CO ouv. (32) 
But, these four are not even convergent at x= p, p >0, since f(x) has 
a pole of order 2 there, and aa > 0 on each side of that point. 


De Haan derives these at VIII, p.595, from VIII, p. 230, F (207) by the 
method of integration by parts. 


=0, Nouv.Tab., T17, F1. (33) 
0 


This becomes: 


— 
Pras q #0. 


_ 
J ™ 0 (v.T17, F1), Nouv.Tab., T17, F17. (34) 


This integral does not exist. De Haan derives it from T17, F 1. 
§ 5. 


J si(r2).o(a)dx = J sinrry.¢(x).da, (1) 
VIII, Méth. 18, N 24, p. 461, Théoréme (XXXII). 
We shall prove the following theorem: 
Let © (x), (x) be continuous, and limited in = (0, 


Let = = be absolutely integrable in (a, ©), where 0<q<a. 


Let f (a, y) =O) 0, weg, 


q—e 
_ _ 
for y=0, x«#q. 
b 1 wl b 
Then P, dw f(x, y)dy= dy f(x, y)da; (2) 


b finite or infinite, q< b. 
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CasE 1°: 6 finite. 
b 
.. J f dx isconvergent for each y in 8 =(0, 1);* Moreover itis uniformly 


convergent in %.+ For (i) there are no other infinite discontinuities aside from 
and (ii) at the point x =q we have: 
©(x).sinrxy.dx 


= (g+ +0 (9 .7 COS + y} 26, 


by a corollary of Hardy’s, 


q 


<M.20; M=max. of } | in &=(0, d) 
<« for each 6< and all y in 
if we take ¢/2M. 
Now, by changing the value of f along y =0 to _ . ra, f becomes con- 


tinuous in & except along x=q. Therefore,§ 
b vl 1 b : 
da fay = dy fdzx; 6b finite. 
CasE 2°: 6 infinite. 
1 1 ao 
WwW t that d dy=j|d h 
e must prove tha xf f y J, fdx, where g<a 


f(x,y) having no infinite discontinuities in R = (a, ©; 0,1) and being 
integrable as to a and as to y in R, is regular. 
f converges uniformly in %, except at 0, since | f| < 
a — 
for every y in (y< 1); » >0O and this is integrable in Y. 


al 
J f dy is a proper integral. 
0 


* G,. H. Hardy: Proc. Lond. Math. Soc., Vol. XXXIV, p. 24. 

+ G. H. Hardy: Proce. Lond. Math. Soc., Vol. XXXIV, p. 66, Definition. 
t Vol. XXXIV, pp. 26, 27. 

§ G. H. Hardy: Proc. Lond. Math. Soc., Vol. XXXV, p. 94. 


‘ 
‘ 

at 


SHELDON: Revision of de Haan’s Tables of Definite Integrals. 101 


Again, converges uniformly in §.* For, — = being con- 


tinuous in and ray being limited in R, (o< f r>0), 


O (x) f{ sin ray dy « is regular in R; Q(x) is absolutely integrable in %; and 


finally fereeey is not only limited in # but also is a continuous function 
0 
of x in (a< G@) for each y in %,} and therefore integrable in any (a< G@). 


Hence} we have the theorem : 


f fay = fay 


° and 2° together give the theorem: 


(2) 
g<b, 6 finite or infinite. 
sin pe cos pq.si(gr), p sr, Nouv. Tab., T 463, F1, 
0 q?— 
or 
+ sinpg jei(pg) pSr. (3) 


This integral should be P, f- and the conditions should be 
0 


PSrs0,qg>0 and rSpy0,q>0 respectively. (4) 
For, apply the preceding theorem (2), letting O(a) = wee. 
Then ©! (x) = ©(x) are both continuous and 


(q+ <x)? 
limited in = (0, o ). 


absolutely integrable in (a, 0); a>q. 


q 


* Lect. I, p. 467, § 660, 1. 
t Lect. I, p. 390, § 563, 3, 
t Lect. I, p. 483, § 674, 1. 


‘ 
i 
‘ 
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The conditions of the theorem being satisfied, we have: 


sin pax si (rade dy p sin px 
0 0 y P 


— x" 
— — ™ sligr 
2g pq-sigq?, 


using § 4, (17) = T 166, F1. 
In the other case where r 5 p, the interval of integration § =(0, 1) must be 
divided into two parts; all else is similar. 


Criticism. 


De Haan gives Théoréme (XXXII)* as an immediate application of his 
“Méthode 18.’ This method (replacing a factor by a definite integral) is due 
to Cauchy, being given in his ‘‘Mémoire sur diverses formules relatives 4 la 
théorie des intégrales définies, etc.”’*+ De Haan’s statement f is as follows: 


“Let f° g(x,y) dy = h(a), 


b q b 
“Then h(x). = f dy f g(x, y). p(x) dx, provided that 
“a p a 
g(x, y)- (a) does not become discontinuous for any value of x in (a< 6) and 


of y in (p<q).” 
This theorem will be useful in cases where we know the value of f g.pdx. 


The sufficient condition here given by de Haan is not found in Cauchy, and, 
indeed, is overlooked by de Haan himself in applying Théoréme (XXXII) to 


T 463, F1. For in that formula $(x) = ar which is not continuous in 


R= (0, 0,1). 
Again, from this application, it is clear that the theorem is held to be 


b 
applicable in case one of the integrals, J fd, becomes a principal value. 


From our standpoint, this must be explicitly stated. In the case of the principal 
value we must use such theorems as those of Hardy, employed in the proof above. 

Finally, from this same context again, we see that 6 is meant to be infinite 
as well as finite. This contingency is covered by Case 2° above. 


* VIII, Méth. 18, N 24, p. 461. 
+ ««Guv. Comp.’’, Sér. 2, Tome 1, p. 467. 
VIII, p..437. 


t 
I 
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§ 6. 
sin x 
S =0, a<n/4, VIII, p. 231, F(210). (1) 
=0, aya2/4, VIII, p. 231, F (211). (2) 
De Haan gives the primitive function 
= sin 1+ 2.cosx 
We note that the integrand, f(x), isan odd function, (x) an even function. 
When a< 2/4, f = 0, since f is odd. (1) 
en a=7/4, Pray 0, using F(z). (3) 
When 21/4<a< 32/4, Pan = 0; also P, =2.0. (4) 
When a=32/4, wits = 0. (5) 
—3r/4 


And so on, for 32/4< a<o, taking in each case the proper sort of principal 
value integral. 


“ cosa da 1 1+sinV 2a 
= —— log 4. VIII, p. 231, F . 


VIII, p. 231, F(213). (7) 


_a COS 22 
F (218) is wrong except for the values a = (2n + 1) 2/4. 
De Haan gives the primitive function 


x 1 
Fle) = 
(2) J cos 2x 2/2 


1+ 2sing 


1—wvV2sinz 


log 
f (x) is an even function. 


When a< 2/4, we get (212) at once. (6) 


am /4 
When a=n/4, Pron cosa da 


is divergent. 7 
COS 22 8 ( ) 


20 
When 37/4, Pina) + Pan 


1 1+ /2sina 


(8) 


i 

& 


104 SHELDON: Revision of de Haan’s Tables of Definite Integrals. 


al 
Comparing (4), we note that here P.,4 does not converge. 
Pp tr 


—37/4 
a 
When 82/4<ca<5a/4, = ete. (10) 
—a 


And so on as in the previous case, at (8). 
Instead of (213) we have 


“ cosa dx 1 1+ /2sina 


“cosxdz. 4. 
= 1 12 
and P divergent, a=(2n+1)2/4 (12) 


arc cot log Nouv. Tab., T 248, F10. (1) 
| 


This becomes 


7 2 2 
arc cot log p>o, g>o. (2) 


a°. The integral is convergent at «, for x arc cot 2/p is limited in (0, « ); 
and at g, as a principal value,* since b° shows that ©, is continuous near x = q. 

b°. The integrand, f(z, p), is a continuous function in any & = (0, «; 
pi); for any po > 0, except along «—q=0. 

fp (x, p) = , (p> 0), which is continuous in except along 


x—q—0. 


wx 
ot — : 0. 
O(z); 


*G. HL Hardy: Proc. Lond. Math. Soc., Vol. XXXIV, p. 24. 
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° 


c°. We may differentiate under the integral sign in R, = (0, q/2; po< p,). 
For both f and f) are continuous in R,. 


d q/2 _ q/2 of 
fda= f in (Py < py). 


d°. In R,=(qg/2, 39/2; py, p;) we may differentiate* under the sign of 
integration (the principal value), For g is independent of p; and by b°, 
©;, and ©; are continuous in R,. 
d 84/2 89/2 
fdx= P, in (po< pi). 


q/2 q/2 


e°. In Ry =(8q/2, © ; we may do likewise. 
For, f(x, p) is regular in #; and continuous as to p for each x in YA; 
fp (x, p) is regular in R; and uniformly continuous in any Rj = (3¢/2< b; 


< p;), t. for any b> 3q/2; f, dx converges uniformly in § = 


since | for all p in (pp < p,), and this is inte- 
grable in U;—=(3q/2, 0). So the conditions of Lect.I, p.498, § 683, 2 are all 
satisfied and we have 


° 


f°. Combining c°, d°, e°, we have 
? 


=P, f de, all p in (py) Po > 0; for any p >0, 


=—P, J, ae weal da, breaking up into partial fractions 


and using T 17, F1, § 4, 
pe: ., 
2° 


q>0, 


Integrating with respect to p from 0 to p (assigning to 5 any value at 


we have 


2 


* G. H. Hardy: Proc. Lond. Math. Soc., Vol. XXXV, p. 84. 


14 
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Criticism. 


This proof follows the method of de Haan in VIII, p.355, Méth. 10, N 10. 
De Haan’s proof is formalistic, e. g., the question of uniform convergence is not 


considered at all. 


1 
J (x are cot x — arc tan 2) =— log 2, (3) 


Nouv. Tab., T 232, F 1. 


We shall establish the correctness of this evaluation. 


aD 


0 —1 


/9 


lim 1-8 arccot x da arctan2 
lim arc tan dx 


since by b® this last limit exists. 


lm arctanadx _ 0 


° 
1/146 y/1+6 1 
For, J = arc tan nf —__——.,, (by the first Theorem of the 
1-6 M 
ean), 
where 1— y<1/1+4+0, 


1 


< arc tan 4) 
1+} 


= arc tan 7 em 

"1 —§ 


lm _ 
and therefore s—0 = 0. 


| 
6=0 
changing variable, 
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c°. Accordingly, 


=arccota.xdx lim (ware cot x — arc tan x 
0 0 


~6=0 1 — x? 


Using (2) = T 248, F 10, with p=q=1 (=T 232, F1), we have 


1 (a are cot —+ arc tan x) dx 
4 0g 1 (3) 


and we do not need to inquire whether this integral is proper or improper. 


Criticism. 
In VIII, Méth.10, N 10, p.355, de Haan uses P, =" log 2 
as the basis of the derivation. He immediately breaks this integral up into two 
divergent integrals f * and f ” and then changes the variable in the latter of 


these. The proof here given avoids the use of divergent integrals. 


Other formulas at once derived from (2) are: 
dz 2 2 
P log 2 
gq, P+q#0(= Nouv. Tab., T. 248, F 13). 


x wdx _2 (p+)? (p? +9’). 
p, g > 0 (= Nouv. Tab., T 248, F 14). 
arctan(ptana)dx _ 7 


Pp > 0 (= Nouv. Tab., T 342, F8). 


In this last case make change of variable x= coty and setg=1. Then 
use Hardy’s Theorem on Change of Variable.* 


§ 8. 
tan arc tan ane } ; (1) 
J’ 


a>0, Nouv. Tab., T 254, F 10. 


f arc tan(a+bx)dx_a7 
1+ 2? 


* G. H. Hardy: Proc. Lond. Math. Soc., Vol. XXXIV, p. 33. 
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We shall follow the outline of de Haan’s method,* making his proof 


rigorous. 
a°. We may differentiate with respect to 6 under the integral sign. 
is regular in R= (0, 0; <3), & > 0, and 


continuous in 8 for each 2 in Y. 


fi(z, 6) = is regular in R; and uniformly continuous 
in Bin = (0, G; bo, b,) for any G, since it is continuous in 
fj dx is uniformly convergent in = b,), since we have |f;,| 
0 


for all 6 in 5,) and this is integrable in 


Hence, + in (By, by > 0. 
Similarly for Together : for > 0. 


b°. 5 dx; b>o, 


da 


x 
(a+ 


1 
~ (14+ a?— 6*)? + 4a? 1+ 2° 
b 
2 


where because the first two integrals converge, the third must; and because 


a>0, (1+a*’— b*)?+ 4a°b* #0, 


dl 1 
1 il 9 9 a 


* VIII, p. 355, Méth. 10, N10. + Lect. I, p. 493, § 688, 2. 
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c°. Evaluation of this last integral. 


x b? x 
13 +a 1 converges for 6 >0, and 
{ } obviously, (4) 
= Pao at — (5) 
= 0— Pr. f * dy, changing variable by 
b>0, 


li ed 
3 log(y? + 1)—aarctany]dy=an. (6) 


dI_ —(1+a’?+ 2d)a. 


b>0 [from (3) and (6)]. (7) 


Give to = some value at the point b= 0, and integrate with respect to b 


from 0 to b; we get finally: 


on 2a 2ab 
T= % J are tan —are tan (1) 
Criticism, 


(1) De Haan differentiates under the integral sign : 


x da 

1 AS: 2ab+(1+a’ 
~ (1+ a*— + 4a°b? 1+ 2? 


(1 +4’) 2ab+(14+a?— 


Now this step requires careful justification (see a°), and this is not given. 


(8) 


The uniform convergence of f a f,dx must be considered. We find that b=0 


must he excluded, for f fs (x, 0) dx does not converge, let alone converge 
uniformly. 


(2) 


The integrals of the right member of (8) are divergent. 


d 
d 
| | | 
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(3) Such conditions must be placed upon the constants that the denominator 
in (8) = (1+ 6’)? + +0. A sufficient condition is a >0. 

(4) We note that the method of c°, where the principal value replaces the 
ordinary integral at (4), is a particularly useful one. The existence of the 


integral f- is known. Therefore also that of P,,.. Now, in the case of the 


former, 

x 
whereas 

x b* 2 3 
and we at once lose the first of these, pf” - - 5 4x =0, which means a 
great simplification.* 
§ 9. 
b si d b 


VIII, p. 452, Theorem XX. 
We shall prove the following theorem : 
Let (x) be continuous and limited in X= (0, @ ). 
Let (x) /x be limited and integrable in (0*, ). 


Then arc tan 4 .o(x)da = I = p(x) da. (2) 


When y= 0, let the integrand f=0, f(x, 0) =0. 
In R=(0,0; 0,0) f(x,y) is continuous, except along y=0; it is 
integrable in %, for every y in B; in % for every a in Y. 
Part 1°. We shall consider = (0, 0; 0, 1) and show that 


[ode fo dy fax. 


Firstly, f (x, y) is regular in R,. 


* Cf. G. H. Hardy: ‘‘On an Integral Equation,’’ Proc. Lond. Math. Soc., Ser. 2, Vol. VII (1909), p. 450. 
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In the second place, (x) dx converges uniformly in except on 


y=0, te, in any (<< 1);0 >0. For we have, for every y in (6 < 1), 
|e~*”@(x)| Se-*". M, where is some constant, since is limited in 
And this is integrable in 2. 


Finally, we shall show da e-*”dy converges uniformly 
in (0,1). This integral may be written: 


*@(x)dx singy 


0 


Now, by the First Theorem of the Mean, 


= (1—e-*"), where 0<y<yK<1. 


Accordingly, is limited in and for each y in 
is a monotone function of x, approaching 0 as x approaches o. Therefore, 


we have: ots) ¢ dy is regular in #,, having no infinite discontinuities, being 
integrable in %{ for each y in (= is integrable, f "dd y is monotone ), and 


integrable in for each «x in dy is continuous ) 


Now, since the integrand is regular, and breaks up into an integrable 
function, and one that is limited and monotone, we have* the uniform con- 
vergence of the above integral in the interval § = (0, 1). ; 

We are now abley to state the result for Part 1°: 


dy f fda. (3) 


Part 2°. We now consider = (0, ©; 1, ©) and show that 


(a) f(x,y) is regular in R,. 


* Lect. I, p. 468, § 661, 1. t Lect. I, p. 483, § 674, 1. 
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(b) e-*” @ (x) dx is uniformly convergent in any (1< #), since 
@(x)| M, being limited in Y. 

(c) dy is uniformly convergent in any (0 < b) except 
at «=0, in any 6); s>0. For, we have: 


sin gy ty 


(d) (x) ana e-*"¥dy is integrable in any (0< b); for by the 


<q.e-™” for all x in . 


Second Theorem of the Mean, denoting the integrand by 4, 


= 9 (x) .e-”. (a function of y). 


fo is uniformly convergent in B= (1, 


since we have: 
lo (a) fr" =e en ay| (by the Second Theorem of the Mean) 
= |9(@) fe f dy+e ay | 
<M.xn.2e-*, which is integrable in (0, o ). 


Now (a), (b), (c), (d), (e) give us the conditions we require and we have:* 


= © of d = 
Now, 


SINGLY dy =arctan2; 2>0, Nouv. Tab., 1365, F1,+ 


and when x= 0, 
which = + 7/2, 0, —x/2 forg >0, =0, <0, 
lim 
(5) 


(3), (4), (5) give (2). 


* Lect. I, p. 488, § 680, 1. 


+t T 365, F 1, has been verified. 
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This theorem is stated by Cauchy.* De Haanjf gives it as an immediate 
application of ‘‘Méthode 18” (cf.§5). The conditions there are not sufficient, 
especially if 6 is infinite. In the application below 3 is infinite. 


arc tan sin pads = Nouv. Tab., T1347, F1. (6) 


We shall add the conditions: g >0, p#0. (7) 
An application of (2) above, (@(a) = sin px) and Nouv. Tab., T 261, F 1. 


We define arc tan % sin px = 5 , when «=0. 
x 


We change e-*” sin pax to be 0, when y=0, so that it may be integrable 
in (0, 0 ). 
§ 10. 


General Criticism. 


1°. In the work of de Haan, no distinction is made between the principal 
value convergence of an integral over an infinite discontinuity and the un- 
restricted convergence in the case of our ordinary definition. One symbol is 
employed in both cases. De Haan’s reason for always using the principal value 
definition is given in §2, and concerns a single example, which is treated 
incorrectly. 

The theorem, “If f is integrable in 2% =(a< 5), it is also integrable in 
B =(a< ), any partial field of %,” holds good for principal value integrals 
only if a, @ are not singularities across which f possesses only a principal value 
integral. In some instances (e. g., see § 7) de Haan overlooks this point. 

The notation of de Haan does not distinguish between the various kinds of 
principal value integrals. A list of some of these is given in § 2, 6°. 

2°. Almost always the reader is without specific statements as to the range 
of application of the theorem; nearly all the formulas and theorems here con- 
sidered are open to this criticism. This absence of conditions on functions and 
constants is very important. 

It is tacitly assumed very often that certain letters may be infinite as well 
as finite. See §§ 5, 9. 


* «(uv. Comp.’’, Sér. 2, Tome 1, p. 508. 
+ VIII, Méth. 18, N14, p. 452, Theorem (XX). 
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Divergent integrals are sometimes introduced in the course of the reasoning, 


as e.g. in §8. 

3°. In double iterated limits, the order of passing to the limit is inverted 
without rigorous justification, practically always. The question of uniform con- 
vergence is never raised. See §§ 4, 5, 7, 8. 

4°. The methods of de Haan, judged by modern standards, are usually 
incomplete or incorrect. 

His results are remarkably free from error when one imposes proper limi- 
tations upon constants and functions. But as these limitations are not given, 
it is quite impossible to know, as far as the tables go, whether a formula is valid 
in a given case or not. Moreover, some results (see e.g. §§ 4, 6) are incorrect 
for any value of the constants. 


New HAveEN, August 29, 1910. 
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The Groups of Birational Transformations of Algebraic 
Curves of Genus 5. 


By JosepH VANCE McKELVEY. 


1, The algebraic curves of genus 5 have been treated in brief by Wiman.* 
The purpose of the present paper is to show the method by which the normal 
curves of hyperspace of this genus and their canonical forms in the plane can be 
projected into each other, and also to find the groups of birational transformations 
under which they are invariant. 

It was shown by Clebsch} that the non-hyperelliptic curve of genus p can 
always be birationally reduced to a curve of order p+ 1. The general curve of 
genus 5 is therefore a sextic with five double points, and we distinguish the 
following cases: 

(a) General case. Sextics with five double points. 

(b) Curves having a gj, the canonical form being the nodal quintic. 

(c) Curves having a g}, the hyperelliptic forms which will not be con- 
sidered in this paper. 

2. (a) The adjoint curves as we shall use them are curves of order n — 3 
which pass once through each double point of C,. They will have n(n—3)—26 
= 2p — 2 variable intersections with C, and 1/2n(n— 8) =p —1 degrees 
of freedom. If ¢,(1=1, 2,...-., p) are p linearly independent adjoint curves 


i= 
of C,,, the complete system may be written in the form > a o,=0. This net 
4=1 


defines a g?!, on C,. Weber} has proved that among the ¢-adjoints of any 
algebraic curve of genus p there are 1/2(p—2)(p—83) quadratic identities. 


Then, if we think of the @, as homogeneous point coordinates in linear space 


* Bihang till Svenska Vet. Akad. Handlingar, Band XXI (1895). This article will be referred to later by W. 

+ Vorlesungen iiber Geometrie, Vol. I, p. 690 ff. 

t ‘‘Ueber gewisse in der Theorie der Abel’schen Functionen auftretende Ausnahmefille,” Math. Ann., 
Vol. XIII (1878), pp. 35-48. 
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of p — 1 dimensions R,_,, the whole plane may be depicted in R,_, and the C,, 
is transformed into a hyperspace curve [ which will be defined in R,_, by the 
varieties whose equations are the above quadratic identities. This is called the 
normal curve. The ¢, represent spaces of »—2 dimensions and an arbitrary » 
will cut Tin as many points as the adjoint curve has variable intersections with 
C,,. Hence, I is by definition of order 2 p — 2.* 

Notation. G group of Q points on a curve; also, in another sense, a 
group of transformations whose order is Y. This usage is quite well estab- 
lished and no ambiguity will arise. 

93, = a set of G,’s having g degrees of freedom. 
,, = space of n dimensions. 

Ci, = a curve of order ¢ and genus p in &,. 

x, and ¢, (i=1, 2,...., 5) denote point coordinates in R,. 

P,, =ak-fold point. 

3. In the general case for p= 5, the number of quadratic identities is three 
and the is a Now let 


F, ($1 $2 =0, F,=0, F;=0 (1) 


be the three identities. Then the net 


defines the system of quadrics passing through C},. The five partial derivatives 
of F may be written 

Ay Fur + Fy + As = 0, 

Ae Fig + Ay Fe + Kn = 0, (3) 


Ay Fs + A2 Fos + As Ps = 0, 


where Fi, = 26," 

From (3), we obtain two important curves. Eliminating the $,, we get the 
discriminant of F which is a ternary quintic in A. Call it A;(a). This is the 


condition for a double point of F and, for all values of A; satisfying A,;=0, 


i=1,2,3; &=1,2,....,5. 


* A more complete discussion of this transformation into Rp_) is given by Kraus: ‘‘Note iiber ausser- 
gewohnliche Specialyruppen auf Algebraischen Curven,’’ Math. Ann., Vol. XVI (1880), p. 249. This article 


will be referred to later by K. 


‘ 
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F can be written in terms of four variables instead of five. Eliminating 2, we 
get the three-by-five matrix in linear functions of the ¢,, 


Fy Fy Fy Fy Fis 
Fy Fe Fa Fu Fos = 0. (4) 
Fy Fp Fy Fy Fy 


The values of , satisfying (4) are the coordinates of the vertices of the R, 
cones that exist when the A, satisfy A;=0. After the transformation into 
terms of four variables, the vertex is 

=H =O. 

A curve Dy is the locus of these vertices and is the condition that (3) shall be 
consistent in A, while A, is the condition that (3) shall be consistent in 9. 
Thus D,, and A; are in (1,1) correspondence. A, is of further importance from 
the fact that unless the transformations of F leave F, absolutely invariant our 
C, which is the plane projection of C,, can have no transformations except 
those of this quintic, whose equation is expressible as a symmetric determinant. 
It must be kept in mind, therefore, that C,, Cy,, As and Dy will be invariant 
under groups of transformations of the same order. The complete set of equa- 
tions obtained by eliminating 4 from (4) may be written in the matrix 


Fy Foy Fog Fog Fos || = © (all elements being linear (5) 
in five variables). 


Of the ten equations shown here, only three are independent. For, if we have 


(Fa — Fn Fiz) + (Fn Fig — Fu Fz) + (Fo — Fa, Fe) = 0, 
(Fu — Fm Fi) Fu + (Fs, — Fy Fz) Fut — Fy Fee) Fg 0, (6) 
(Fy Fen — Fr Fig) Fis + (Fn — Fin Fog) Fos + (Fa, Fe — Fy Fee) Fis = 0, 


the remaining seven equations follow by the proportionality of columns 3, 4 and 5, 
which is evident from these three. But the system of equations is restricted and 
a Cy, is not defined by them, as would be the case if they were arbitrary. For 
example, columns 3, 4, 5 need not be proportional if 1 and 2 are, for then the 
bracketed expressions in (5) vanish. | 

Let the order be 27—m. Let V;,, denote an i-dimensional variety of 
order & in R,. Then each equation in (4) defines a V;,. Columns (1, 2) define 
a V.,, and for all points of this V.,, (6) may be satisfied without all of (5) being 
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satisfied. (3, 4,5) would be an exception. Hence, the order of the curve 
defined by these three columns and V,, is the value of m. Now (3, 4), (3, 5), 
(4, 5) define Vz;, Vig, Vig’ respectively, but, excluding the vanishing of column 
(3), (4, 5) is a consequence of (3, 4) and (8,5). (Vy, Veg) and (Vi, Viz’) 
define Cj and Cj,’ respectively. Then, excluding (3) as mentioned above, 


we have 
m=9+9—1=17, 


and the order of the curve represented by (5) is 10. The curves Dy, and G,, 
can not intersect. If they do intersect, the three Ff, pass through a vertex of 
an Ff, cone, and C,, must then have a double point. C,, has no double points, 
because its projection in R; would be C{3, but no such curve exists. 

4. If C,, be projected from a point upon it into R;, the resulting curve 
will be of order 7. Similarly, if C, be projected from a point upon it into #,, 
the result is a sextic. Since the genus is preserved by each projection, C,,, 
must have five double points. Both projections can be made at once from two 
points € and y on the &, curve. A plane a through & and y can, in general, cut 
C;,, in only one other point P. The image of P in the plane of projection 7’ 
will be the point common to a and a’; the double points of C,, will appear 
when and only when a cuts C,, in four points. There will evidently be five 
such positions of x. Let p, a, u, o be parameters and 7’ be defined by y4,=y,=0. 
Then the equations of transformation are 


pu SAE, tuntoy (1 =1, 2,...-, 5), (7) 
where y, are the plane coordinates. Since y, and y; are zero in 7’, we find 


A/p — (75 24 | Esn), Es as) / — Es 


Then 
OY; = — 15%) & + — ni + (Sans — %- (8) 


Making substitution (7) in F, = 0, we have 
92 F,(E) F,(n) +o°F, (y) 2) +240 Py(E,y) Py(n, y) =0. (9) 


Since £ and y are on C,,, F,(&) =0 and F; (y) =0. 
Then we may write the equation in the form 


o Fy (y) + 2AuP, + Pi + =0. (10) 
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Similarly, for F, and F; we have 
Fy (y) + 2AuP, + 2A0 Pi + 2u0 = 0, (11) 
F;(y) + 2AuP3+ 220 P3 + P;’ =0. (12) 
From the third of these equations, 


— Fy (y) + 2u0 


Make this substitution in the first two and put u = 1. 
(y) Ps— (y) Pi] + 0° LPs Fi (y) — Pi (y) — Pi Ps’ + Ps Py’] 
+o[(Pi! P3+ P, P3')] =0. (14) 
o° [F;(y) Ps — Fs (y) + 0° [Ps (y) — Pe Fa(y) — P2 Ps! + Ps 
+0 Py + P, Pi] =0. (15) 
Eliminate o and we have 


F,(y) Ps —F,(y) Pi Py Ps+P, Ps’ 
— Pi Ps +P, Py 
—P; Ps = 0. (16) 
F,(y)P;—F,(y)P; Ps Ps + Py 
—P; Py + Ps Py 
F,(y) Ps —Fy(y)P2 Ps Fa(y) —P2Fy(y) Py’ Ps+ P, Ps 
— P; Ps’ Py 


This is a plane C, in (y,, y2, ys). It must, however, have a quadratic factor, 
because C,, goes into a C,. when the centers of projection are on the curve. 
The other factor is the C, >. 

To project C,, into C,,, we use the same equations of transformation 
as before, but the parameters must be expressed in terms of (y, &, 7) instead 
of (x, —,). In order to do this, solve (4), (5), (6) for A:u:o. This is possible 
by virtue of (10). We may eliminate the terms in Au and wo by multiplying 


P, P,! P, P;' Py 
(4) by |B (8) by —| pir [> (8) by | 
and adding. Then 


P{(P, Ps! — Ps Pa!) + Pi (Ps Pi’ — P, + Pi’ — P, 


19 
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By a similar procedure we obtain 
1/2 (P,P; — Ps Fy + (P; — P, P3) F, + (P; P3 P{) Fs 
Py! (Ps Ps) + Pe! (Pi Ps — Pe Pi) + Pol (P2 Pi — Pi Py 


The F’s are quadratic in y and Pj, P;’ are linear. Hence, letting p=1, the 
equations of transformation are of the form 


t=1,2,...., 5. (19) 


The form of the general transformation in the plane may be found by first 
projecting C, into R,. By (19) this is a cubic relation. Next make a trans- 
formation in FR, that leaves C,, invariant. This transformation will always be 
linear. Finally, project back into #&,. By (8) this also is a linear relation. 
Hence, the successive projections are expressed by the equations 


=f, = (x) = (y). (20) 


This shows that there are no transformations of higher degree than the cubic. 

5. As will have double points for all values of A, that make its first minors 
vanish. But all these minors can be made to vanish by making four properly 
chosen ones vanish. The net of 4, quadrics degenerates into a net of R, cones 
K' when A;=0. The elements of any K’ are planes concurrent at the vertex 
P,=2=23=23=a2,;=0. By means of the four conditions on the minors 
mentioned above, we may fix four points on Kj, viz., P,, P,, P;, P,. Then, 
P,P, P,, P,P: P;, P,P; P, can be made to define three elements (planes) in 
the same R,. Of the general KA, only two planes can lie in the same &;,, 
and if three elements are so placed, the K, degenerates and all of the elements 
will lie in two R,’s which intersect in a plane. In this plane is a line 7 through 
which all elements of the degenerate Ky pass. An R; section of Ky is an ordinary 
quadric surface H,, and the section of the degenerate Ky is the quadric cone Ky. 
The vertices of K,’s thus cut from Ay will be collinear with P,. But / contains 
P,. Hence, the line of vertices of the K,’s intersects 7 and both these lines 
lie in the plane common to the two £&,’s mentioned above. I is defined by 
xi’ = 24’ = 23'=0. Now for certain values of 4; the first minors of A, vanish, 
showing a double point of A;, and the point P traces A, continuously while its 
image P! describes D,. Then, since P’ is replaced by a whole line when P 
reaches a double point, it is evident that this line corresponds to the double point 
of A;. Whenever a double point of A; exists, then, for the values of 4; that are 
the coordinates of this point, / can be expressed in terms of three variables 


(18) 


‘4 
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(2, 2, %3). The most general quadratic in three variables can be written in 
the form 
2 x3 — 0. 
The linear form az, +bz,+cz,;=0 will cut this conic in (xj, 2}, 3) and 
(a;', 2’, 3’). Regarding the x’s as adjoint curves, the tangent C,’s may be 
written 
Lj y+ 132%, — = 0, + xh! a, — a, = 0. 
Then F and C{°, take the form 
2 (4 — Wy) — — (ax, + + C24)? = 0. 


An equation like this is possible for each double point of A;. The two Abel forms 
or contact curves appear in the product term of the equation. Since there is an 
infinite number of curves of the form az, + b2,+cx;=0, there is also an infinite 
number of contact curves for each double point of A;. When A, consists of five 
straight lines, the number of double points is ten. Hence, there may be ten 
systems of contact curves. By Kraus’ (K) proof there are but three linearly 
independent systems. If three such systems be known, the remaining ones can 
be obtained linearly in terms of them. For example, if we have 


F, = a, + a, + = 0, 
F, = b, x3 + + b, xj = 0, 


— 2 2 
F; = + + = 0, 


A, will consist of five straight lines. There should be therefore ten systems of 
contact curves. Any two of the five variables may be eliminated by linear 
combinations of the above F;. Thus we get the ten systems and there are no 
more. By the same procedure with any three linearly independent F, in three 
variables, we can get as many systems as there are double points of A;. 
Wiman (W) states that Kraus’ proof is incorrect, but he overlooks the fact that 
Kraus says “linearly independent” systems. Since a double point of A, calls 
for a linear factor of Dy, the Dy in the above illustration must consist of ten 
straight lines. They are of the form z,=2,=2;=0. Obviously four such lines 
will go through the point 7,=2,=2,=2,=0. The ten lines will be concurrent 
by fours in five such points and will constitute the simplex of reference in Ry. 
Our C, has a g} for each of the five double points and also for each set of 
four double points. Through each P, there is a pencil of straight lines cutting 
out a g} and through each set of four points can be passed a C, cutting CG, in a gj. 
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Now, by the Brill-Noether reciprocity theorem, we have the equations 
Q+R=2p—2, Q@—R=2(q—7). 
Since in this case p= 5 and R=4, we find 
and g=r=1. 
Now take any G, of the above g} as basis points. Pass a C,,_;, t. ¢., a C;, 
through them and the five double points. The residual is a g} from which we 
may in turn select a G, and determine the g} first used. 

These gi’s have a simple relation to D,,. Project C,, from a point on Dy 
into &,. This gives a C,, lying on a quadric surface. The equation of this 
quadric is the same as that of F=0 in R,, where it has been expressed in terms 
of four variables. This C,, is of type (4, 4) on the quadric. The other possi- 
bilities are eliminated because the (7, 1) could be projected into a C,, with a P,, 
which would make its genus 0. The (6, 2) goes into a C,, with a P, anda P, 
which is of genus 5, but on account of the P, a g} exists, making the curve 
hyperelliptic. The (5, 3) has a gj by the pencil of lines through P, of the G, .. 
This case has been disposed of in the nodal C;. By examining the (4, 4), we find 
that it must have four double points in order to make the genus 5, for it projects 
into a C,,. with two P,’s, which with no further multiple points would make the 
genus 9. Project the curve C0, from one of these four points P} into R, and 
we get a C;, with five P,, for the other three P,’s give P,’s in the plane and each 
of the two generators through P; cuts the C,, in two points distinct from P,. 
This provides two more double points, which with the three mentioned above 
make the genus 5. These four double points in R; show that from every point 
of Dy,, four bisecants can be drawn to C,,. No two of the above double points 
can lie on the same generator of the R, quadric, for in that case the proper 
number of double points would not appear in C,; if one of these two points 
should be used as the center of projection. 

These g}’s are grouped in pairs, for, consider P; again as center of projection. 
Call the two generators through it A and B. All the generators of the A system 
cut B and project into a pencil of lines through the P, determined by B. 
Similarly for the B generators. 

If F be expressed in terms of three variables, the A; quadric is a cone of 
order 2, so that the two systems of generators and therefore the two g}’s coincide. 

The conic through four P,’s cutting out a g} may be obtained by passing a 
- plane through two P,’s of the curve on the above quadric. Fix the plane by 
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a simple point P, and project upon the plane of CG, as before. The plane of section 
must cut C,; in eight points. There are two at each P, and four simple points 
including P,. These four will in general project into four simple points. The 
two P,’s through which the section was made give two P,’s of C,,. The two 
generators A and B determine two P,’s as before, and the section of the quadric 
is thus seen to project into a conic through four P,’s of C,. The P, of C, not 
used above projects into the fifth P, of C,. 
6. If the normal curve C,, be linearly transformed into itself, the system 
FEAF, + 23 F3 = 0 (21) 
will also go into itself by the same transformation. For, C,, is the complete 
intersection of the /; and, since those points of the system of varieties that con- 
stitute C, , remain invariant as a whole, the transformed system will pass through 
It is therefore identical with By this transformation, the may not 
remain individually fixed, in which case the A, are linearly transformed in such 
a way as to put A, into itself, because it, the condition for double points of F, 
must remain unchanged when F' remains unchanged. But in case F, goes into 
F,, the 4, will not be altered; 7. ¢., the individual points of A, remain fixed. 
Since A; and Dj) are in (1, 1) correspondence, D,) will also go into itself point 
by point with the exception of the lines corresponding to the double points of A,. 
These lines go individually into themselves, but the points may be permuted by 
one or more homologies. For, if the points of Di remain fixed, it can not be 
a proper 2, curve. If it were, every point of A, would be fixed and the trans- 
formation would be an identity. D,) therefore consists of a point and an R, curve 
or a line and an R, curve. If a point and an R; remain fixed, call them O and R;. 
These must be the center and invariant R; of a homology. Any R,; through O 
is invariant as a whole, for it cuts Rj; in a plane. Take #3 and any four R,’s 
through O as the simplex of reference and the equation of F; will be reducible to 


a; + (a, Xs) = 0, (22) 
where x,=0 is the equation of 23. The transformation is 


In this case A,=C,.C,. The four double points thus formed require four 
systems of g-curves. When even one such system exists, the C{°, is reducible 
to the form having a tacnode and three collinear double points (K). Hence, 
when A; is point by point invariant, the C, must be thus far restricted in order 
. to be invariant under a linear G,. 

16 
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When a line and an R, curve remain fixed, the plane will be common to the 
invariant R,’s of two homologies whose centers lie on the fixed line. The F, 
will be of the form 

a, + + (xs = 0, (24) 
if we take three points in the fixed plane and two points on the fixed line as the 
vertices of the simplex of reference. The fixed plane is defined by 7,=0, x,=0 
and the line by 73 =a,=2,=0. The centers of the two homologies are 


The equations of transformation are 
%=—%, t= 3, 4, 5. (25) 
According as A, is proper or degenerate, we have the following cases: 

(a) A; ts a proper C;. The maximum number of double points of A; and 
of the corresponding lines of D, is six. The transformations depend upon the 
coefficients of F;. 

(b) A,=C,.C,. See equations (22) and (23). 

A=G4.G. F=f (x12) + 2425) = 0. The intersections of 
C, and GC; call for six lines of Dj. There will be seven if C,; has a double point. 

(d) A,=C,.C/.G. See equations (24) and (25). 

(e) A, Hight systems of d-curves. 

Fy = a,x} + fy + (a4 25) = 0. 

(f) A;=G.C/.C/'.G. Nine systems of @-curves and nine corresponding 
lines of D,,. The tenth line does not correspond to a double point of A; and 
therefore is not the vertex of a cone through the normal curve. 

(g) A;=5C,. Dy consists of ten straight lines. 


Fi, = a, + a, + 325 + a, + = 0. 


From any three linearly independent forms of F, we can eliminate any pair 
of variables x, and x, and thus obtain the ten relations among five variables 
in threes. 

We will illustrate two tacnodal cases, namely (a) and (d). 

For (a) write the equation of the general C; (the ¢-curve) through (0, 1, 0), 
(1, 1,0), (1,0, 0) and tangent to y=0 at (0,0,1). The quadratic equation in 2; 
defines a C, with a tacnode at (0, 0,1) and having three double points on z= 0. 
The C; is 


K y— + Qy2?+Rayz=0. 
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Then pass to A, by the transformation 
%=ay(e—y), 
FP, = x7 = 0, = + — Lo = O. 

Considering these two identities, the general quadratic in x may be written 

with thirteen terms: 
Dai+ Fax,+ Ga,2,+ Hx, 2; 
+ + Ma,x, + + Nx, x5 = 0. 

This will be invariant under if dA=D, F=K, G=L and 
H=N. Since this transformation can be reduced to a single change of sign, 
F, is the equation of the required sextic. 

For (d), write the equation of the general C; through (0, 0,1), tangent to 
z=0 at (0,1,0) and to y=0 at (1,0,0). It is 

Mey’? + Na+ Qy2+ Rayz=0. 
Then let 
Two identities will be 

Similar to the preceding, we have ¥7;=0, but to make it invariant under 
2, —2{, —a,, there must be no terms linear in 2, or a. 


Ba + Dait+ Haj + + = 0. 
This is the equation of the sextic. A, is 


2BaA; Ay Lis 
‘ A» 2CA; NA; 0, 

Lag Naz, |- 

7. The normal curve in #,_, is defined by the quadratic identities among 

p linearly independent adjoint curves of 0,°}. For p= 5, as already shown, 
this curve is of order 8. If C,, be projected into R, from two points upon it 
and the image of one of these points used as a basis point in addition to the five 
double points, we get the system of adjoint curves, 


+ + + UG, = 0, 
where the @; are linearly independent and may be regarded as homogeneous 
point coordinates in #;. By means of these ¢, as functions of x, y, z the points 


2A%s Ay 
a, 
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of the plane may be uniquely pictured as a surface in R; on which lies a C, 
projective with C,. The curve is of order 7, because the adjoint curves have 


18 —2.5—1=7 


variable intersections with C,. From these relations among the three curves, 
we know that Ci and C{} may always be considered as projections of the 
normal C;, ,. 

If C,,, be projected into R, from O, and O,, two points on the curve, the 
images of the two centers of projection will be the two simple intersections of C, 
and the C, passing through the five double points. For, the o* system of R;’s 
through O,, O, defines a gj on C,. Take O, as center and project the system 
into #3. The resulting system of planes through O}; defines a gj on C,;. Then 
projecting from O;, we get the o* system of straight lines in the plane defining 
agzon C,. Hence, the adjoint curves represented by the &,’s through O, and 
O, must consist of an arbitrary straight line and the C, defined by the five 
double points. The two remaining points in which C, cuts C,; are invariant for 
the above system of #,’s and are therefore the images of the only two fixed points 
defined by the system, 7. e., O, and O,. 

If four of the points common to an A; and C;,, lie in a plane, the other four 
lie in a plane. Let G, be such a set of four points. The #; containing them 
has one degree of freedom and therefore the other four points constitute a IT,, 
where all the T'y’s form ay}. Now, by the Brill-Noether theorem, any I, of yi 
may be used as basis points of a system of R,;’s which, by reason of the one degree 
of freedom, will define a g}, and to this gj belongs the above G,. The TI,’s have 
one degree of freedom and lie therefore in a plane. Q. EH. D. 

There are «* planes through each point of ¢,, cutting the curve in three 
additional points. | 

Through any two points O,, O, of C; may be passed five planes cutting the 
curve in two other points. Now let O, be held fast while O, describes C,. 
The set of five planes thus take «! positions, but still pass through O,. 

Therefore there are ? triads of points co-planar with each point of C,.,. 
Q. E. D. 

There are «? planes through each point of D,, cutting C,, in four points. 
To see this, project C, from O of Dy. We get a C,, of species (4, 4) on a 
hyperboloid H,. Therefore a plane through O and a generator of H, cuts C, 
in four points. O and the ' generators define the o' planes. Q. E. D. 
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By projecting C, from P,, a point on the curve, we get a C,,. With this 
curve is associated a ruled surface of trisecants. For, any three points co-planar 
with P, have for images three points in the line common to this plane and the 
R, of section. Therefore corresponding to each of the !/ planes through P, 
containing three other points of C, is a trisecant of C,;. Since Dy is the locus 
of points from which C, can be projected into a (4, 4) curve on H,, all the 
planes through P, defining a G, must cut Dy. 

Now turn the plane on the line OP, until it contains the reciprocal G,. 
It will then define the trisecant B which will intersect A at O’, because P,O is 
common to the two planes defining the reciprocal G,’s. O! is therefore a double 
point on Dy»3; the same argument holds for every position of O’, since O is an 
arbitrary point on Dy. Dy,3 is therefore a double curve on S, the ruled surface 
of trisecants. Through P, P, will pass five planes that cut C,, in four points. 
Hence through P; in R, will pass five generators of S, which means that C,; is 
a five-fold curve on §. In general, there will not be an R; tangent to C,, in 
four points, but if F is expressed in terms of three variables, 7%. e., if the curve 
lies on a K,, having a line D, for vertex, we have o/such f,’s. The two G;,’s 
defined by a tangent FR, are coincident and lie in the R, of contact. Project 
C,,, from one of the four points of tangency. The images in Rj of the other 
three points are the intersections of C,; and a trisecant. These points of C;, 
have a common tangent plane, namely, the intersection of the tangent ,; with 
R;. This trisecant corresponds to two coincident G,’s and must therefore count 
for two. It is a double torsal generator of S(W). Project C,,3 from one of 
the above points of tangency and the resulting curve is a C,, with a tacnode 
corresponding to the other two points of tangency, while the two successive 
centers of projection appear as the residual intersections of C,; and the tacnodal 
tangent. Again, if we project C,, from apoint of the line vertex D, of K,,, 
Cs,3 will lie on a quadric cone cutting each generator four times and not passing 
through the vertex. Projecting C,; into R, from any point of the cone, we get 
a plane C, having a tacnode with four branches which is equivalent to twelve 
double points. Therefore, in order to have the proper genus, the C,, must have 
four actual double points. By projecting C,, from one of these double points, 
we get a plane (, with a tacnode. The images of the other three double points 
are collinear, because by Kraus’ proof, if the adjoint curves of a C,,, touch the 
curve at p—1 points, 1/2(p—4)(p+1) of the double points lie on a C,_,. 


In our case p= 5. Hence the three collinear double points. 
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These three being collinear, the four double points of C, , must lie in a plane, 

We have seen that Dy; is a double curve and C,, is a five-fold curve on S. 
To find the order of the surface, let g be a trisecant of C,,,, t.¢., a generator 
of §. Let P,, P,, P3, D, be the points in which g cuts C,, and Dy; respectively. 
Pass a plane through g. It will be tangent to S at some point 7 which is a 
double point of the plane section C,, and g is one of the branches through 7. 
C,, evidently consists of a C,_, and the line g cutting C,_, four times at each of 
the points P,, P,, P;, and once at D, and 7. Therefore, 


n—1=>4.3+1+1, 


whence S is of order 15. The double points of an arbitrary plane section arise 
from the ten points of the double curve D3 and the seven points of the five-fold 
curve C,; that lie in the plane. This shows 


10+7. 2.4 = 80 double points. 


Now every torsal generator reduces the order of Dy; by 1, but adds 2 to the 
number of double generators, because the torsal generator itself is a double line 
along which the surface has a line of self-contact; any plane section has a tacnode 
at its point of intersection with this generator. Let 5 be the number of them, 
then p = 1/2.14.18— 80 —§ = 11 — 0. 

When one of the F; can be written in terms of three variables, then 

Dy = D,. D,, 


in which D, corresponds to a double point of A;. Since both curves are con- 
tinuous D, must cut D,. The double point so formed does not call for a linear 
factor of A;. We have already seen that there are «' R,’s through D, tangent 
to C,,. The planes of tangency are uniquely determined by D, and the points 
of C,. Hence, any plane through D, and a point of the normal curve defines 
a G, on the normal curve. 

Forms of Sj. [1] When A, is a proper curve, at most six double points 
may exist and an equal number of double torsal generators. Thus the maximum 
value of 6 is 6 and the minimum genus of S,, is 5. The torsal generators 
may or may not intersect. 

[2] If we have F, (a, X25 x3) = 0, F, (x, 4) 0, F; (x, = 0, 
the normal curve lies on two quadric cones of &, whose vertices are x,=2,=2; 
and 2,=2%,=2,. These two lines lie in the plane (a, x) and therefore will 
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intersect. Now, if we find A; it is evident from the forms of F; that 2; may be 
factored out from either the fifth column or the fifth row. Hence, A,=C,.(C,. 
The intersections of C, with C, require that D, have four linear factors each of 
which will be the vertex of a cone passing through C,,. Since a line of A, 
corresponds to a double point of D,,, the four lines must pass through that 
double point. It can be shown directly from the equations that the four lines 
are concurrent.. The preceding net may be written 


A, F, + a, + As LS (x1) (Ay Ay + + 
or putting a, + a, + + a,x, = 2X, 
Ay Fy + Fy + As Xa, %) + + X)?] = 0. 


Then let 2, =2{, 1,2,3,4. X+2;=2;. The net is invariant under 
a’, += 1,2,38,4. The center O of this perspective trans- 
formation is = x,' = = = 0; the fixed space is a;’=0. It is evident 
that the lines through O cutting C,, in one point P, must cut it again in P. 
Since Dj) is invariant under the transformation, the four lines which are a part 
of it in this case must also pass through O. Let D,, Dj, Dj’, D;’’ be the lines 
of Dy. Project C,, from P, and find the surface of trisecants. P,O will cut 
C, again in P,. Join O to another point P;, and a fourth point P, will be 
determined. There are evidently ! planes through P,O cutting the normal 
curve in four points. P, P, are included in each G, of the gj. Now as P; 
describes C, the plane of the G, will successively contain D,, Dj, Dj’, Dj’; in 
such cases the G‘, consists of the points of tangency of an R;. The corresponding 
trisecant is a double torsal generator. These four double torsal generators 
intersect in the R, image of O, i.¢., in O’. The image of P, will be at O’ in 
every case and C, will cut each trisecant in two points aside from O’. Since 
there are ©! generators of S,, passing through O’, the surface must consist in 
part of a cone K, with O' as a vertex. (C,, evidently lies on this cone. A 
plane through two generators of A; contains the five points on these generators; 
and since a plane through the vertex of a cone can cut the cone only in generators, 
the other two points in this plane must be on a third generator, 7. ¢., K,= Kz. 
If we turn the plane of our G, on P, P; or P, P, instead of P,O, C,,, will of 
course be the same as before, but the trisecants will not pass through O’; they 
will determine the part of S,, aside from K;, 7. ¢., an must therefore 
be common to K; and S,,. The double torsal generators will appear on both 
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surfaces and must be identical; this means that K, and S,, are tangent along 
these generators. (C,; is always a five-fold curve on S,, and in this case it is 
counted once on A; and four times on Sj. The complete intersection, then, 
of K, and 8S), is C; as a four-fold curve and the four double torsal generators 


each counted twice ; 2.e., 
4.74+2.4=36. 


The genus of Sj. is not greater than 7 nor less than 4. For, the plane 


section is of order 12, Dg; gives six double points, C,, is four-fold on Sj, 


and gives 7.55 = 42 double points) p=1/2.11.10—6—42=7. The 


C, factor of A; may have as many as three double points, which would give rise 

to an equal number of double torsal generators of S,., and the minimum genus is 

therefore 4. Nothing of this sort can happen to K;, which is, therefore, of genus 1. 
[3] In order that A,=G.G,, the F, must be reducible to the form 


fi 2) (xs, ats) = 0. 

By reason of the six double points of A;, Dp =D, +6D,. The six lines 
correspond to the six double points and there must be two factors of D, corre- 
sponding to the C; and C, of A;. The genera must be 1 and 0; hence, 
D,=D;.D,. This D, does not correspond to a double point of A; and is 
therefore not the vertex of a cone. Now project Dy, and C,, from P, of the 
C,,, and build the surface of trisecants. D;, and D,; can not lie on the same 
ruled surface, for then the planes through P, defining the G,’s and C, , must cut 
Dy,, twice, which is in general not possible. Therefore S,, is degenerate. D;, is 
of genus 1 and is therefore a plane curve. This plane and the line D, are the fixed 
elements in the axial perspective which the above F, shows must exist. Since 
from every point of D, four bisecants can be drawn to C,,, from every point 
of C,, can be drawn a line cutting D, and C;,. Hence, when the projection 
is made from P,, D,,; and C,, will intersect on S;,. To find the order of that 
part of S,,; on which D, lies, pass a plane through the line. It will cut C,,; in 
one point of D,,; and in six others. These six will be arranged in threes on the 
sides of a quadrilateral, for every generator must contain three points of C; 5. 
The generators will also cut D,;. Thus each generator is cut by four others, 
which makes the order of the surface 6.* Therefore, 


Sis = 8;. 


* Snyder: ‘‘On the Forms of Sextic Scrolls of Genus Greater than One,’? AMERICAN JOURNAL OF MATHE- 
MATICS, Vol. XXV (1903), pp. 261-268. See type II, p. 262. 
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C, can not be more than a double curve on §, nor more than three-fold on S,. 
Then the double points of a plane section of S, are seven for C, and one for D,, 
making eight. Therefore, p= 2. The double points of a section of & are 
twenty-one for C, and three for D,;. Therefore, p=4. If C,; has a double 
point, S, will have one double torsal generator and its genus will be 3. As in 
the preceding case, all the lines of D,) that are vertices of cones will go into lines 
of tangency of the parts of S,,. The complete intersection then of S, and S, 
consists of C, counted six times and the six lines counted twice. 


[4] If the F, are of the form 
a; + + (Hs, = 0, 


A; becomes €,.C,.C/ =0 and S,=8S,.K,. Kj; =0. and each deter- 
mine four collinear double points of A;, but the intersection of the two lines 
is thus counted twice and we have but seven double points. Corresponding to 
these there must be two tetrads of concurrent lines, the line of centers belonging 
to both. Let the lines be a,a,....a, and the centers O, and O,. Call the line 
of centers a,. Project into R; froma point of the normal curve. O; and O} 
will be the vertices of two cones K; and K, tangent along aj. The remainder 
of S;; must be & tangent to K; along ajaj,aj;a, and to along aj ajaja;. 
Since K, and K; can have no nodal curves, the five-fold C, is a simple curve on 
each and three-fold on 8,. We see, then, that the complete intersection of 8S, 
and K; is C, counted three times and aja,a3. For S, and K;, C; and aj aja}. 
K, and K, have C, and aj in common. 
[5] If F, are of the form 
a, + fi (a2, + Vi (a4, 0, 


A; becomes C,. C/.C, and S;,=S,.S3.H,;=0. OC, determines four collinear 
double points of The corresponding lines of will be a, a, a, a, concurrent 
at O. C, and C, determine four more double points of A; corresponding to which 
there will be four skew lines a;a,a,a, of Dj. The remainder of Dy is a C, 
consisting of the axes of the two axial perspectives under which F;, is invariant. 
Project as before into R; and the image of O will be the vertex of the cone §3. 
C, will be double on S, and Sj and simple on K;. The intersection of 8, and S; 
consists of C, counted four times and the double torsal generators, aj aj ai aj, 
which are lines of tangency. S&, and K, intersect in C, counted twice and the 
two lines of tangency ajaj. Sj and 8; have C,; and a3a{ in common. 

17 
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[6] If F, are of the form 
a, + + + (%, = 0, 


A; becomes ¢,.C,.C/.Cj/=0 and S,=S,. K,.K;.K;'=0. ©, 

‘each determine four collinear double points of A;. We will therefore have 
three tetrads of lines in Dj. Let the centers be O,, O,, O;. Let a, a,, a; 
correspond to the mutual intersections of the three lines and a, as, ...-, a 
correspond to the six points on C,. Then, for the three tetrads and their center, 
we may use the notation 


0, (a,, Az, Ay, As), O, G3, Gz, Ag, My), 
where 


The remaining line of Dy, does not correspond to a double point of A;; 

hence, it is not the vertex of an R, cone. Projecting as before into &;, 

1, Os, O3; are the vertices of K;, Kz, K;' respectively. C, will be a double 
curve on S, and a simple curve on the cones. 


K, and K3 intersect in C, counted once and aj. 
K, and £3! intersect in C, counted once and ay. 
Ki and K;,’ intersect in C, counted once and a3. 
S, and K,; intersect in C, counted twice and aj, a. 
S, and K3 intersect in C, counted twice and aj, az. 
S, and K%}' intersect in C, counted twice and aj, aj. 


[7] When A; consists of five straight lines, the ten intersections require 
that D,) shall consist wholly of straight lines. In this case F; is reducible to 


a, xi +b, + 6,23 +d, xj +e, = 0, 


in which >A,a,, .---, 1, 2, 3), are the five factors of A,. 
As already shown, the ten lines of D,) constitute the simplex of reference in R, 
and intersect by fours in five points. When this configuration is projected from 
a point of C,, into R;, the five vertices of the simplex go into the vertices of 
the five K,’s into which S,, degenerates. The ten lines go into ten lines, joining 
these five vertices in pairs. Thus each cone passes through the vertices of the 
other four and any two of the five are tangent along their common generator. 
C, in each case completes the intersection which is of order 9. 


a, = O, 02, a, = O; O;, a3 O, O3. 
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8. Since the normal curve C,, and the C,. are in (1, 1) correspondence, 
the transformations that leave C,., invariant may be obtained by finding those 
under which C,, is invariant and then getting the corresponding transformation 
in #,. The method in brief is this: Find a transformation 7 that leaves five 
points of #, invariant. Write the equation of the most general C; through them. 
It is the equation of the complete net of adjoining curves of C, and has five terms. 
Neglecting the constant coefficients, regard these five expressions in 2, y, z as 
91, Po, +--+, bs, the homogeneous point coordinates in linear space of four 
dimensions. Find the three quadratic relations among them, two with numerical 
and the third with arbitrary coefficients. Apply 7’ to the a, y, z coordinates 
and then find the corresponding transformation 7, in @;. Next, determine the 
constants in the third quadratic relation so that it shall be invariant under 7;. 
This will be the equation of the C, that is invariant under 7. 

It must be kept in mind that A, will have transformations of the same order 
as those of C, if it does not remain fixed, point by point. C is defined by 

FEAF, +24, +44; 

and it is evident that the transformations that leave C,, invariant must leave 
this net invariant. This can be done by collineations in @ which put F; into F,, 
leaving all points of C,, fixed or permuted. Or F; may go into linear combi- 
nations of F;, which requires that A; have a corresponding linear transformation. 
In any case, A; as a whole must remain fixed because it is the condition for the 
double points of the system F which is invariant. A, is a quintic that can be 
written as a symmetric determinant. Such quintics have only the groups whose 
generators are G,, G3, G,, G;.* These we will now examine. 

The cyclic groups G, and G,, need not be considered, as the associated curves 
can not be expressed in the above form. 

A Linear G,. Let G. have five distinct double points (0, 1, 0), (1, 1, 1), 
(1, 1, —1), (a, 0, c), (a, 0,-—c). Write the equation of the general curve 
through these points. Then the five linearly independent adjoints by which 
we pass to #, may be written in the form 

= c? a? + (a? —c*) yz” x2’, 
d= ec? (y?z—ayz). 


* Snyder: ‘*Plane Quintic Curves Which Possess a Group of Linear Transformations,’?’ AMERICAN 
JOURNAL OF MATHEMATICS, Vol. XXX (1908), pp. 1-9. 
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Corresponding to 7;= Wed aa , we have 
— (1 P2 ds Ds 
$i Pz Ps —P 


To find the quadratic identities, write the quadratic equation in the five ¢; 
and substitute the values of @ in terms of z, y,z. To make the equation an 
identity some of the coefficients will be zero, leaving 


A $193 + BO,¢5 + + + + + = 


This equation is identically satisfied only in A and 


2 
F=—G. 


The result may be written in the form 
A ($13 — 03 — 9s) + + + 


Hence, we have 


F, = $193 — 02 — = 0, 
F, =? os + + (a? —c*) — bs = 0. 


q*— 


— = 0. 


F;, may now be obtained by writing the general quadratic in $,, omitting two 
terms by means of F, and F,, and imposing the condition that it shall be 
invariant under 7,. This means that F; must either be linear in g,, 9; or con- 
tain no such linear terms at all. The former will make z a factor of C, and is 
therefore inadmissible. Hence, g, and @; can appear only when they form 


quadratic terms. 
F,= Aji + BO, + 093+ £O3+ FOi+ + = 0. 


By 7; the net 
Ay + + As = 0 


becomes 


Ay Fy + Ae (—F2) + a3 = 0; 


hence, A, must have the transformation 

Ay 
The forty-two inflections and one hundred twenty-four bitangents of (,. are 
symmetrically placed with respect to z= 0. 
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A Linear G;. Let the three vertices of the triangle of reference, (1, a, a’), 
(1, @, @), be the double points of G,,. The general equation of a @-curve 
through these points may be written 
K[(o—o*) —oxy2) — (a? —0) (yz? —o*zy2)] 
+ L — — xyz) — (a — a”) (yz? — wyz)] 
+ N [(o — o*) (x12? xyz) — (a — a) (yz? zyz)] 
+ P [(o — o*) (y?2—axy2) — (a — a) (yz? — xyz)|] =0. 
Transform to R, by 
xyz, 
= xy? — yz’, 


Corresponding to 7, = we have 


+05, — de, — 


Find the quadratic identities as before. 


F, = $19, — O23 — s — Gs = O. 
By 7, this becomes 

= $195 + — Ps — = 9, 
and F, becomes 


FY = $1.95 + Os + $293 — 9195 = — (4, + 


Fj becomes F, by the same transformation; the cycle of order 3 is thus com- 
pleted. F; may be found as before. The result is 


+ (2A—B—C) + D935 + (24— B—C) + BOs%s 
+ A(pi + $5) =0. 
In this case, to make the net 2, + 27. +A; =0 invariant, A; must have 
the group 
Ay Az As 
— Ag Ay— Ag 
The C,, has 42 inflections and 124 bitangents. The whole number of 
inflections can be permuted in threes, but at least one bitangent must remain 


. 
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fixed. The nodal tangents at (1, w, w*) and (1, wo, o) must remain fixed, 
because these points are invariant. To find what lines of the pencil (1, a, o*) 
are invariant, write the equation of the line through this point and (z, z, y). 
Then impose the condition on the coefficients that the line shall be invariant 
under 7,;. The equation is 

By 7, 

a — + (yi— ON) + (0% z= 0. 
From these we find (a, y; 2,) =(1, 1, 1) or (1, o*, ). This means that one of the 
tangents at (1, @, ) goes through (1,1, 1) and the other through (1, ’, a). 
By the same method we find that one of the tangents at (1, a’, a) goes through 
(1, 1, 1) and the other through (1, a, w*); 7. e., the line joining these two double 
points is a bitangent. This leaves 123 bitangents to be permuted by the 
operations of G;. 

A linear G,. Use (1,0, 0), (1, 1, 1), (1,7, —1), (1, —1, 1), (1, —?, —1) 

as double points. They are invariant iin 


The equation of the general g-curve through the above points is 
B(x? y—y2") + O(a y?—2®) + +E (a? 2—2°) + F(x2?—y*z) =0. 
Now pass to #,, make 7, on ¢, and find the relation between %; and ¢;. 


=— 
d, = 2° (x*’z z*') =— 

= 12? — y?z = =O 


By the usual method we find two identities, 


F, = + = 9, 
F, = $13 — 03 + + 95 = 0. 


By transforming the general equation by 7,, we find that the terms $j, $.9;, 
$3, 9.95 merely change sign. Hence, we may write 


+ + 193+ = 0. 
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By TZ, the net 
A, + + = 0 
becomes 
A, + A, — F; = 0. 


A, must therefore be invariant under 
Ay Az As 
Now write F; in the form 
A (x? y — y2*)? + G (xy? — 2") —y?2) + H(y® — xyz)? 
+ N (x? z— 2*) (az? — = 0. 
This is the equation of the (,,. At y=0, 
—(G— N)z*] =0. 


There are therefore three points of intersection at the vertex (1,0,0). Since 
the equation contains only even powers of y this point is a cusp and y=0 
is the tangent. The presence of this cusp reduces the number of inflections 
to forty. These and the 124 bitangents are permuted in fours. «=O is an 
invariant tangent and Nx’?®—(G—N)z?=0 defines two tangents through 
(0, 1, 0) whose points of contact are on y=0. The points on y=0 interchange 
in pairs by 7}. 

A Linear G;. Let (1, 1,1), (1, 6, 67), (1, 6, 6*), (1, 6%, 6), (1, 64, 67) be the 
double points wherein 6>=1. The general equation of a C; is 


Ba?yt+ Cry? + Dy’? + Faz’? + 
+ Keyz+L22=0. 
If (1, 6, 6") lies upon it, 
(A+ (C+ (D+ (£+ F)6 =0. 
The remaining points give equations with the same coefficients in (A+ #), 
(B+ JL), etc. Therefore since 


_ 
¢ 
ef 
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The equation of the $-curve then becomes 


A yz!) + + + 
+ E(y?z— x2?) =0. 


Now pass to &, by the method used in the preceding cases. Corre- 
sponding to 
w by +2) 


The terms $j, 9:92, 9193, PaPs, and contain terms 
in 2, y, 2 that are not duplicated in quadratic combinations of ¢,. Hence, 


these can not appear in the identities. We have then to consider only six terms. 


A + + + DO: % + + =0. 
By substituting the values of @, in this equation, we find 
wad B= D=E. 


we find 


Hence, 
F, = 9% + $293 + 95 = 0, 
F, = $9195 + 29s + 93 = 0. 


By means of F, and F, replace two terms 9$,¢, and 9,9, by their equivalents 
in the general quadratic equation in ¢,. Make the transformation 7,. Only three 


terms remain invariant. Hence, 
+ Boros + = 0. 
By 7, the net >a; F,=0 becomes 
A, 0° F, + A, F, + a, F = 0. 
This means that A; has the group 


A, As 
672, OA, 


In the above C,. we find that x =0 is a bitangent with ordinary contact at 
(0,0, 1) and four-point contact at (0,1,0). Thus four invariant bitangents 
and two invariant inflections are accounted for. This leaves 120 bitangents 
and 40 inflections to be permuted in fives. 


—_ 
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The points (1,1, 1), (1, 0, 6*), (1, 6%), (1, 6°, 07), (1, 64, 6) may be used 
as the basis of a G;. They are invariant under a G, as well. Find the adjoint 
curves as before. 

pi = — xyz, 
= 2 — ay’, 
Two identities are 
F, = 0191 + bs + 95 = 0, 9193 + + =0. | 
Then the most general quadratic form that is invariant under J, of the 
preceding G; is 


+ + = 0. 


The transformation in 2, y, z is 
@ 


672, 0°F, + +4,F,=0, 


The result is 


and the net has the same equation as before. 


The curve F;=C, has x =0 for inflectional tangent at the vertices (0, 0, 1) 
and (0,1,0). These two inflections are invariant. 20 counts for four bitan- 
gents which are invariant. The remaining bitangents and inflections are per- 
muted in fives. 

We will now show the G, of this By and interchange; 
also g,; and @,. This interchanges /, and F, but leaves F; invariant. If we 
Ay A2 
Ay Ay Az 


transform A, by ( y) the net will be invariant. 


A necessary condition that A; be point by point invariant when J has a G, 
is that the G, be reducible to a change of sign, but it is not sufficient, for the 
transformation 


18 
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mentioned above, may be put in the form 


Ly Xe —% 


by making the following linear transformation on ¢;: 
Qi =X, Got Pet Pi—Gs=%y, Go = 
Make this transformation on F;. 
2 ay (x3 + + (22 — a5) — 24) + (ae + = 0, 
Fr, = 2 (a3 — + (a + x5) + 24) + (a2 — 25)? = 0, 
F, = A, xi + B, (x3 — v7) + — 23) = 0. 


It is now evident.that 7 interchanges F, and F,. ; being unchanged, the G 
of A; is the same as before. A Gy is the product of the above G, and G;. 


The following cases and curves were given by Wiman (W). When A, and 
C;,, have a G,, then, according to the seven cases mentioned in 6, we have 
groups whose orders are uw, 2u, 2u, 4u, 4u, Su, 16 yu. 
Case (a) The G, exists. 
(b) A G,,: Change of sign of one variable. 
(c) A G,,: Simultaneous change of signs of two variables. 
(d) A G,,: Two independent changes of sign. 

(e) A G,,: Change of sign of two pairs of variables. 

(f) A G,,: Three independent changes of sign. 

(g) A G,: Four independent changes of sign. 


The G,,, exists when the /, contain only the squares of the variables. In 
illustration of (f), we have a Gi. composed of G, consisting of changes of sign 
and G, the octahedral group shown by the factors 2,2; (xj + 23) (xj — 3), 


The curve is defined by 


9 


23+ =0, 
F,= 23+ — 0, 
= x3 + 2,25 = 0. 
The curve with a Gy is defined by 
+ 
=—1). 


The G, is composed of Gi, and the cyclic G, on the variables 2, x, 7324. 
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For G4 we have 
ait =0, 
+ Jui + = 0, 
(7? = 1). 
The components of this group are G4, 


For Gig we have 
nit of + a} + + =0, 
wi + + a3 + af + et = 0, 
(e=1). 


The components of the group are Gg, 


G 
56 — 


9. (b) If a Ci has a linear gj, it must have a triple point.* By means 
of quadric inversion having the P; and the two P, for fundamental points, the 
curve is reduced to a nodal quintic. The adjoint curves are conics through the 
node (0, 0,1). The general equation of these conics is 


Bryt+ Cy’? + Duz+ Hyz=0. (26) 
Pass to R, by the transformation 
Then three quadratic forms exist which are identities in 2, y, z. 
= 0, =9, = (28) 


Three general quadrics in #, determine a (,,, but the set in (28) have a ruled 
hypersurface S in common for 

1/2 = = Gil bs = = A, (29) 
and d= define a straight line in R, which is the image 
of the line x=Ay in R,. Therefore, S is the R, image of the plane generated 


* Snyder: ‘‘On Birational Transformations of Curves of High Genus,’’ AMERICAN JOURNAL OF MATHE- 
MATICS, Vol. XXX (1908), pp. 10-18. See Art. 3. 
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by the pencil of lines through (0, 0,1). The point s=y=0 has for its image 
the line ¢,=¢@,=@,=0. All the lines, e=Ay, pass through the node. 
Hence their images, the generators of S, must cut the image of the node; i. e., 
, = $2, = >; is the directrix. Hach line of the nodal pencil cuts C; in three 
variable points. Therefore, each generator is a trisecant of the A, image of C, 
which lies on S. Since the node is a double point of C,, its image must have 
two points on the directrix; t. ¢., the directrix is a bisecant. Since the whole 
plane is uniquely pictured on S, C,, and C,, are invariant under the same 
groups of transformations. When (¢; is invariant, the system of adjoint conics 
must go into itself. But any of these adjoints can be expressed linearly in terms 
of the five and in no other way; 7%. e¢., the 2, transformations will all be linear. 
By these, straight lines will go into straight lines. This means that the genera- 
tors of § will simply be permuted among themselves. Thus the lines of the 
nodal pencil will also be permuted. Moreover, adjoint conics must go into 
adjoint conics. When one factor of a conic is a line through the node, the other 
factor is some straight line which must go into a straight line by the trans- 
formation. This is possible only by collineations. Therefore, the only birational 
transformations under which a nodal quintic curve remains invariant are linear. 
Further, we may take «=0, y=0 as the nodal tangents. If C; is invariant, 
these tangents must either remain fixed or interchange. Hence, the trans- 
formations will be of the form 


where A, uw, v are roots of unity. 


A G,. A nodal C; will go into itself by a harmonic homology if it is 
symmetric about a line through the node. This line x=0 can not be a nodal 
tangent, for such a condition would call for a third tangent as the image of the 
second one. It would also require that «= 0 bea tacnodal tangent. We can 
write the equation of the required C, with e—y=0 and x+y=0 as nodal 
tangents by omitting the odd powers of x from the general equation. Let the 
curve go through the vertices of the triangle; then we have 


2 + 2 (Aa?y+ By*)+2(Cx + + + Fatyt+ G2?y?=0. (31) 


The center O of this homology is at the vertex (1,0,0). The coefficient of 2‘ 
in (31) is the tangent to CG; at O, Cz+Fy=0. This line must cut C; in an 
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even number of points apart from O. Hence, it must have either three- or five- 
point contact at O. In either case an odd number of inflections will be invariant. 
Since by Plicker’s formulas the total number is thirty-nine, the remaining ones 
can be interchanged in pairs. The line Cz+ Fy=0 will count for two bitan- 
gents or none according as it has five- or three-point contact. There are 
forty-two in alJ, and in either case they can be interchanged in pairs. The 
transformation is 
x sy 
y 2 


No perspective whose period is of odd order can exist with a nodal line as 
axis, for it would require an odd number of tangents at the node. None of 
order 4 can exist, for, retaining only those x-terms that contain x‘, the equation 
becomes 

—2y?+ + Czat+ + Faty=0. 


At the vertex (0, 0, 1) this shows x =0 to be a tacnodal tangent which reduces 
the genus of C;. 


A G;. We may write the equation of a C,°} that is invariant under the 
operations of a Jinear G; by omitting the z and z® terms from the general 
equation. The equation can be put in the form 


2° (a? —a?y’) + (ax (32) 


The factors of the second term in this equation show five inflectional tangents 
which are concurrent at (0, 0,1) and whose points of contact are on z=0. If 
the second factor in the first term vanishes, the equation becomes 2°=0 or 
y>=0. Hence, the nodal tangents x-+ay=0 and x—ay=0 must vanish 
to the fifth order at the node. Since each of them cuts the branch to which the 
other is tangent only once, their order of contact must be 3. The five in- 
flectional tangents count for ten tangents through (0, 0,1). The nodal tangents 
count for four each. But the class of the C, is 18; hence, all the tangents 
through the node are accounted for. These will remain fixed under the G; given 
below. The curve has thirty-nine inflections. We have just seen that five of 
them are on the line z=0. The four-point contacts of the nodal tangents count 
for four inflections. These nine are invariant, leaving thirty to be permuted 


| 
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in threes. Two of the ninety-two bitangents are accounted for by the nodal 
tangents. The remaining ones will be permuted. The transformation is 


If the constants are such that (32) is symmetric in x and y, we have 
+") + A(aty + cy!) + + +y)=0. (33) 


This curve admits of a G, as wellasa G;. Hence, it is invariant under the 


@ 


Nine inflections and two bitangents will be invariant, as before. The others 


following Gs, 


will be permuted in sixes. 
A group G; is of the form 


Coz oy 2) 
Ox Oty 
The equation of the invariant C; is 
(34) 


This curve has the nodal tangents a =0 and y=0, each having four-point 
contact. Thus these two lines count for two bitangents, eight simple tangents 
through (0, 0,1) and four inflectional tangents. The remaining ninety bitan- 
gents, ten simple tangents through the node and thirty-five inflectional tangents 
will be grouped in fives. If (l, m,n) is a point of inflection, four others are 
associated with it, namely 04m, n), (671, n), 6? m, n), (041, Om, n). 
These five points lie on the conic n’ay—Imz?=0. Therefore, the thirty-five 
points of inflection are arranged by fives on seven conics tangent to each other 
at their points of intersection with z=0. If n=0, the conic becomes z’= 0, 
which cuts each of the conics twice at their common points of tangency. The 
point (1, —(d/c)”*, 0) is a point of inflection. The inflectional tangent is 


c 1/5 a 


Hence, z= 0 cuts the curve in five points of inflection. 
If in (84) b=c, the equation becomes 


aay +aza*y® + b(25 + = 0. 


a) 
(36) 
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and therefore has a G, in addition to the G, just given. We must now account 
for one invariant inflection out of the thirty-five. It will also be necessary to 
fix four more so that the number will be divisible by both five and two. Let 
(c/b)* = 6, where 6° =1. Then the point (1, —(b/c)*, 0) becomes (6, —1, 0). 
(35) becomes 


The C, is now invariant under 


z+ Oy 02=0. (37) 


This tangent and its point of contact are invariant under the transformation 


4) 


obtained by combining G, and Gs. Though it is formally a Gj, the trans- 
formations of this group interchange the points in pairs. Hence, the other four 
inflections on z are interchanged. This leaves thirty inflections. The ten 
simple tangents through (0, 0,1) and the ninety bitangents remain as in Gs, 
(36) is therefore invariant under the above Gy. Since (36) is only a special 
case of (34), we may apply G to any three distinct points of inflection (a, 3, c), 
(a’, b/, c’), b”, and obtain twelve other inflections. The fifteen points 
will be distinct, provided no one of the first three goes into either of the others 
by the successive transformations. Next apply G, to each of these. We thus 
get fifteen others, which completes the thirty. 


By G;: By 
a be b a e 
6a 64b 646 da ec 
6b 636 @a ec 
Ga 6b ec 
Ota 0b 6b Ota 


These ten points lie on the conic c?ay—abz*=0. Hence, they constitute 
the complete intersection of our C, with the above conic. A similar set of points 
may be found from (a’, 0’, c’) and (a”, 6”, c’). If we denote the three conics by 
C,, CY and Cy’, the thirty inflections are the complete intersections of C; with the 
family of sextics C,. + KzG,=v. 
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We will now combine G; and G, for a G,;. To make the curve invariant 


under 
(on oy 2)? 


let a=0 in (34). The equation is 
Buy + bar+cy®=0. (38) 


As in G;, the nodal tangents count for two bitangents, eight simple tangents 
through the node O and four inflectional tangents. «+ (c/b)°y=0 is an 
inflectional tangent. It is independent of w in the G,,; and therefore has but 
four images. These five inflectional tangents account for the remaining ten 
tangents through O. There are then thirty inflections and ninety bitangents 
to be permuted by G,;. When b=c, we have a Gy defined by 


(oy oz) 
Ox 
The tangent «+ (c/b)" y¥ =0 becomes 2+ 0y=0. Its point of contact is 


(6, —1, 0), which is invariant. By G, the four images are (67, —6*, 0), (6°, —6°, 0), 
(6*, —6?, 0), (1, —0, 0). Gg interchanges these four in pairs as in Gi. 


CoRNELL UNIVERSITY, June, 1909. 


The General Theory of Linear q-Dijfference Equations.* 


By R. D. CARMICHAEL. 


Introduction. 


By means of a transformation of the form z= (mx + m,)/(ue + fy), the 
system of functional equations 


az + b\ 

in the nm unknown functions H(z), ...., H,(z), may be transformed into the 
system of difference equations 

G(x + 1) = G(x) 


or into the system of q-difference equations 

according as the substitution 2’ = (az + 6)/(cz +d) has one or two double points. 
To do this it is necessary to choose the transforming substitution so that in the 
first case the single double point is carried to infinity, and in the second case 
the two double points are carried to zero and to infinity respectively. 

The essential general properties of the solutions of linear difference equations 
are known.t 

The present paper is devoted to an investigation of the existence and prop- 
erties of solutions of linear g-difference equations. 

In § 1, for the case when |q|+ 1, I prove the existence of two fundamental 
systems of solutions, one of simple character at infinity and the other of simple 


* Read before the American Mathematical Society (Chicago), April 28, 1911. 
+See the papers by Carmichael and by Birkhoff in Transactions of the American Mathematical Society, 
Vol. XII. References to the previous literature of difference equations will be found in these papers. 
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character at zero. These two systems of solutions are analogous to the two 
systems of solutions of difference equations whose existence I pointed out at the 
close of my difference-equation paper (oc. cit., pp. 133-134). 

In §2 an investigation of the relations between these two fundamental 
systems of solutions leads to a theory analogous to the interesting Birkhoff 
characterization of the solutions of a system of difference equations (see §§ 5 
and 7 of the paper already referred to). 

In §3 I consider the exceptional case when |g]/=1. A method is given 
for obtaining fundamental systems of solutions in explicit finite form. 

Rev. F. H. Jackson* has given a treatment of some questions connected 
with q-difference equations. Reference should also be made to some of the 
general theorems on functional equations due to A. Grévy } and L. Leau, { from 
which some of the results of the present paper can be deduced. 


$1. Existence of two Fundamental Systems of Solutions when |\q|+# 1. 
L t n n 


be a system of 2 first-order linear homogeneous g-difference equations involving 
the nm unknown functions G(x), ..--, G,(x) of the complex variable 2, the 
known quantities entering into the equation being defined as follows: 

1. a, are constants and 1. 

2. The functions A,(x) and B,(x) are single-valued and 


Afa)= Aya + Aga t*+.... 
By(x) = By + Bia + 
3. The constants A, and the constants B, are such that the roots 
A,,..-.-, A, and B,, ...., B, respectively of the characteristic equations at 
infinity and at zero, 
if 


are finite and different from zero and verify the relations 
gA,—A,#0, qg’B,—B +0 ...., 0; 


y being any positive or negative integer or zero. 


* AMERICAN JOURNAL OF MATHEMATICS, Vol, XXXII, pp. 305-314. 
+ Paris thesis, 1894. 
Paris thesis, 1897. 
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When the roots of a characteristic equation satisfy the given relations, we 
shall say that they are of simple character. 
By means of the transformations 


a. 9 = B 9 = 
G(x) = e? G(x) = ex G! (2) (ii, 


where 7 = log a/log g, system (1) may be replaced by two simpler systems, one 
of which has a = 0 and the other of which has @=0. Making these substitu- 
tions and reducing, we have 


For the sake of simplicity in formule it is convenient to reduce (8) and (4) 
to normal forms valid in the neighborhood of infinity and of zero respectively. 
We begin with system (3). 


Let us put G(x) = ay (© 


where ay, 7,7=1,..---,m, are constants whose determinant |a,;| is different 
from zero. Making this substitution in (3) and solving for F,(qx), 1=1, ...-,n, 
one may write the result in the form 


F(qx) = Ay(a) 


where the functions A,(x), being linear combinations of the functions A,(«) with 
constant coefficients, may be expanded in powers of a’ for |x|2 Rk. From the 
well-known theory of linear substitutions* and the fact that the~roots of the 
characteristic equation at infinity are of simple character, it follows that a proper 
determination of the constants a, will reduce the constant term in A,(x) to zero 
when ij. The preceding system of equations may then be written in the 
form 


F(q2) = A F(a) + aja? (6) 
(G=1.....,n) 


*Compare my difference-equation paper, loc. cit., pp. 126-127, where for a similar transformation the 
reduction is carried out in detail. 
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In order to remove the term in 2” from each of the non-diagonal coefficient 
functions of the second members, we may employ the transformation 


Fle) +2 Fe), Bu=0, (0 


where the constants 6,, ij, are to be determined, Clearly the determinant 
of the transformation is not identically zero. If we substitute the above values 
of F(x) in the preceding system of equations, and in the result write only those 
terms which do not involve a *, a, ...., we have, when |x|2 R, 


+ 
=4,F()+ 43 +3{(%+..... 


where the accent in >’ denotes that in the summation the term for which 7 =7% 
is to be omitted. . 


In order to solve these equations for F,(gx),i=1,...-,m, in terms of 
F(x), t= 1, ...-, , we shall first find the cofactors of the determinant of the 
system, 


= 1 + terms in 2, .... 


The cofactor A, of the element in the i-th row and the j-th column has evidently 
no constant term, except when 7 equals 7, when there is a constant term 1. 
The term in 2 fori + 7 is clearly — @;,/qz. For, if we cross out the i-th row 
and the j-th column of A, there remain n — 2 elements with a constant term 1; 
and therefore the expansion of this minor can contain only one term in 27}, 
namely, that term which contains all the n— 2 factors 1 and whose remaining 
factor is not in the same rows or columns as these. Therefore this term is 
+ 6;,/qx; and, since an even number of interchanges of rows and columns brings 
the elements (§,,/qgx and (;,/qx to the place in the first row second column, and 
second row first column respectively, the negative sign must be chosen. In the 
cofactor A,, there is no term in 2; for every term in the expansion containing 
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one factor «x necessarily contains another. Hence the cofactors may be 
written 


A; =— terms in *, .... (#7); 
A,=1 terms in af*, ..... 


Solving the last system of equations by the aid of these cofactors, we 
readily obtain 


j=1 


Since the roots of the characteristic equation at infinity are of simple character, 
it follows that it is always possible to determine @,, 1-7, so that (¢A;— A,)@y 
+qa,;—0. If the values of @,, so determined are substituted in the preceding 
system and each of the equations is then divided by A, the result takes the 
form 


(¢==1,...-,2) |x|2 


F(qx) = (4+ 


It is now easy to see that by means of the transformation 


F(x) = File) += LY F(z), ya=0, (§=1,.---, 0), (9) 


system (8) goes over into the form 


= (A; + aya + dy a~*) + +.... ) F(x) 


By repeated use of transformations similar to (7) and (9), the exponent of x in 
the coefficients of the transformation being increased by unity at each step, it is 
clear that our system of equations may be reduced to 


= (A; + Aja +... + + +....) A(x) (10) 


j= 
(t= 1,...-,m) R, 


where s is any positive integer. 


— 
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By combining into one all the transformations thus far employed one 
readily proves that the change from (1) to (10) may be effected at once by a trans- 
Jormation of the type 


where the n; (+) are polynomials in 1/x, the determinant of the transformation 


not being identically zero. 


In a similar way one may find polynomials P,(x) in x such that the trans- 
JSormation 


is non-singular and carries (1) over into 
= Bix +.... + Bx’)g(x) + = (13) 
(t= 1, ...., n) 


where o is any positive integer. It is hardly necessary to remark that the forms 
of the various preliminary transformations here are what those of the preceding 
case become when 1/z is replaced by z. 

If A = q", it is easy to determine constants c’, c’, ...., c® such that 


f(x) = + +....+ 


verifies the equation 


Evidently this may be written 


(8+1) ,.—8—1 (28) »».—28 


where A(x) has the constant term 1 and is analytic when |2| is greater than the 
greatest absolute value of a zero of 1+ca1+...-.4+caz~. Consequently, if 
we write A; =", there exist functions 4,(x) and a constant A greater than or 
equal to #& such that system (10) may be written in the form 


where each of the n?+n functions y,(x), 4x) is analytic for |a|2 2, the 
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expansion for ¥,,(~) beginning with a term in 2*" 1, and where the functions 
A,(x) have each the constant term 1 and are such that for every ¢ the equation 


| FE (qe) — Aula) = 0 
has a solution in the form ; 


= Sa (1 + at+....+ 


In a similar way it may be shown that if B,—=g™ there exist functions 
i,(x) and aconstant 7 different from zero and equal to or less than 7 such that 
system (13) may be written in the form 


where each of the n?+ n functions $,(«), U(x) is analytic for |x|<7, the ex- 
pansion for 9;,(a) beginning with a term in x’t!, and where the functions /,(a) 
have each the constant term 1 and are such that for every 7 the equation 


(qu) — g(x) = 0 
has a solution in the form 


g(a) = Viz) =a™(1 + Hap... + a2"), 


Systems (14) and (15) are the normal forms of (1), the first being valid in the 
neighborhood of infinity and the second in the neighborhood of zro. To each of 
these normal forms the method of successive approximation is conveniently 
applicable. By means of this method we shall now prove the existence of a 
fundamental system of solutions of the equations in the normal form (14). 

Consider the set of systems each of n linear equations, all except the first 
being non-homogeneous : 


FP (qa) — q*A(a) f P(x) = Edy (2) F(@), 
(16) 


We have already found a solution U;,(x) of the first of these systems of equations ; 
we shall consider here the more general solution 


u, (x)= = C(x) + cf t+.... + (¢=1,..-.,), (17) 


where C,(x) is any function satisfying the functional equation C,(gx) = C;(2). 
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All the other systems have the general non-homogeneous form 

hi(qx) — q"A,(x)h(x)= n(x) (¢=1,..--,n), (18) 
only asingle unknown function A,(x) entering into the z-th equation of the system 
i= 1,....,. Two formal solutions are readily obtained as follows: Let 

= 
and substitute in the preceding equation. Dividing the result by 
U,(qx) = q'A(x) U(x), 
we have 


a system with the two formal solutions 


h(a) = —> h(x) => 2) 


Hence two formal solutions of (18) are 
h(a) = — O(a) > z)’ A(x) = U(x): (19) 


Hither of these may be used to obtain a sequence of formal solutions of (16). 
It will turn out that one of these sequences will lead to a (convergent) solution 
and the other to a divergent formal solution of (14). The first leads to a (con- 
vergent) solution if |g| > 1, the second if |qg|<1. As the reasoning is entirely 
similar in the two cases, it is sufficient to carry it out for one. We shall suppose 
that |g| > 1 and shall therefore use the first formal solution (19). 

Employing the notation 

and using for each system that particular formal solution which is obtained by 
adding the solution u(x) of the homogeneous equation to the solution derived 
from the first equation (19), we have 


JS? (x) 
= (2) + 
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By actual substitution one may readily verify that a solution of system (14) is 
obtained in the limit functions (if they exist) of the sequences /\), /,.... 
$= 1, ...., 2; that is, in 


Si(x) = u(x) + + Sy dus), 
J= = = 


For a fixed 7 let us take C(x) = 4,. We thus obtain a particular formal solution 


of (14), which we will denote by f,(~),7=1, ....,. Making this substitution 
for every j, we obtain the n particular formal solutions 
where 
U; (a) > U;) Sri} = Dir Sion (Day U;)} 


There exist constants Rf’, VU, c, and c, such that, for every ¢ and J, 
Then the convergence of all the series in (21) and of the series (21) itself for 
|x| R’ will follow readily from similar convergence in the series 


Mc M Me 
where | 

_ 2 U;(x) | 


We will suppose now that the arbitrary integer s has been chosen greater than 
twice the absolute value of any uw. Considering the first term of (22), we have 


Me, Mc, Co Mc; 


ao 
| > <a = 1 1 
where g, denotes the sum of the last written series—a series which converges, 
since s >|u;|. From this result it follows that the series a S,,(%jU;) is 


uniformly convergent for |a|2 4’ and that its sum is less in absolute value than 
q,|a*-"|. Moreover, each term of the series is analytic for |x|2 A’; and, since 
20 
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the series converges uniformly throughout the region, the sum is analytic in the 


same region. 
Taking the second term of (22) and using the result of the last paragraph, 


we have 


Mne, 


= | > = |, 


where g, denotes the sum of the last preceding series. From this we conclude 
that the third term in the series in (21) is in absolute value less than 
NY2| x * |, and that it is the product of x: by a function which is analytic 
for R’. 

Continuing this process we reach the result that every term in (21) is the 
product of x; by a function which is analytic for |x|2 #’, and that the series is 
term by term less in absolute value than the series 


| + gy 4+ guge| ati | + gyqogs| (23) 


where 
Since g, 93, ---- 18 a decreasing sequence with the limit zero, it follows that 


series (23) converges when |x| > 1. Hence there exists an >1, 
such that the series obtained by multiplying (21) term by term by x2“ is uni- 
formly convergent and its terms are analytic for |2|2”. Hence all the functions 
a fi(x), t,7 = 1, ...., m, defined by (21) are analytic for 
Moreover, since the series in (21) is term by term less than the series (23), 
and since the limit as x approaches infinity of U;(x)a~“ is 1, it follows that 


x f(x) = Oy (2, j = n). 


From this we see that the determinant of which the elements are /,(x) is not 
identically zero, and this is clearly a necessary and sufficient condition that 
the solutions f(x) are linearly independent in the sense that no solution is 
expressible linearly in terms of the others, the multipliers being functions 


satisfying the equation C(gx) = C(z). 
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If now we write 


it is clear from (11) that we have 7 solutions 


of equation (1). Furthermore, since the transformation (11) is non-singular, it 
is evident that these solutions are linearly independent and constitute therefore 
a fundamental system of solutions of (1). On account of the properties of f(x) 
it is clear that we may write 


where V{}(x) is analytic in the neighborhood of infinity. 

If an expression of the above form for G{F(x) is substituted in (1), V{9(x) 
being expanded as a power-series in 1/x, and if the constants are determined by 
direct reckoning, it will turn out that each of the n formal solutions obtained in 
this way is unique up to a constant multiplier. Consequently, if these constant 
multipliers are properly chosen, these formal solutions are the actual solutions 
whose existence has just been determined. 

This solution of (1) has been obtained by starting from the normal form (14) 
and employing the method of successive approximation. Starting from (15) and 
working in a similar way, it may be shown that we have also a fundamental 
system of solutions 


G(x), ..--, .. «+, 9) 
which may be written in the form 
GO = +n) Vo (x) (i, i,j ., 


where V;§)(x) is analytic in the neighborhood of infinity, and that this solution 
may be obtained by substituting in the equation as in the foregoing case and 
determining the constants in a direct way. The principal modification in the 
argument consists in using the second instead of the first formal solution (19) of 
the non-homogeneous equation (18). The discussion follows so closely along 
the lines of the preceding that it is unnecessary to repeat it. 

The argument above has been carried out on the assumption that | q| >1. 
If |q| <1, the only essential modification of the argument consists in inter- 
changing the rdéles of the two formal solutions (19) of (18). In this case the 


. 
~ 
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second should be used for solutions about infinity and the first for solutions 
about zero. The results as to the nature of the solutions at these points still 


remain valid. 
The nature of each of the functions of the two fundamental systems of 


solutions obtained above is so far determined only in the neighborhood of infinity 
and of zero respectively. In order to determine their nature outside of these 
regions, we work as follows: If we consider the first two members of (1) and 
solve for G,(x) in terms of G,(qx), t=1,....,, we may write the result 


in the form 
G(x) = Ay, (qx) (¢=1,...., 2). (24) 


Then from (1) itself and the preceding system, we have the relations 


where G,;(x) is to be identified with either G{}(x) or Gj} (zx). 


Let 71, 72, 7,---- be an infinite sequence of increasing numbers such that 
= or = $1, 2, ...., according ae > 1 or |¢| < 1. 
Consider the infinite system of circles of radii 7,, 72, 73, .--- and center at the 


origin, and assume that 7, has been so chosen that the first two of these circles 
lie within the region in which V{)(x) is analytic. These circles divide the part 
of the plane external to the first one into an infinite system of circular rings, 
which we shall call fundamental regions. If we know the value of G;§)(«) at 
every point in one of these rings, we can compute its value at any point in the 
next larger by means of (25) if |g| >1, and by means of (26) if |q| <1. 
From this fact it is easy to determine the position of the singularities of G{) (a). 
If w=y'v, where ¢ is any positive or negative integer (not zero), we shall say 
that uw is externally or internally congruent to v according as |u| >|»| or 
|u| << |v|. Excluding the points zero and infinity, we see that the remaining 
singularities of each function G{(x) are all included in the set of points exter- 
nally congruent to the singularities of Ay(x) or of Ay,(x), t,4=1,...., , 
according as |g| >1 or |g| <1. 

In a similar way it is readily shown that the singularities of each function 
G\*)(x), other than zero and infinity, are all included in the set of points inter- 
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nally congruent to the singularities of A,,(x) or of A,(zx), i;k=1,...., n, 
according as |q| >1 or |q| <1. 

Furthermore, if A,,(x), 7,4 =1,....,, are rational functions, it is clear 
that the singularities (other than zero and infinity) of the functions in either 
solution consist entirely of poles. 

The principal results which we have obtained may be stated in the following 
theorem: 

THrorEM I. The system of q-difference equations (1) ur (24) has two funda- 
mental systems of solutions of the forms 
log x 
log q’ 

where V(x) and V{)(x) are analytic in the neighborhood of infinity and of zero 
respectively. These solutions may be determined by substitution (a power-series being 
assumed for each of the functions V) and direct reckoning out of constants. Besides 
the points zero and infinity, all the singularities of G{F(x) are included in the set of 
points internally congruent to the singularities of Ay,(a) or of Ay(a), t,k=1,....,n, 
according as |q| >1 or |q| <1; and all the singularities of G{} (x) are included 
in the set of points externally congruent to the singularities of Ay(«a) or of Ay(x), 
t,4=1,....,n, according as |q| >1 or |q| <1. The general solution G;(x), 
t=1,....,n, may be written in either of the forms 


(x) = log q (n?+7) (a), n (i, 7 1, n), 


= (a) GP (x) =E C(x) 2), 


where the functions O{’(x) and j= 1, ..--, n, satisfy the equation 
C(qu) = C(x) but are otherwise arbitrary. 
Further, if Ay(x), t,k=1,....,n, are rational functions of x, the singularities 


(other than zero and infinity) of the functions in each of the two fundamental solutions 
consist entirely of poles. 
Let us now consider a single q-difference equation of the n-th order in the 
two forms 
H(q" x) + (q"x)* A,(x) H(q"~*x) + (q"*a)* A, (x) H(g"* a) 
An (2) H(z) = 0, 


H (gra) + B,(2) H(g"12) + (g"12)* B,(«) H(q"-*2) 
+ (gta)... (qa)? By (x) = 0, 


(27) 


and 


(28) 
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where the unknown quantities entering into the equation are defined as follows: 


1. a, 8,q are constants and |q| #1. 
2. The functions A,(x) and B(x) are single-valued and 
A fz) = Ajo + + (fart, ...+,@) . lal 2a, 
= By + Bia + Bia? + .... 8) 
3. The constants A; and the constants B, are such that the characteristic 
equations at infinity and at zero, 


+ A, + + .... + 4,19 +A, = 0, (29) 
+ B, + Bap”? + + + 8, = 0, (30) 
have their respective roots a,,..--.,@, and b,,.... 6, of simple character. 
The transformations 
H (a) = *” F(a), n = log x/logg, 


H(«) = a +0) H'(2), 

carry equations (27) and (28) respectively over into 
H (q"x) + Ay(x) H x) + .... + A,(a) H (x) =0, (31) 
H'(q" x) + B, (a) H'(q" 1x) + .... + B, (x) (x) = 0. (32) 
It is evident that these two equations are equivalent respectively to the 


two systems 


Hi(qz) = {—B,(a)} Bi(@), Hi(gz)= (6=2,----n), (84) 


where H,,(x) = H(x) and H/ (x)= H'(x). The characteristic equation of (33) 
at infinity takes the form (29), and the characteristic equation of (34) at zero 
takes the form (80). 

Equations (33) and (34) are of the form (3) and (4) respectively and conse- 
quently the preceding discussion is applicable to the former systems. Corre- 
sponding to the solved form (24) of (1) are analogous solved forms of (31) and 
(33) respectively; namely, 


H (x) + Aj(x) H (qx) + Ap(x) H(q?x) + + A,(x) = 0, (35) 


where the functions A;(x), i=1,....,, are readily expressed in terms of the 
functions 7=1,...., 7. 
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If now we apply our previous results to the systems of equations and 
interpret them with reference to the single equation of the n-th order, we obtain 
the following theorem: 


TororeM II. The n-th order g-difference equation (27), (28) or (35) has two 
fundamental systems of solutions of the forms 


2 
HS (x) = e” log (1? +1) got (x), log x = 1, n), 
B 
H (a) =e? 10g +) (a) ...-, 2), 


where V{(x) and V(x) are analytic in the neighborhood of infinity and of zero 
respectively. These solutions may be determined by substitution (a power-series being 
assumed for each of the functions V) and direct reckoning out of constants. Besides 
the points zero and infinity, all the singularities of H™? (x) are included in the set of 
points internally congruent to the singularities of A,(x) or of A,(x), i=1,...-, n, 
according as \q| >1 or |q| <1; and all the singularities of H{ (x) are included 
in the set of points externally congruent to the singularities of A,(x) or of A,(zx), 
t=1,....,n, according as >1 or |qg| <1. The general solution H(x) may 
be written in either of the forms 


H (2) = Hj (x) = (@) H(@), 
j=1 | 


where the functions C{*)(x) and 7=1,...., n, satisfy the equation 
C(qx) = C(x) but are otherwise arbitrary. 

Further, if A,(r), i= 1, ”, are rational functions of x, the singularities 
(other than zero and infinity) of the functions in each of the two fundamental solutions 
consist entirely of poles. 

Remark. In view of the preceding work it is obvious that the results of 
this section may be obtained by direct reckoning out of the solutions, by the 
power-series method suggested above, together with appropriate convergence 
proofs. Such a method, however, is not available in the case of difference 
equations. Consequently it has seemed best to employ the method of successive 
approximation (already used by me for difference equations), so as to develop 
the two parts of this general theory along the same lines and by the same 
methods. The matrix method used by Birkhoff for difference equations is also 
applicable to g-difference equations; it furnishes therefore a second single method 
by which both cases may be treated. 
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§ 2. Relations between the two Fundamental Solutions. 


The question of the relations existing between the two fundamental solutions 
of system (1) furnishes an interesting problem. It is clear that either of these 
solutions may be expressed in terms of the other. Thus we have 


(2) =F On(@) (37) 
GP (a) = F=1,----, 0) (38) 


where C,,,(x) and €,,(x) are functions satisfying the equation C(ga) = C(c). 
Our problem reduces, then, to that of the determination of the nature of these 
functions C,,(x) and @,,(a). In the general case they are of a complicated 
character. But in the most interesting and important case, namely, that in which 
the coefficients of the original equation are polynomials (or even when they are 
merely rational functions), the result takes a simple and elegant form. 

We suppose that system (1), subject to the previously assigned conditions, 
is also such that it may be written in the form 


= Pu(z) Gmi,....,0), (8% 


where the coefficients P;,(~) are polynomials in w of degree a or less. The 
constant 8 which enters into system (1) is in this case zero. 

According as |q|>1 or |q| <1, the functions G{(x) or G{?(x) are 
analytic except at zero and infinity. We will consider first the case in which 
lg| >1. If (37) is solved for C,,(x), 1,4=1,....,n, in terms of and 
G,,; (x), it is readily seen that every function C,(x) is analytic except perhaps 
at zero, innnity, the singularities of G{)(x), and the zeros of the function 
detined by the determinant | G{)(x)|. But on account of the properties of the 
functions G{})(a) and of the form of the determinant (see Theorem [), it is clear 
that there exists a fundamental region (sufficiently remote from the origin) in 
which the functions G{?(x), 1,7 =1,..--, m, have no singularity and the 
function | has no zero. Hence the functions C,,(x), 1,4 = 1,...., n, 
are analytic in this fundamental region; and therefore they are analytic through- 
out the plane, except at zero and infinity. 

In case |g| << 1, we may argue in a similar way to show that the functions 
Che), .,n, are analytic throughout the plane, except at zero and 


infinity. 
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It is clear that if the coefficients P,,,(x) in (89) are restricted to be rational 
(but not necessarily polynomial), a discussion analogous to that in the foregoing 
case can be readily carried out. If |g| >41, the functions C,,(x), away from 
zero and infinity, will be analytic except for poles; and if |q|< 1, the functions 
C,,(a) will have this property. 

These results may be stated in the following theorem: 

THeEoREM III. Let a system of g-difference equations (1) be written in the form 


G(qz) = 2 Palz) G(x) (2 = 1, n) 
and let the two simple fundamental solutions be connected by the relations 
(@) Corl (zx), C(x) (2, k= 1, n), 


where r, 8 = 0, © or 0 according as |q|>10r |g|<1. Then: 
If the coefficients P(x) are polynomials in x, the functions C,,(x) are analytic 
except at zero and infinity ; 
If the coefficients P(x) are rational in x, the functions C,,(x), away from zero 
and infinity, are analytic except for poles. 
An inverse to some of the preceding results may be stated in the form of 
the following theorem: 
THEOREM IV. Let Gi}(x) and Gi (a), i, 7=1, ..--, n, be two sets of n® 
single-valued functions which, away from zero and infinity, are analytic except for 
poles, and which have the property 


lim (0 log q (n?+n) (0 0 
Gi} =Vi), |VP|0; m,— m, F integer, 


where a and 3 are integers ( positive, negative or zero), y = log x/log q, the two sets 
of functions being connected by the relations 


Gi} (a) = 2 Cala) G(x), Cy(qx) = C(x), (t,7,4=1, ..-., n). 


Then the two sets of functions G{}(x) and Gi (x) are the two simple fundamental 
solutions of a system of g-difference equations 


= Pala) G(x) ((=1,...-, m), 
in which the coefficients Pi,(x) are rational in a. 


21 


= 
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The proof of the theorem requires the determination of the existence and 
the properties of functions P(x) such that 


GY (qx) (i, f= 1, ----,), (40) 
(qx) == Pula)GG(e) (41) 


Each of the two systems of equations may be solved for P;,(x). The two repre- 
sentations of P,,(x) must be consistent, in view of the relations connecting 
G(x) and G(x). From either of them it is clear that the functions P,,(x), 
away from zero and infinity, are single-valued and analytic except for poles. 

If (40) is solved for P(x) in terms of G(x) and i, 7,k=1, ....,n, 
and the limit for «=O is taken, then, in view of the first limit in the 
hypothesis of the theorem, we have 


Pula) = | | 
where | V“| is the determinant with V® in the r-th row and s-th column and 
| V&| is what |V&| becomes when the &-th row is replaced by g™V(?, 
j=1,..--,. From this it follows that P,,(x) has at 2=0 a zero of order @ 
(or a pole of order —@ if @ is negative). Furthermore, the g-difference 
equation has at zero the characteristic equation 


Vie 
| Pu— dup |= 0 


A direct reckoning will show that the roots of this equation are p=g™, 
1, 

In like manner we may employ (41) and the second limit in the hypothesis 
of the theorem to show that P,,(x) has at infinity a pole of order a (or a zero of 
order —a if a is negative) and that the roots of the characteristic equation at 
infinity are p=q", J=1,...., 7. 

From the fact that P;,(x) is analytic except for poles we conclude that it is 
rational in z. From the characteristic equations at zero and infinity respectively, 
we conclude that the g-difference equation of the theorem has solutions of the 
requisite property at each of these points. This completes the demonstration 


of the theorem as stated. 
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§3. The Case when |q|=1. 


When |q|=1, the theory of the g-difference equation is essentially different 
from that when |qg| 1, previously considered. In treating the former we 
distinguish two cases, according as there is or is not a positive integer n such 
that g”= 1. 

Case I. We will suppose first that there exists no integer n such that g”=1. 
That there is in this case in general no analytic solution (not identically zero) 
is easily seen from the consideration of a first-order equation with constant 
coefficients : 

(qx) =af(z), a>, 
We have evidently 


For any ~ it is clear that there exists an a greater than any preassigned M 
and such that g*a is less than any preassigned distance e from x When f (x) 
is not equal to zero at the given point x the quotient of the functional values at 
g°x and a, that is f(g*x)/f(x), can therefore be made as large as one pleases, 
although g*a and x are separated by a less distance than e. Hence the equation 
(qx) =af(x) has no continuous solution except f(x) =0. 


Case II. We will suppose now that g is a root of unity and that n is the 
least integer such that g’?=1. In the present case it is more convenient to 
consider from the outset a single equation than a system of equations, for 
evidently any single equation of any order can be written in the form 


(x) f (qa) + be (x) f(g? a) + + n(x) f(q"x) = 0. (42) 


That solutions (not identically zero) do not exist when the ys are unrestricted 
is readily shown; for we have the following system of equations: 


(x) f(x) + (qu) =0, | 
f (qx) + (gx) f (Gx) + f = 0, 
x) f (9x) + (Gx) f + + f(g"x) = 0, 


(43) 
f (gx) + f (Ga) f(g") =. 
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This system is consistent only if its determinant is zero; that is, if 


Vn—1 (7° x) Vn (7 x) Vn—2 Ca 


eer 


ia) P(g" 


We therefore suppose that the coefficients y,(a) are connected by the relation (44). 

So far the only restriction on q is that it is a primitive n-th root of unity. 
The numbers q, q’, ’,.---, gq", g” are all the n-th roots of unity, and hence 
this set of powers contains the primitive n-th root of unity of smallest argument. 
Without loss of generality we may suppose that this root is q itself; and this 
we shall do. Then the points q, g*,...-,q" are situated on the unit circle at 
equal intervals, in such wise that in making a positive circuit along the circum- 
ference the points are encountered in the order written. If rays are drawn from 
the origin through these n points, the plane is divided into m equal sectors; and 
these we shall call a set of fundamental regions of the plane. If these rays are 
all rotated about the origin through the same angle, then in their new position 
they will define another set of fundamental regions. 

We have seen that a necessary condition for the existence of a solution 
(not identically zero) is that the determinant in (44) shall be of rank n—1 at 
most. We suppose in general that this determinant is of rank n—a, where a 
is a number of the sequence 1, 2,....,—1. Then, among the quantities 


(gx), f(¢x), f(¢"), 


there is a set a in number in terms of which every other can be expressed 
linearly. Hence there are a fundamental regions in which f(z) may be assigned 
at will; it is then determined throughout the entire plane. On account of this 
fact we shall say that the order of the equation is a. 

When the equation is of order 1, in accordance with this definition, there 
is a single relation among the coefficients; otherwise there is more than one. 
The general case is therefore that in which the order is 1. Since in this case 
a solution is determined when its value is assigned in a single fundamental 
region, it is clear that the most general solution is of the form C(x) f,(z), 
where f,(x) is any particular solution (not identically zero) and C(x) is an 
arbitrary function satisfying the equation C(qx) = C(z). 


(44) 
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In the case of a first-order equation it is easy to obtain a particular solution 
in explicit finite form. The ordinary theory of linear algebraic equations applied 
to the system (43) yields us the values of the ratios 


(qx): f(a): f(g"); 
and hence we have an equation of the form 


(qx) = (x) f(x), (45) 


where f (x) is the same as the f(x) in (42). To find a solution of this equation, 
we proceed thus: 


The product 


is unchanged by the substitution of ga for x; and hence its value is a function 
satisfying the relation C(qx) = C(x). Consequently there exists a particular 
solution f,(x) for which 


fi(gz) = 1. 
= f, (ga). 


Making repeated substitutions from this formula into the preceding equation, 


is a particular solution of (45) and hence of (43); the general solution is 
C(«) fi(a), where C(x) satisfies the equation C(gx) = C(x) but is otherwise 
arbitrary. 

The above discussion suggests a general method for solving (42) when the 
rank of its determinant in (44) is n—a. In a form most convenient for this case 
the method may be described as follows: To any n—a independent equations 
of the set (43) adjoin other equations subject to the following conditions: 
1) The n equations of the resulting set are independent and consistent. 2) The 
left members of the a new equations are invariant under the substitution of gx 
for x. They are linear in f(q"x),...., f(x). 3) The second members of these 
a equations are arbitrary functions of x satisfying the relation C(gx) = C(z). 


But 


we have 


Hence 
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One of the possible forms for these equations is 


1x) + +A(gu) f (qx) + A(x) f(x) = C(x), 


where A(x) is any conveniently chosen function of «. 

If the system is solved algebraically for f(g"x),...., f(x), the resulting 
expression for f(x) will contain linearly a arbitrary functions which satisfy the 
equation C (gx) = C(x). And hence this gives the general solution of (42), 
since it is of order a. 

In carrying out this process it is important to secure that the arbitrary 
functions shall enter into the solution independently; that is, in such way that 
they can not be combined in the solution into fewer functions of the same type. 

We shall illustrate the above method by a treatment of the special case 
in which g=a=cube root of unity of least argument anda=2. It is easy 
to show that the general equation for this case may be written in the form 


f (ox) + (x) (ox) f(ox) + ¥(x) f(x) =0, (x) = 1. 
In accordance with our general method, if ~(x)#1,* we may adjoin the 
equations 
+ fox) +f (x) = A(z), 
a’ x f(a? x) + orf (ox) + f(x) = 
The value of f(x) is obtained algebraically from the last three equations. 


INDIANA UNIVERSITY, July, 1911. 


*If w(x) =1, a fundamental system of solutions is 1 and z. 


Concerning Linear Projective Order. 


By ArtHur RIcHARD SCHWEITZER. 


INTRODUCTION. 


Hélder, in the Mathematische Annalen, Vol. LXV (1908), p. 161, considers 
the geometry of the projective line. In particular, in §§ 1-5 he has given several 
treatments of the linear projective order theory. In our investigations in the 
logic of geometry we have been impressed with the desirability * of connecting 
the foundations of linear projective order as intimately as possible with the 
descriptive { line; and it would seem that the previous treatments} of the 
subject, including Hélder’s, have not exhibited the close relation between the 
descriptive and projective linear orders as coherently as a suitable analysis of 
the theories in question really permits.§ 

In the present paper we aim to give an axiomatic analysis of linear pro- 
jective order which has a very simple relation with a linear descriptive system. || 
Aside from this advantage, a significant property of our analysis is the relation 
which it bears to our planar descriptive system *#, {[ and from which springs a 
new application of a fundamental logical principle. The latter may be stated ** 
as follows : 


*See concluding paragraphs of §2 of the present paper and our article, ‘‘A Theory of Geometrical Rela- 
tions,’?> AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXI (1909), pp. 365-410. In the sequel reference is 
made by pages to this paper by the notation ‘* T. G. R.” 

+ On the meaning of the term ‘descriptive ’’ see B. Russell, ‘‘The Principles of Mathematics,’’ Cambridge 
(1903), §374; in T. G. R. we have used this term in a generalized sense. 

} For the literature reference may be made to Russell, loc. cit., §§ 204-205, and to Hélder’s article. 

§ Holder, Joc. cit., p. 179, note 1, and p. 181, notes 2, 3. 

|| The system which is here relevant is our system 'R,, T. G. R., p. 378. 

qT. G. R., p. 382 and §3 of this article. 

**This statement does not differ essentially from that given by E. H. Moore, Bulletin of the American 
Mathematical Society, Vol. XVI (1909) pp. 111-112. The principle is essentially heuristic and accordingly may 
be compared with the empirical position of J. 8. Mill, ‘‘A System of Logic,’ 4th edition, London (1856). In 
our specific application, by concept we understand theory. 
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The existence of resemblances between given concepts implies the existence of a 
general concept which underlies the particular concepts and unifies them with respect 
to those resemblances. 

Like the system *#,, our axioms are phrased in terms of an undefined rela- 
tion aR@y which may be interpreted concretely by the statement: ‘If a person 
swims from the point @ to the point y, then the point a is at his right.” 


§1. A New Analysis of Linear Projective Order: The System *R®. 


I. AxIoms. 


1. There exists at least one point.* 

2. The existence of a implies the existence of ay, Bo, yo such that a) RGyy, 
Or ay Bo. 

3. akBy implies akyB.t 

4. implies BRya. 

5. ahBy, &-a, B, y imply or aRéy. 

6. akBy, ERBy, imply or ERay. 

7. CB, B#y,a-~y imply the existence of such that 
and 


II. DEFINITIONS. 


1. is collinear with a@ (a, 8 y, 45) means, or CRay; im- 
plies or aRdy; and BRay implies or BRdy (compare Fig. 1; we 
have and 6= 6; or or 6"). 

2. From definition 1 is obtained the definition of “‘yd separates a8” by 
the proper substitution of ‘“‘and” for “or”; compare Fig. 2. 

3. & is in the interior of a@ means, a + (@ and the existence of y such that 
ak@y implies ERBy and aRéy; compare Fig. 

Instead of phrasing the preceding system of axioms (absolutely) in 
terms of an alternating relation R, one may construct an equivalent system 


* Greek letters are used to denote points. 
+t The rule over the & is a symbol of negation, 
¢ Compare the definitions, T. G. R., pp. 382-383. 
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(relatively) in terms of a transitive and symmetrical* relation K between 
triads} as follows: 
System 

1, ‘There exists at least one point. 

2. The existence of a implies the existence of a, Bo, Yo such ‘that 
ao Boy K 

3. a@yK implies a8yKay@. 

implies ayBK. 

» 4, implies aByKBya. 

5. a6) K, B, y imply or a&yK. 


of 


Fria. 1. 2. Fia. 3. 


6. aByK, EByK, § imply afyK. 
EByKaky implies Eby KaBy. 
7. aByK, By, a+#y imply the existence of such that 
aBbyKPky and aByKagy. 
8. aByKa'@'y' implies aByK. ~ 
9. aByKa'B'y’ implies 
10. aByKEnt, imply «By Kaley’ 
11. a@yK, a/B'y'K imply aByKa'p'y' or aBy KB'a'y' 


* For definitions see Russell, loc. cit., § 208. 

+Compare the abstract, Bulletin of the American Mathematical Society, Vol. X1II (1906) p. 58. On the 
notation of the system 7K, see T. G. R., pp. 375, 394. In connection with this system one may define 
‘“‘Gleichartigkeit’’ of triads as we have done in the case of tetrads, Bull. Amer. Math. Soc., Vol. XV (1908), 
p. 80; compare Grassmann, Gesammelte Werke, Vol. 1, PartI, p. 168; Holder, loc. cit., §4, uses the same term in 
a different sense. 
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On the relation between the preceding systems *R{ and *K! we may refer 
to the systems *R, and *K,.* 


III. THEOREMS. 


On the basis of the system 7A! one can easily prove: 

1. akéy and imply aRkBy. 

2. akBy and ERBy, &-a imply or Raf. 

3. andakéy, +8 imply or BRéy. 

Then with the aid of the preceding theorems it is easily shown that the 
axioms of Holder, loc. cit , § 5, follow from our axioms. 

In contrast with the system *R, it may also be shown that if af@y and 
fa, 3, y, then & is in the interior of precisely three compartments} associated 
with a@y; that is, one of the following three cases must hold : 


I, IT. 
aRBy aRBy aRBy 
akéy Ray akéy 
ERBy ERBy 


Thus the seven compartments into which a triangle separates a descriptive 
plane are here reduced, as it were, to three. Moreover, if ak@y, then ERBy, 
akéy and aRGE together are impossible; likewise there is no point in the 
interior of both a@ and Bat. There exists, however, a point & in the interior of 
af; and if aRéy and ERBy, then & is in the interior of a8. 


§ 2. Relation to a Linear Descriptive System. 


The system *2Y is very simply related to the linear descriptive system ‘Fh, .§ 
Namely, from the system 'R, can be derived an associated system by a process 


*Cf. T. G. R., pp. 382, 393-394 and §2 of the present paper. The latter is related exclusively to the 


system 72, unless otherwise specified. 

+ The term compartment seems to be in closer harmony with the planar descriptive connotations of our 
paper than the term ‘‘Strecke”’ (segment) which Holder uses. 

tSee T. G. R., p. 382, definitions 3, 4. 

§ Cf. T, G. R., p. 378. 
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which may perhaps be called tactical adjunction ; one writes throughout in 'R,, 
6, R6,y for 6,R6,. The following axioms are then obtained ; * 


1. There exists a. 

2. The existence of a implies the existence of a, 3) [y] such that a, RGyy 
or By Raoy. 

3. aR@y implies BRay. 
. ahBy and a, @ imply akéy or ERBy. 
akBy and aRéy, imply or BRéy. 
implies the existence of such that and aRé,y. 
ak@y implies the existence of £ such that &,Ray and & RBy. 
_ implies the existence of such that akéy and ERBy. 

If now one assumes: 

3’. aRBy implies BRya 
then axioms 7,8 follow from 1-6, and the latter axioms become essentially 
the system *F{. This genesis of the system *R! suggests at once that with 
reference to a fixed point ¢ of the system *R the set of axioms 'R, is definable. 
For we may define: f 


OR,¢ means: 1°. There exist a, @,y such thataRBy. 2°. dRea. 
Thus is true if 8 and e=y, but if either or e=a. 


The system *RY we term the projective analogue of the system 'R,. It is 
true that the projective analogues etc., of our systems § *R;, etc., 
respectively possess a genesis similar || to that of ?#!; but these analogues we 
shall discuss elsewhere]. 

It may be observed that the relation of the system ‘1K, ** to its corresponding 
projective analogue *{ seems less simple than the relation of 1F, to *R. 


~ 


* In deriving these axioms we have augmented, for the purposes of the present paper, the conclusion of 
axioms 6 and 7 of 'R, by the statements ‘‘aRi,” and ‘£, RG” respectively. It may be noted that this change 
in the axioms does not invalidate the independence system given for axiom 4 of 'R, (T. G. R., p. 379). 

+The system ?RY does not, of course, justify the selection of a particular point; strictly, the linear de- 
scriptive system defined is a function of point variables. 

{The definition of a linear descriptive system on the basis of linear projective order is, in itself, well 
known; cf. Russell, loc. cit., § 204. 

§T. G. R., pp. 382, 387, etc. 

|| Thus the projective analogue *RQ of *R, arises by adjoining to the latter a point J and assuming that 
aRByéd implies yRdaf. 

{ Compare T. G. R., p. 366. 

**T,. G. R., p. 394. 
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§3. Relation to a Planar Descriptive System. 


Tactically, the linear projective axioms *R and the planar descriptive 
system *#,* are of the same dimensions: they are both stated in terms of 
(alternating) triads. A further comparison of the two theories discloses a 
remarkable resemblance.t For this purpose it is convenient to phrase the 
system as follows: 


System 


1. There exists at least one point. 

2. The existence of a implies the existence of a, Bo, yo. such that 

3. implies aky@. 

4. implies BRya. 

5. akBy, & #4, B, y imply ERBy or or 

6. akBy, ERBy, $a imply or ERay or akBE or BRaék. 

7. akBy, a $C, B#y, o#y imply the existence of & such that 
and aRyé. 

8. akBy, eRBy, aRey, aRGe, ea, B,y imply: the existence of such 
that &Rae, &Rea, and the existence of 8’ such that implies and 
6'RBE, and the existence of 5” such that 6’Ry@ implies 6"REB and 6 Ryé. 

Thus our linear axioms 1-4 are identical with axioms 1-4 of ?R,; axioms 
5 and 6 of *R® affirm the truth of axioms 5 and 6 of ?R,. The resemblance 
between linear axiom 7 and the corresponding axiom of *f, is evident. 
There is no linear projective axiom corresponding to axiom 8 of *R,; yet 
the latter axiom is consistent with our linear projective axioms, since the 
hypothesis of axiom 8 of *#, is not fulfilled; compare theorems, § 1 of the 
present paper. 

The preceding considerations show that the axioms of §1 and the system 
*R, can be logically combined into a single system merely by replacing, in 
axiom 7 of *,, the term aRyé& by (ak&y or aRyt). We have thus arrived 


G. R., p. 382. 

+ The essential basis for the resemblance in question is assumed to be identity (compare J. 8. Mill, loc. cit., 
Book I, Chapter IV, §6; paragraphs 2, 3; also Bradley, ‘‘ Appearance and Reality,’ London (1902), p. 592, III). 
This resemblance suggests that the geometry of the projective line may be considered as a quasi-planar 
descriptive geometry; in fact it seems not inappropriate to call the former a singular geometry of the 


descriptive plane. 
¢ The present statement of our system *#, does not differ essentially from that given in T.G.R., p. 382. 


‘ 
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at a result which we believe to be a new application of the heuristic principle 
mentioned in our introduction.* With reference to this principle our result may 
be stated as follows: 

The same general} theory underlies the theories of linear projective order and 
planar descriptive order. t 

Further details of this general theory seem desirable. 


§ 4. Consistence and Independence of the Axioms of the General Theory. 


There exists at least one set of points which satisfies the axioms of the 
general theory of § 3, but which contravenes the systems °R{” and’R,. As this 
set we may take the points in the interior and on the boundary of the unit circle 
in a cartesian plane and, say, continuous values of the coordinates; the relation 
aR@y is valid if, and only if, 


1 ai + i. 
8; B21) >0 Bi + Br< 1. 


This region has the property that on its boundary the system *R! is valid, 
while the system *f, is satisfied in its interior. 

We consider now the independence of the axioms of the general theory. 
As usual, we denote by C;, a class of points such that in this class axiom 1 
(t= 1, 2,...., 8) is contradicted and the remaining axioms are satisfied or are 
non-effective. 

C,. Construct a complete set of 35 ternary alternating products in seven 
elements, 1, 2, 3, 4, 5, 6, 7, such that every triad is reducible to the form [£7], 
where E< y<. If in this set the triads 


[125] [236] [347] [451] [562] [673] [714] ~ 
are replaced by their conjugates, 
[215] [826] [437] [541] [652] [763] [174], 


then the resulting set is a C,. Another set of the latter kind is obtained by con- 
sidering a complete set of 84 ternary alternating products in nine elements, 


* Cf. E. H. Moore, ‘‘Atti del IV Congresso Internazionale dei Matematici,’? Rome (1909), p. 98; O. Bolza, 
Bulletin of the American Mathematical Society, Vol. XVI (1910), p. 402. 

¢ The generalization which is relevant to our application of the above principle is a denotative generaliza- 
tion, or generalization in extension, as distinguished from the connotative or intensive generalization. 
¢ With this result compare Russell, loc. cit.. § 382. 
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1, 2,3,..--, 9, such that every triad is reducible to the form [&¢], where 
E<n<, and replacing the triads 


[126] [237] [348] [459] [561] [672] [783] [894] [915] 


by their conjugates. It would seem of interest to examine the availability of 
the infinite sequence of analogous sets that here suggests itself. 

C,. Take any one of the complete sets of "C; ternary alternating products 
in n elements, 1, 2,3, 4,...., (n=8, 4, 5, ....), such that each product is 
reducible to the form where E< n< 

C,-C,. For the remaining independence sets reference may be made to 
AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXI (1909), p. 386. 


On Certain Expansions of Elliptic, Hyperelliptic and 
Related Periodic Functions.* 


By F. R. Movtrton. 


§1. Lnrropvuction. 


The functions treated in this paper are defined by differential equations 
of the types which arise in many physical problems. For this reason special 
interest attaches to the real solutions. The problem of finding the properties 
of the solutions and their expansion is, however, one of analytic functions, and 
therefore it is not convenient to limit the discussion to real values of the 
variables. Consequently the analytic character of the solutions is determined 
and, because of the possible practical applications, especial attention is given to 
developing convenient methods for constructing them. 

When the differential equations treated here are suitably specialized, they 
define certain elliptic or hyperelliptic functions. One of the most perfect theories 
in analysis is unquestionably that of elliptic functions. Nothing could be more 
systematic and elegant than the development of the properties of these functions 
when they are defined by the conditions that they shall be uniform and without 
essential singularities for all finite values of the independent variable, and that 
they shall have an algebraic addition theorem or that they shall be doubly 
periodic. These strong conditions make possible the detailed devélopment of 
the theory, but they prevent its ready extension to more general cases, In this 
paper the point of view is altogether different. The functions are defined by 
differential equations, and the loss suffered in not explicitly prescribing their 
properties is partly balanced by the greater elasticity of the methods. 

In physical problems the questions of periodicity of motion and the asymp- 
totic approach of the dependent variables to limiting values are of primary 
interest. In the case of elliptic functions there can not be more than two periods, 


* Read before the American Mathematical Society under a different title, April 28, 1911. 
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only one of which can be real; but in the case of hyperelliptic and more general 
abelian functions the number of real periods is not limited. In §2 the question 
of the existence of the real and purely imaginary periods is treated. In this 
connection the qualitative character of the real curves defined by the differential 
equation is considered. In §3 a number of special cases are treated, the simplest 
of which gives rise to the ordinary elliptic functions. In §4 a method is given 
for expressing the periods by converging series in certain parameters of the 
differential equations. In §5 the explicit construction of the periodic solutions 
from the differential equation is treated, and some of the important properties 
of the solutions are derived. In §6 a method is given for constructing the 
solution from the first integral of the differential equations. In §7 a method 
is given for constructing the solution, its properties being known from the 
discussion of §5, from the values of the dependent variable and its derivatives 
for special values of the independent variable. The whole problem of con- 
structing the solutions is there reduced simply to solving sets of ordinary 
linear algebraic equations. In §8 application is made to the Legendre elliptic 
functions, and new expansions are given for them which, in § 9, are proved to 
converge for all finite real values of the independent variable if the absolute 
value of the modulus ~’ is less than unity. The series are very convenient for 
practical use and are developed to the twelfth power of x inclusive. 


§2. THE DirreRENTIAL EQUATIONS AND PERIODS OF THE SOLUTIONS. 


Consider the differential equation 


(1) 


where the A; are constants. Suppose the series converges if r<|a|< Rh. This 
problem includes that of the motion of a particle moving subject to a central force 
varying as any positive or negative power of the distance. The determination 
of the motion of a particle in the equatorial plane of an oblate or prolate spheroid, 
or in fact in the equatorial plane of any body whose surface can be expressed 
by zonal harmonics, depends upon an equation of the type of (1). Equation (1) 
also includes all those problems whose solutions are obtained from the inversion 
of elliptic and hyperelliptic integrals. Reference to any treatise on elliptic func- 
tions will show the abundance of these problems. 


Hyperelliiptic and Related Periodic Functions. 


Equation (1) admits the integral 


d= JF) =| Bia’ + Blogz, (2) 
where B, is the constant of integration and where 
= B= jm—o,....,+ 0, except 0. 


The series f(x) also converges if r<|x|< R. 

It follows from Cauchy’s fundamental theorem on analytic differential 
equations that if, for any finite ¢,, the dependent variable x takes such a value a, 
that the right member of (1) is regular, the solution of (1) is a regular function 
of ¢ in the vicinity of ¢,.. Therefore the solution of (1) is regular for at least all 
finite values of ¢ for which x stays in the ring r<|x|< FR. It does not, of course, 
follow that for given initial conditions finite values of ¢ exist such that x takes 
all values in the ring. 

Suppose the roots of f(x)=0 in the ring r<7r,< |x| SR, < PR are 
4, ++++) Gp, Where p is finite except in the trivial case f(x)=0. Suppose 
the a, are all distinct. Now join the circumferences r and & by a cut C which 
does not pass through an a; and which has no double point. From (2) we have 
dex 
(3) 


It is well known from the general theory* that the values of ¢ obtained by 
integrating from 2 = 2, back to x =~2,, over any path not passing through an a, 
or crossing 7,, R, or C, are linear functions with integral coefficients of 4—1 
primitive periods a, ....,@, and J;, where a,,....,@, are the values of the 
integrals along closed paths around a, and a, a, and az, ...-, a, and a, 
respectively, and where J, is the integral from 0 toa,. These periods may not 
all be distinct and they are in general complex. 

We shall confine our attention now to the real and purely imaginary periods. 
Suppose the coefficients of (1) and (2) are all real. Suppose a,, ...., a» are the 
real positive roots of f(x) = 0, and that @,,...-, @, are the real negative roots 
of f(x) =0 satisfying the inequalities r,;< |a|<F,. It follows from the hypo- 
theses above that f(x) is finite, continuous, and single-valued in the real intervals 
and it changes sign only at the a, and 


* Puiseux, Journal de Mathématiques, 1850, and Picard, Traité @’ Analyse, Vol. II, Chap. VIII. 
23 
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Suppose f >0, where a,< 2,< and that f(x) does not vanish for 
a,<2%< a,,;- Therefore x, is real and we may suppose it is positive. The 
solution x will be a real function of ¢ and x will increase with increasing real 
values of ¢ until it reaches a,,,. It follows from (8) that this value will be 
attained for a finite value of ¢ if a,,, is a simple root of f(z7)=0. If x=a,,, 
is a multiple root, « will approach a,,, asymptotically as ¢ becomes infinite. 
Suppose a,,,; is a simple root and that x has attained this value at ¢;,,. It 
can not pass beyond this value, for then f(x) would become negative and 2’ 
imaginary, whereas x is a regular function of ¢ having real coefficients in the 
vicinity of this point. For the same reason it can not become complex as ¢ takes 
increasing real values. It can not become a constant at this point, for x” is 


f 


Fig. 1. 


distinct from zero, since a,,,; is a simple root of f(~)=0. Therefore as ¢ 
increases beyond ¢,,,, x’ becomes negative and « decreases continuously to a,, 
which it reaches in a finite time if a, is a simple root of f(z)=0. Then the 
sign of «’ changes and «& increases to a,,, again. That is, under the conditions 
set down ~ oscillates between a; and a;,,, in the period 


P(a;, = (4) 


Similar results are true for all other closed intervals in the ring whose end-points 
are simple real roots of f(«)=0 for which f(x) is positive. The periods are 
not necessarily distinct. 
In an interval in which f(x) is negative we make the transformation 
t=/ —1¢, 
after which the problem in ¢ has the same properties it previously had in ¢. 


R, 
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That is, there are purely imaginary periods corresponding to the closed intervals 
in which f(x) is negative, and for them z is real.* 

The solution involves two arbitrary constants, one of which is B); the other 
is additive to ¢, since (1) is unchanged by the transformation t=*4+¢. The 
constant ¢ has no influence upon the analytic character of the solutions, but it is 
quite otherwise with B,. Since this constant is additive in f(x), changing it 
simply produces a vertical shift in the curves of Fig. 1. Suppose B, is increased. 
As a@ minimum approaches the x-axis, the two real periods associated with the 
adjacent intervals for which f(x) is positive approach infinity. On the other 
hand, the associated imaginary period approaches a finite determinate limit, as 
can be shown by forming the expression for the period and passing to the limit. 
If a,,; and a;,. are the two roots which approach equality, we have 


f (x) = — (@ — 0441) — x) (ax), 


where (x) >0 for Let the value at which a,,, and a;,. unite 
bea andy(a)=A>O. Letr=a+é When a,,.—a,,, is sufficiently small, 
Y(a + &) can be expanded in a power-series in & which converges for all x in 
Therefore the imaginary period is 


where @ = vA The limit of this integral as is Ba. 


As B, increases beyond the value for which a,,;=0,,., the purely imaginary 
period and one of the real periods giving real values of x disappear, and there 
remains in place of them a single period, which is real, giving real values of z. 
If the value of B, decreases until a maximum of f(x) crosses the x-axis, the réles 
of the real and imaginary periods are interchanged. 

Suppose the positive roots of f(x)=0 in the interval 7,;< |x| < f, are 
1, Ag, Suppose f(x) is positive in the intervals a,a,, and negative 
in dag. In the positive intervals x is real for real ¢, and in the negative inter- 
vals it is real for purely imaginary values of = / —1vr. In Fig.2 these curves 
are given. Those which belong to real values of ¢ are given in full lines and 


* While elliptic functions can have only two periods whose ratio can not be real, the functions defined by 
these more general equations can have any number of periods. This point has been insisted on by Casorati 
in two memoirs in Acta Mathematica, Vol. VIII, 1886. 
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that which belongs to imaginary values of ¢ is given in chain dots. In its case 
the ¢-axis should be read the t-axis. 

Since the solutions carry an arbitrary constant added to ¢, they may be 
displaced in the horizontal direction without changing their character. The 
figure has been drawn so that & starts ata, at¢=0. It arrives ata, att =17, 
and returns toa, att=7,,. But if ¢ takes purely imaginary increments when 
it arrives at 4 7;,, x will describe the curve belonging to the interval a,az;. 
At #=147,+/—1317,, x will have the-value a;, and will return to a, at 


Fig. 2. 


But if ¢ takes real increments after t= 3 Ty, +/—14 Ty, 
x will describe the curve belonging to the interval a;a,, and will arrive at a, at 
Tg t+ 3 Ty. 

The discussion of the branches for |x| > can not be made unless more 
properties of f(x) are given. 


§ 3. Some CaAsEs. 


CasrE 1. B=0 and only a finite number of the B_; distinct from zero. 


_If only a finite number of the B_, are distinct from zero, r=0. If B is 
distinct from zero, the constant B, is not defined for x=0. If x has initially 
some value distinct from zero, and if for ¢=¢, it becomes zero, ¢, is an essential 


x 
‘ 
v 
=< 
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singular point. If B_;=0 for 7=1 and 7 >™m, and if B_,, #0, the nature 
of the function in the vicinity of ¢=¢,, where «=0 for ¢=4#,, can easily be 
determined from (2). We have at once 


(6) 
| 
Inverting this series, we have 


If the constants A, are real, the coefficients D,; in (7) are real. The 
variable x considered as a function of ¢— ¢, has m-+ 2 determinations which 
vanish at ¢—¢,=0. If m is even, they are all complex, or two are real and m 
of them are complex for both positive and negative real values of ¢—t, 
according as B_,, is negative or positive. If B_,, is negative, two branches 
are real for both positive and negative purely imaginary values of t—t,. 
If m is odd, there are m+ 1 complex values of x and one real value for both 
positive and negative real values of ¢. In this case there is one real value of x 
for both positive and negative purely imaginary values of ¢. 

Suppose m is even, B_,, is positive, and f(x) has simple zeros at 
% ==, a, Bz, where a,<a,< R, —6,< Suppose x=0 at 
¢=t,. There are two real branches in the neighborhood of t= 4¢, for both 
positive and negative real values of t—¢,. Let us take ¢— ¢, positive and first 
consider the branch for which x’ becomes positive. It follows from (2) that on 
this branch 2 stays positive and x increases until it reaches the value a,. For 
real increasing values of t—¢,, x changes sign and «x decreases to zero, which it 
reaches at a finite value of ¢—¢,= 7(0,a,). At this value of ¢—t¢,, x! changes 
sign by passing through infinity and x remains positive after passing through 
zero. Then the cycle to a, and return is repeated. There is a similar cycle 
to 8, and return with the period 7(0, @,) obtained by starting with the branch 
for which a became negative for real ¢— ¢, near zero. 

If ¢—t#, takes purely imaginary increments after arriving at any odd 
multiple of 4 7'(0,a,) on the branch which lies between 0 and a,, 2 will 
describe a real curve between a, and a,; and starting from the other branch 


m 
x? dz 
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there is similarly a real curve between (, and @, for purely imaginary incre- 
ments to ¢—¢, after it arrives at any multiple of 7(0, 8,). Fig. 3 shows the 
curves for real ¢—¢, in full lines, and for imaginary ¢—¢, in chain dots. The 
curves are drawn satisfying the initial condition x=0 at ¢=0, and by con- 
tinuous variation of ¢ from this value all the branches shown can be obtained. 
Now suppose that m is again even, that f(x) has simple zeros at «=a, a, 
Bi, G2, but that B_,, is negative. The only qualitative difference between 
this case and that just treated is that the full curves belonging to real ¢—4, 


Fre, 3. 


and the chain-dot curves belonging to a purely imaginary ¢—d¢,, are inter- 
changed in position. 

Suppose m is odd, B_,, is again positive, and f(x) has simple zeros at 
a, where Rk, —8,.< +R. In this case 
there is only one real value of x both when ¢—4, is positive and when it is 
negative, and in both cases =x is positive. If ¢—¢#, is a positive or negative 
pure imaginary, there is one real branch on which = is negative. For real 
¢t—t,, whether increasing or decreasing from ¢—¢,=0, x increases to a, and 
then returns to zero after a finite time 7(0,a,). For purely imaginary ¢—4#,, 
a decreases to 8, and returns to zero after the finite time “—17(0,@,). If 
¢t—t, increases by purely imaginary increments from 3} 7'(0, a,), x remains 


x 
a 
t 
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real and increases to a,, and then, decreasing, returns to a, at the finite time 
/—1T7 (a, a). If t—#, increases by real increments from —1 7(0, 
x remains real and decreases to @, and then returns to @, after the finite interval 
T (@,, Bz). Fig. 4 gives the real curves with the arbitrary determined so that 
*~=0at¢=0. By continuous variation of ¢ through real and purely imaginary 
values over the proper ranges, all the curves will be described. 

The case where B_,, is negative differs qualitatively only in that the curves 
for real and purely imaginary values of ¢—¢, are interchanged in position. 


- 


Fira. 4. 


Case 2, B=0 and only a finite number of the B, distinct from zero. 


We now consider the case where B= 0, B, 0 and the B=0, 7 >n. In 
this case R=. The question of chief interest is the nature of a as a function 
of ¢ for those values of ¢ for which x= 0. Let «= 1/£ and (2) becomes 


n—4 3 
If n <4, the case of elliptic or exponential functions, & is a regular function of 
t at ¢;, where §=0, x= at ¢=¢#,. In other cases we find from 


\ , \ / 
/ \ / \ 
n—4 
n n—-1 
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The discussion of the real branches of the curves defined by this equation is the 


same as that of (7). 

Suppose a is the largest positive root of f(x) =0 and that @ is the negative 
root having the largest modulus. Suppose further that these roots are simple. 
Then it follows from (9) that £ will vary from 0 to 1/a or to 1/@ in a finite interval 
of time T(a, ©) or 7'(8, «<). Under the hypotheses which have been adopted, 


if ¢—¢, increases continuously beyond 7'(a, ©) or T(8, ©), by real increments 


x 


Fia. 5. 


if B,, is positive and by purely imaginary increments if B, is negative, &’ will 
change sign and & will return to zero. For B,, positive and m even the infinite 


branches of the real curves are given in Fig. 5. 
If B, were negative, the curves would be similar for purely imaginary 


values of ¢. 
If n is odd and B,, positive, there are positive real branches for real values 


of ¢—#,, and negative real branches for purely imaginary values of ¢— 4%. 
Qualitatively the figure for the real branches would be the same as Fig. 5, 
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except that the negative branches would belong to purely imaginary values 
of ¢—t,. If B, were negative, the results would differ qualitatively from those 
where B,, is positive only in that the real and purely imaginary values of ¢— t, 
would be interchanged in position. 


Case 3. f(x) a polynomial of the fourth or third degree. 


Suppose the roots of f(x) =0 are 1, Xp, ag, a, and that the coefficient of x‘ 
is unity. Suppose a,,...-, a, are real and distinct and that the notation has 
been so chosen that a,< a,< a;<a,. We now make the linear fractional 
transformation 

(11) 

Ag Ag E—f, 
which transforms a,, a3, a, into &, &, & respectively, and any other point x 
forming a certain anharmonic ratio with a,, as, a, into a & forming the same 
anharmonic ratio with &, &, &. We assign the values &£,=—1, §= +1, 
£&, = + 1/x, where x is determined by the condition that the point a, shall be 
transformed into —1/x. This is, of course, the Legendre normal form. Then 
(11) becomes 


(1 + x)? Ay 
= = 
(1 — x)’ ag 


' Solving, we get 
The former of these two values of x is less than unity and will be adopted. 
It leaves the transformed points in the same order on the real axis as the 
original ones. Then equation (2) becomes . 
A= (a — a) — ag) 
If f(x) were of the third degree, that is, if a, were infinite, the transformation 
would Jead to the same result. 
In the case under consideration & is a regular function of ¢ for all finite 
values of ¢. It has four periods, 


T(—1/x, —1), T(—1, +1), 7(+1, +1/x), T(1/x, +0, —1/x). 
The first and third are obviously equal. Since the transformation § = —1/xy 


leaves the form of the first of (13) invariant, the second and fourth periods are 
24 


and x (12) 


x 


(18) 


. 
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also equal. One period is real and the other purely imaginary. The real 
curves are shown in Fig. 6. 


4. The differential equation a! = (1—x*) (1— x’ x’). 
The case n >2 will be discussed here only to show in what general respects 
the functions defined by this differential equation differ from those heretofore 
x ' 


Fia. 6. 


treated. For simplicity f(x) is taken in the Legendre normal form. But it 
is noted that if we should start with f(x) having the zeros a,, a, a3, a%, 
the transformation (11) would not in this case reduce the differential equation 
precisely to the normal form. 

The solutions of 


= (1 — x’) (1— x’? x’) (14) 


are regular functions of ¢, certainly for all finite values, except possibly those 
for which = +1, x2 = +1, We shall examine the function at these 
points in turn. 


' 
' : 
3 
y 
! 
! 
‘ 
: 
' 
' 
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Suppose «=0 at ¢=0. One of the determinations of the radical is real 
and positive. If we choose this one and take ¢ real and positive, x will increase 
to unity, which it will reach at the finite time 


_ dx 
v= (1 — (1 — x? 2?) | (18) 


If n were even and the negative determination of the radical had been taken, 
a would have arrived at —1 at the time ¢,. 

We must investigate the nature of x as a function of ¢ in the vicinity of 
t=t,. Let e=1—£&; then (14) gives 


dé 


(16) 


Expanding the integrand as a series and integrating, we get 


n-1 
—(t—4)=& 
the a, being real and a positive. Inverting this series, we have 


b> 0, 
(17) 


= 3 


It follows from the second of these equations that 7 is not changed by multi- 
plying ¢—¢, by any n-th root of unity. Therefore, there are n values of ¢— 4, 
having the same modulus which give the same value of tr. As ¢—¢, passes 


through zero, t passes through zero; and its value after changing sign is, for a 
given modulus, equal to that before multiplied by e ""! , which is a complex 


number except when n=2. Therefore, if ¢—dé, is real any real curve belonging 
to it becomes complex when ¢— ¢, passes through zero. It is obvious therefore 
that these functions can not represent the motions of physical bodies. 

If n is odd, & has two real values, one positive and one negative, for real 
negative values of t—¢,. In this case & is not real for any other real or purely 
imaginary values of ¢—¢,. Ifnis even, & has only one real value for real values 
of ¢—#,, and this value is positive and the same whether ¢ — ¢, is positive or 
negative with a given modulus. But in this case & is also real, though it is 
negative, for ¢— ¢, equal to a real positive or negative number multiplied by 
any n-th root of —1. Ifm is 2, these are the purely imaginary values of ¢— ¢, 
encountered in the problems heretofore considered. In general, if m is even 
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and not congruent to zero mod 4, two of these values are conjugate pure im- 
aginaries. But if m is a multiple of 4, all these values of ¢ —¢, are complex. 

It follows from this discussion that if we start with «=0, 2’ real and 
positive at ¢=0, a will take the value +1 at a finite time ¢=#,. At this point 
there are n—1 branches of the curves satisfying the differential equation, and 
there are values of ¢—#,, real or complex, for which x remains real and in- 
creases, and others for which it remains real and decreases. On the branch on 
which it increases it arrives at +1/x at a finite time ¢=7,. At this point the 
description of the branching differs from that at x= -+ 1 only in that positive 
and negative as applied to &, where «=1—E£ as before, must be interchanged. 
Consequently there is a real increasing value of « beyond x= 1/x for real 
positive values of ¢—¢,. If we follow this curve, x will tend toward infinity, 
which it will reach at the time 


dx 
T(1 om - 18 
which is infinite unless n < 4. 
Suppose n = 3 and let x=—1/&. Then, if at t=%,, we have 


_f di 
f (1 — (x* — &?)’ 
the a; being real and a) positive. From this we get 
E 
(19) 


The discussions for —1, —1/x and o are essentially the same. We see 
that the details are quite different when m is even from those when it is odd, and 
that «=o for finite values of ¢ only if m is 2 or 3. In the former they are 
regular points, and in the latter poles of order 3. For n=3 the real curves 
are shown in Fig. 7. 


§ 4. Expiicit CoMPUTATION OF THE PERIODS. 


Suppose it is desired to find the period corresponding to the interval a,, a,,;. 
One method is obviously to compute the numerical value of (4) by mechanical 
quadratures, as Legendre did in the case of elliptic integrals. But this is not 
sufficient in the present discussion, because in constructing the solutions in §§ 5-7 
it will be necessary to have the periods developed in converging series. 
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Since the zeros of f(x) in 7,<|x|< R, are a;,...-,a,, we may write 
f(x) = a)... ay) (2), (20) 


where f(z) is finite and distinct from zero in the ring 7,;<|2|<.R,. Suppose a, 
and a,,, are real and that f(a)>0 for a;< %< a44;, 80 that the period is real. 


Fie. 7. 


Let 


a,+a — 


Then (20) becomes 


where y(£) is finite and distinct from zero for all § corresponding to 7,<|x|< &,. 
Those a, which are complex occur in conjugate pairs. In these cases we take 
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their products and obtain factors of the form + 6,, where 6;, y; and 
6; are real constants. Then we may write (22) in the form 


A*(a441— 0%)? 


+ + + (1+ mE + P(E), (23) 
where 91, Pxy Ary ++) Ary and the coefficients of are real con- 
stants, and where F(0)=1. Moreover p,, ...-., p, are less than unity because 


a, and a,,, are consecutive real roots of f(x) = 0. 

In order to compute (4) we must take the square root of the reciprocal 
of f(x). The square roots of the reciprocals of the factors (1 + p,&)..--(1 + p:é) 
are expansible as power-series in § which converge for all |&|<1. The expan- 
sion of the square root of the reciprocal of 1 + A,& + u,€* as a power-series in & 
converges if |~|<1//|u;|. We shall suppose at present that the |y,| are all 
less than unity. Then (4) becomes 


where P,, P,, ...- are polynomials in ..--, px, Aj, and the coefficients 


of F(é). The series under the integral sign converges for |&|<1. Since 


+1 gant +1 _ (2n)!n 


the period is 
on (Qn)! Pon 
T(a;, = A {2 +2 . (25) 


n=1 
Since 


(Qn)! _1.8.5....9n—1 
Fin 2.4.6....m 


and the integrand of (24) converges for |&| <1, the right member of (25) is a 


convergent series. 
In the simple elliptic case 
wa"), <1, 


the real period is 
2 


Suppose now that |u;| >1, but that all other |u,|< 1, and that 
1+ AE + =m 
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where @ and y are real. The integral in this case can be computed from — 1 
to B, and then from B to +1. Let 


Then when §=—1, and y=+1 when The quadratic 
2 

factor — 6)? + becomes 8) The square root of its 

reciprocal is expansible as a converging power-seriesin 7 if |7| <1 1+ 


Therefore the first of the two integrals is 
[1 + Qin + 
T(a = 
(a, B= 
For the second integral there is a similar transformation and expansion. 

If two of the |u,;| were greater than unity, the integral in x from a, to a,,, 
would be broken up in a similar way into the sum of three integrals which 
would be defined by converging series, This process of division can obviously 
be extended to include the case where any finite number of |u,;| are equal to 
or greater than unity. 


§5. ConstrvcTION OF THE SOLUTION. 


Suppose it is desired to find the solution for which z oscillates between 
a, and a,,,;. By the transformation (21) the differential equation becomes 


where F'(£) is a power-series in £ which converges if |£|<1. 
For convenience let us make the transformation 


Pi = Pal, 
Ai 


where the c¢;, are coefficients of expansion of F(é). The parameter u will guide 
the computations ; in numerical applications it will be taken equal to unity and 
the bars on the p,, 4;, , and ¢; will be omitted. After the transformations (28), 
equations (27) and (25) become 


Av (1—&*) P(E; u), 


(29) 


| — 
QW), 
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where P is a power-series in « which converges if |&|<1, provided all |u;|< 1, 
and where Q(u) is the series (25). The coefficient of u‘ in P contains £‘ as a 


factor. 
In order to place in evidence the period in the construction of the solution 


let us make the transformation 
1 
t—h=7 (30) 


Therefore, the period in the variable ¢ is 27. If we denote by dots the 
derivatives with respect to +, we have 


E = Q(u) Pe) (31) 


By Poincaré’s extension of Cauchy’s theorem* the he of these equations 
can be integrated as a power-series in uw, and |u| can be taken so small that 
the series will converge for any preassigned interval for c. The same result 
is effected by taking p,, 4;, 4; and c, small, and « equal to unity. 

Let us construct the actual solution of the second of (31) with the initial 


conditions £(0) = —1, £(0)=0. We have 


feu? t+..--, 

P=14+PEut +...., (32) 


where the P,, and Q,, are known constants, and the é,, are functions of ¢ to be 
determined. Substituting (32) in (31) and equating to zero the coefficients of 


various powers of uw, we find 
Eo + & =0, 


(88) 


where is a known polynomial in &, ...-, 


* Les Methodes Nouvelles de la Mécanique Céleste, Vol. I, p. 58. 
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Equations (33) can be integrated in the order in which they are written. 
Since the initial conditions are identities in nu, we have 


&(0)=0, gy=l,...., (34) 
&,(0) = 0, f= 0, ...-, @. 
With these initial conditions the solution of the first equation of (33) is 
= — cost. (35) 
Then the second equation of (33) becomes 
+ &, = —4P,— cos 2, 
whose solution satisfying (34) is 


&, = —4P, +4 P, cos 2¢. (36) 
Let us suppose that &, ...., &,_,; have been computed and that it has been 
found that &;, 7=0, ...., n—1, is a sum of cosines of multiples of 7, the 


highest multiple being 7+1, and then consider the right member of the (n +1)-st 
equation of (33). Its general] term, aside from a constant coefficient, has the form 


[Rn] = (37) 
It follows from (31) and (32) that the exponents and subscripts satisfy the relations 
Ett... | (38) 


Each element of the general term being a sum of cosines, the product is a sum 
of cosines. The highest multiple is 
Nn = + 1) + +1) +1); 

which, by (38), has as its greatest value n+ 1. Therefore, the differential 
equation at the (n+ 1)-st step is 

EL, +E, = AM + AM cose + AM cos2e7 4+ .... + AM, cos(n (39) 

The solution of (31) is periodic with the period 2% in ¢ for all |u| 
sufficiently small. Therefore, 


j=0 


where the identity holds in both wand zt. It follows from the fact that it is an 
identity in u that 

+ (rt), 7=0, ...-, w. (40) 
Since this relation is an identity in 7, each & is separately periodic with the 
period 22. 
25 


| 
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Now consider the integration of (39). Since the solution is periodic, the 
coefficient A{" is zero. This condition has been secured at each step by the factor 
Q*(u) in the second of (31). With Af” = 0, the solution of (39) satisfying (34) is 


+a™ cost + cos(n+1)7, | 


af? = A’, 
n) 
(n) 
af” = — A+ = 


These results have the een assumed in the beginning, and the induction 
is therefore complete. 
§6. Drrect ConsTRUCTION OF THE SOLUTION FROM THE INTEGRAL. 


The properties of the solution being known, it can conveniently be found 
from the first equation of (31). Let this equation be written in the form 


(u) (1— &*) P(E; w =F (E, &; =0. (42) 


This equation holds identically in w and r. Since & and & are expansible as con- 
verging power-series in u, F’ can be expanded as a power-series in u of the form 


Fw t+.... =0. 
Since this equation is an identity in u, we have 
F,, (&;, &;) = 0, g=0, ...., n=O, ...., 0. (43) 


Now suppose the expressions for & and E, given in the first of (41) are 
substituted in (48). It follows from (42) that the largest value of 7 in F, 
is j=n. The result of the substitution will be a sum of cosines of integral 
multiples of ¢, the highest being n+ 2. Therefore, (43) may be written 


F, = BO+ BY +....+ cos (n + 2)7 = 0. (44) 
Since this equation is an identity in +, we have 
n+ 2 (45) 


It follows from the form of (42) and the fact that in P(é, w) every term except 
the first, which is unity, is multiplied by uw that the Bi” have the form 


By? = — 2af” + 
BY _ + Of”, 
By = + CF, § (46) 


BO =+ (J — 2)a —(f + + Of”, j= 2,.... 2, 
BY, = + (n— +0 + 
Bri, = + nah +0+ j 
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where the 7=0, ....,n+ 2, are known functions of a, ...., 
Therefore if af, ....,a{"-? have been computed, equations (45) determine 


af, ..+-,a%,. The solution is most conveniently made by starting with the 
last equation and using them in order to the first, with the exception of the third, 
which is redundant. If the constant of integration in (42) had not been deter- 
mined on the start so as to belong to the solution with the period 2, the 
coefficients of the (n + 1)-st term of its expansion as a power-series in u would 
be determined by the third equation of (46). 


§7. Direct ConstrucTION OF THE SOLUTION FROM THE VALUES OF £& AND ITS 
DeRIVATIVES AT AND T=7. 


We may write (31) and their successive derivatives in the form 


E= 


RE, § (47) 


— R,Aé, lt), 


where the R,(&, uw) are power-series in & and uw. The derivatives obtained in 
the right member are of course eliminated at the successive steps by the first 
equation. Since at r=0 and §=+1 at identically in y, 
we have 


(0) = 2 = —1, 


E(n) = +1, 


j=0 j=0 J 

Now consider the determination of the coefficients of £. Its form is given 

in (41), from which it follows that all odd derivatives vanish at both r=0 and 
All uw) also vanish at and t=7, because they carry 
/1—& asa factor. Hence the coefficients of equations (48) are identically 
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zero when n is odd. Since equations (48) hold identically in u, we have for. 


even values of n 
E,(0)=0, 


E;(x) = 0, 
2n 
(0) = 1), J=0,...-, 0, 


2n 
= pin(+ 1); 
or, making use of (31), 


af +a +4+....4 =0, 


af? — af? +....+ (— = 0, (49) 
0 +a + +....4(7+1)" = pP(—1), n=1, 2,...., &, 
0 —al? + "af? —....4+(— + 1)" = pY (+ 1). 


Since the right members of these equations are known, the ai? are uniquely 
determined by this infinite set of equations, provided the determinant of the 
coefficients of any 7+ 2 of them is distinct from zero. It is clearly necessary 
to use at least one of the first two equations, which alone involve af?. If those 
equations are taken for which t= 0, the determinant is an alternant and is dis- 
tinct from zero. Therefore the solutions are uniquely defined by the properties 
which have been established and by these equations. This is the simplest 
method of computing them. The results of the computation are easily checked 

by substituting them in any of the infinitely many superfluous equations. | 


§8. APPLICATION To THE LEGENDRE Exuiptic FuNcTIONs. 


The results which have been obtained in §§ 5-7 include the Legendre Elliptic 
Functions as simple special cases. Consider sn 7, the sine amplitude function, 


which is defined by 


<1, 
a! = — (1+ )a + (50) 


The parameter x’ plays the rdle of u above, and the solutions are in powers of x’. 
In order that the results may agree with the usual notations, we take the initial 
condition z(0)= 0. In this case we have 


Then 


% = Q(x*) — 2”) (1 — x2’). 


Hyperelliptic and Related Periodic Functions. 


The solution of this equation as a power-series in x’ is 
Making the computation by the methods of §§ 5-7, it is found that 
= sin 
= [sin + sin 3c], 
2, = (7 sin + 8 sin 37 + sin 57], 
2% = 5:[67 sin t + 82 sin 37 + 16 sin 5¢ + sin 77], 
= 738 sin + 945 sin 37 + 230 sin 5c + 24 sin 77 + sin 97],\ (53) 
[8808 sin + 11,661 sin 37 + 3264 sin 5c + 442 sin 7r 
+ 32 sin 97 + sin lit], 
Lyo= eo [110,728 sin t + 150,486 sin 37 + 46,519 sin 57 
+ 7440 sin 77 + 718 sin 97 + 40 sin 117 + sin 137], 


Each of these expressions carries sin ¢ as a factor. Since a(x/2)= 1 for 
all x”, it follows that 2»,(%/2)=0, n=1,...., 0. Therefore each 2,,(7/2), 
m==1,...., ©, carries cos as a factor. Since also vanishes for x*< 1, 
it follows that each 2,, has cos’? as a factor. After sin-7 cos’¢ is removed, the 
result can conveniently be expressed as a sum of even powers of cosines of rt. 
The explicit results are 


= sin 

% = cost, 

= sin + 4 cos’e], 

= ste sin t cos’7[10 + 11 + 4 cos‘ 


= rhs: sin cos’ [389 + 500 + 272 + 64 | (54) 
= cos’ [1054 + 1499 cos’ + 984 + 368 cos*¢ 
+ 64 cos* 
= Sin T cos* [12,242 + 18,759 cos? + 13,800 cost¢ 
+ 6448 cos’ r + 1856 cos*t + 256 cos” 


These expressions are very convenient for use in practical computations. 


Let y=cnt, the cosine amplitude function. Then we have 


joi fet (55) 


1 — 
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It follows from this equation that y is expansible as a power-series in x* and 
that the coefficient of x" is a sum of cosines of odd multiples of ¢, the highest 
being 2n-+1. The explicit expression for y can be derived from this equation, 
but it is just as conveniently found from the differential equation which y 


satisfies, viz., 


y = Q(x") (1— (1— + xy’), (56) 
where y(0)=1, y(m/2)=0. Forming the successive derivatives, equations 
corresponding to (49) are obtained. Since y(m/2)=0, it follows that each 
Yon, N==0, ...., ©, Carries cos as a factor, and since y(0)=1, y(0)=0, 
it follows that each y,,,n=1, ...-, ©, carries sin’? as a factor. These results 
also follow directly from the properties of ~ and the form of (55). Making 
the computation, we find 


Y 
Yo = Cost, 
= — + 4cos*e], 
Ye = — sin’ [17 + 13 cos*t + 4 cos‘e], 
Ys = — cost sin’¢ [759 + 660 + 304 + 64 (57) 
Y= .— cost sin’ [2289 4+ 2149 cos*z + 1192 + 400 cos*r 
+ 64 cos*r], 

Yig = — sin’e [29,023 + 28,727 cos*z + 17,800 

+ 7472 cos*z + 1984 cos*t + 256 cos” 


Now let z=~71—x’ 2, the delta amplitude function. The variable z 
satisfies the equation 
Q(x’) (1— 2”) (—1+ + 2’). (58) 
Making the computations as before, we find for the explicit value of z 


=— 

%—=— 

% [4+ 5cos’c + 2 cost], 

= — [40 + 56 + 32 + 8 cos*z], (59) 
— Sin’ [448 + 677 + 454 + 176 cos*t 


+ 32 cos*z], 
— [1344 + 2152 cos*¢ + 1586 + 756 cos*¢ 
224 cos*z + 32 cos” 
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The functions snv, cn¢ and dn? arise very naturally in many problems of 
mechanics and geometry.* The series (54), (57) and (59) are convenient for use 
in solving these problems, and the coefficients which are given here can be relied 
upon as being correct. But the point of chief interest is that if the differential 
equations defining the functions are of the more general type considered here, 
the same methods of obtaining their explicit values can be used. 


§9. THe REALM oF CONVERGENCE OF THE SERIES (52), (57) AND (59). 


For simplicity let us first consider the series for the sine amplitude function, 
which is defined by 
Q(x*) (1— x*)(1— x*x*), at r=0, (60) 
x = — Q? (x*)(1 + a + 2 Q? (x*) 
It follows from the second of these equations and the fact that Q(x) converges 
for all |x?| <1 that the solution for x considered as a function of x? is regular 
for all |x?| <1 and all finite values of ¢, provided 2 does not become infinite 
for some value of r. In the solutions (52) and (54) ¢ enters as a parameter and 
takes only real values. Therefore, if 2 does not become infinite for any real ¢ 
on the interval 0 to 2, the solution (52), being periodic with the period 22, 
converges for all |x?| <1 and all finite real values of c. 
In order to establish the result that x does not become infinite for a real 
value of ¢, we shall show that the integral 
da 


is not real. It is necessary to specify the path of integration from 0 to o. We 
shall integrate from zero to 1 — « along the real axis; then along the circle with 
radius e and center at 1 to the line joining 1 with the point 1/xz, which will in 
general be complex; then along the line from 1 to 1/x to a distance e from 1/x; 
then along the small circle ¢ around 1/x to the line from 1/x to o whose incli- 
nation to the axis of reals is the argument of 1/x; then along this line to o. 
This may be indicated by 


where 4, ...., J; represent the integrals (61) in order. It is easy to show that 
lim te lim 


I,=0. The transformation =1/xé throws J, into the form 


* See Appell and Lacour, Fonctions Hiliptiques, Chap. V. 
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Therefore we have 


1 dx 1/x dx 
ts 


By-the definition of Q(x*) we have 
da 


J, Q(x?) (1 — 2”) (1— 


Q(x?) 
Q(x") 2? 


which is real whatever the value of x’. It is one-fourth of one period of the 
elliptic function. The other integral is one-half of the other period, and there- 
fore it can not be real, since the ratio of the two periods can not be real. 

Now consider any other path of integration to infinity. If none of the 
branch-points + 1, +1/x is included between the two paths of integration, 
the value of the integral is the same. Suppose only the branch-point +1 is 
included between the two paths. Then the new path can be deformed, without 
crossing a branch-point, into the old one plus an integral from zero to +1 and 
back, after making the circuit of this point. Hence, in this case the value of the 
integral is 4f,+ 4, which is not real. Suppose only the branch-point 1/x is 
included between the two paths. The new path can be deformed, without 
crossing a branch-point, into the old one plus an integral from to 1/x and 
back, after a circuit around 1/x, along a line whose inclination to the axis of 
reals is the argument of 1/x. Hence, in this case the value of the integral is 
21,+ 4,—21,, which is not real. It is easy to see that the integral from zero 
to infinity along any path is 2,+ 4£+2m,4+2m;4,, where m, and m,; are 
positive or negative integers, or zero. This sum can not be real and it follows 
that 2 can not become infinite for any real finite ¢. Therefore, the series (52) 
converges for all real finite values of t, provided |x’|\< 1. 

An analogous discussion proves the same result for the expansions of the 
cosine amplitude and the delta amplitude functions. 


=. 
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On Cubic Birational Space-Transformations. 


By P. Hopson. 


In 1871 Cremona* gave a method of determining all the birational trans- 
formations in which a given surface becomes a plane, when one representation 
of it on a plane is known; he added a great many examples of cubic trans- 
formations, but did not aim at completeness. For the non-singular cubic surface 
there exist seven transformations, which have been given by Loria} and Sturm. t 
This paper deals with singular cubic surfaces. 

The method is briefly as follows, It is required to discover all the hom- 
aloidal families of cubic surface (p,) containing a given member 9g, and having 
certain singularities in common with it. Suppose @ represented on a plane a 
by an auxiliary transformation 7’; all the cubic families here concerned have 
at least one common node, and 7'is taken to be projection from the first of these. 
Then to the family of curves of intersection of @ with ($,) there corresponds a 
homaloidal family of proper or degenerate curves in the plane a, satisfying 
certain conditions; and conversely, to every such plane family there corresponds 
a homaloidal family ($¢,), each member of which contains a certain fixed funda- 
mental system H consisting of curves, simple points, points of contact of various 
orders and multiple points. The different plane homaloidal families of the 
earlier degrees are known,§ and by examining each in turn we are led back 
to all the existing families (?,) of the required kind. 

The following investigation treats of cubic surfaces having 1, 2, 3, 4 nodes 
or a nodal line; there are further subdivisions according as the tangent cone 
at any node has a fixed part of order 0, 1 or 2, presenting 4, 7 or 9 conditions 
to the surface. 


* Rend. R. Ist. Lomb., (2) IV, pp. 269, 315; cited as C. See also Math. Ann., IV, p. 213. 

+ Atti Acc. Sci. Torino, XXVI, p. 197; cited as L. 

t Die Lehre v. d. geom. Verwandtschaften, Leipzig, 1909, IV, p. 8360; cited as 8. 

§ Cremona, Mem. dell’ Acc. di Bologna, (2) V, p. 117. Cayley, Proc. Lond. Math. Soe., III, p. 127 = Coll. 
Math. Papers, VII, p. 189. 
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I. One Node p. 

(i) Let p beacnicnode. Then the intersection of is a C, p*. 

[I follow Cremona in using a suffix to show the order of the curve C; the 
small letters which immediately follow to denote points on it, or numerals to 
denote the number of points; and an index to show the multiplicity of each 
point. Where it is necessary to distinguish between branches through a binode 
touching the fixed and variable planes respectively (see below), this is shown by 
a suffix to the small letter; e. g., C;p?p, is a quintic curve with three branches 
through the binode p, two touching the fixed plane and one the variable plane.] 

The projection of this C, p* is a plane C, abcdef, where these points are the 
fundamental points of 7, and are the traces on a of the six rays, or straight lines 
through p lying on @; these six points lie on a conic, the trace on a of the 
tangent cone at p. This plane curve must be further restricted so as to become 
the generic curve of a homaloidal family of order 5 or less; the possible 
families are: | 

CF, G3, C83, Cre, Ge, Gi*ss, 
the figures showing the fixed base points of the families. When the family is 
of order less than 5, the C, degenerates into the variable member of the proper 
family and a fixed part passing through all of the six fundamental points of T 
which are not base points of the variable part. 

There is a homaloidal family (@,) corresponding to each way of arranging 
this plane family and dividing the fundamental points of 7 between the fixed 
and variable parts; the other base points of the variable part give isolated points 
of the fundamental system H of (¢,). If this variable part has a second branch 
through a fundamental point of 7, then H contains the corresponding ray; the 
remaining fixed curves in H correspond to the fixed plane curves, and the 
former have as many branches through p as the latter have intersections (other 
than fundamental points) with the conic abcdef. 

If one of the fixed plane curves is this conic, the surfaces (,) contain all 
points adjacent to p on 9; 1.e., they have the same tangent cone; this possibility 
will be considered separately later. 

If the fixed curves in H have three or more branches through p, then the 
existence of the node is a necessary consequence of the passage of the surface 
through these curves, and we have a particular case of a transformation of a 
non-singular surface, in which the fundamental curve has acquired a triple 
point. No further attention is here paid to such cases. 
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(ii) Let p be a binode. The conditions which a binode imposes on the 
coefficients of a general cubic surface are not linear unless one tangent plane 
at the node is fixed. Three rays lie in each plane; the C, of intersection of 9, ¢, 
projects into a plane C,def, where d, e, f lie in the variable plane. 

If the fixed curves in H have three or more branches touching the fixed 
plane at the node, then the passage of @ through H causes the degeneration of 
the tangent cone; if the fixed curves have two or more branches touching the 
other plane, this becomes fixed, giving a case treated below; the same happens 
if the straight line def in the projection is fixed. 

The varieties of binode, called by Cayley B,, B;, B, (in which the edge, 
or intersection of tangent planes, is a ray), impose conditions which are not 
linear unless either the edge, or the other two rays in the fixed plane, be fixed. 
Hither supposition leads merely to particular cases of other transformations. 

(iii) Let p be a cnicnode with a fixed tangent cone. The projection of the 
intersection is any plane cubic. This includes the case of a binode with both 
tangent planes fixed, or any kind of unode. 


II. Two Nodes p, q. 


. (i) Let p,q be cnicnodes. The intersection of $, }, consists of pg + C, p* q’; 
the latter part projects into a plane C,a®bede, for here two rays coincide in pg 
(the word “ray” meaning throughout a line through the first node p). Corre- 
sponding to each branch of a plane curve through a, there is a branch of a twisted 
curve through g. All cases in which the fixed curve has two branches through 
one node can be neglected as giving particular cases of previous transformations, 
(ii) Let p he a binode. Since pq lies on the surface, it must lie on either 

the fixed or the variable tangent plane at p. 

First let it lie on the variable plane. The projection is C,a°b, where a, a, b 
are the traces of the three rays in the variable plane, two of which coincide 
in pg. If now the curve in H has one branch through p touching the variable 
plane, this plane becomes fixed, and the whole tangent cone at p is fixed (see 
below). The line ab cannot be part of the plane curve, for the plane pab 
meets in py, pq, pb only. 

(iii) Next let p be a binode, and let q lie on the fixed tangent plane. 
Then this plane touches the surfaces all along pg, which counts twice in the 
intersection. The projection of the remaining C, is C,a’def. The tangent cone 
at q touches the fixed plane, and one other fixed curve through g would make 
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that node a necessity; therefore the fixed plane curve cannot pass through a. 
But one other fixed curve through p touching the fixed plane would cause the 
degeneration of the tangent cone at p. It follows that there is no fixed curve. 

(iv) Let p be a cnicnode with a fixed tangent cone. Then the surfaces 
touch the cone all along pg, which counts twice in the intersection. The pro- 
jection of the remaining C;, is C,a®. Again, the fixed part cannot pass through a. 

(v) Let p,q both be binodes. One tangent plane at each node contains pq, 
and these must be the same plane, osculating the surfaces all along pq, counting 
three times in the intersection and causing the degeneration of each tangent cone, 

(vi) Let p be a cnicnode with a fixed tangent cone, and let g be a binode. 
Then the fixed plane at qg contains pg, which counts three times in the inter- 
section. The surfaces touch but do not osculate the fixed plane all along pq. 
The projection of the remaining C, is C,a*, with one fixed tangent at the node. 

(vii) If both tangent cones are fixed, the projection is C,a*; no such 
homaloidal family exists. 

III. Three Nodes p, q, r. 

(i) Let p,q,7 be cnicnodes. The intersection consists of pg + pr + qr 
+ C,p*q’r*; the projection of the last part is C,a’b?cd, for here two pairs 
of rays coincide in pg, pr respectively. Since any fixed branch through any 
node makes that node a necessity, we need only consider the cases in which 
a’ 6* lie on the variable plane curve. 

(ii) Let p be abinode. Then the fixed plane must contain one other node, 
say g, and the variable plane contains 7. The intersection contains pr, gr and 
a line of contact pg, making the node g a necessity. 

(iii) Let p be a cnicnode with a fixed tangent cone. Then the intersection 
contains gr and two lines of contact pq, pr, making the nodes q,r a necessity. 

All other assignments of fixed planes or cones fail in the same way to give 


new transformations. 
IV. Four Nodes. 


The system is homaloidal without further condition, giving a particular case 
of transformation No. 2. 


V. <A Nodal Line. 

A nodal straight line counts four times in the intersection. If the vertex 
of projection is any point p on the line, the remaining C, projects into C,a‘be, 
where 8, c are the traces of the two generators through p. Or if 7’ is Cremona’s 
quadro-cubic transformation, the plane curve is C,a’*. 
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Various particular cases, but no new transformations, arise from considering 
the cases in which the simple directrix coincides with the nodal line, when there 
is contact of one or both of the sets of sheets with a fixed plane or quadric all 
along the line. 


VI. 


In the following list the transformations given by Cremona and Sturm are 
included for the sake of completeness. The transformations are arranged in the 
first place according to the order of the reverse transformation, secondly according 
to the number of nodes, and finally according to the degree of the fixed parts 
(if any) of the tangent cones. 


Multiple points; curves in H; 
Hoy Geter, (authorities, see references at end of list). 
1} 3-2 none. | nodal line; 3 generators; (C., S., Cayley, Noether). 
3-3 “ no node; C,; (C., L., 8., Cayley, Noether, De Paolis, Kantor, 
Berry, Beloch). 
3 “6 node; p?; (C., 8., Noether, De Paolis, Del Pezzo, Kantor). 
4 “ “ node, fixed cone; C, p*; (C.). 
“ 2 points. nodal line; 2 generators; (C., 8., De Paolis, Del Pezzo, Kan- 
tor, Berry). 
6 | 3-4 1 point. no node; C;; (C., L., 8.). 
7 | “ node; C, p?; (Berry, Del Pezzo). 
8; « | “ | binode; pi p,. 
i) “ | “ node, fixed cone; C,p? + 2 rays; (Berry). 
10 “ | “6 node p, fixed cone, binode g; C, pq, + line of osculation pg, 
surfaces touch plane. 
11 wo 4 points. nodal line; 1 generator; (C., 8.). 
12 | 3-5 | 2 points. no node; C,+0,; (C., L., 8.). 
13 oe | “ node; C,p; (C.). 
14 “ | “ p + ray. 
15 “ binode; C;, pj. 
16 | “ C, py + + ray,. 
17 | node, fixed cone; C, ray. 
18 «| “ 6 a 2 rays + ray of contact, surfaces touch 
quadric. 
19 “ 2 nodes; CO, pg + pq; (C.). 
20 “ “ binode p, node q; C, pq + ray, + pg. 
21 “ node p, fixed cone, node g; 2 rays + line of contact pg, sur- 
| faces touch plane. 
22 | “ node p, fixed cone, binode g; ray + line of osculation pq, 
surfaces touch plane. 
28 “ 1 point of contact. no node; C,; (C., L., 8.). 
24 “ node; C, p*. 
25 “ binode; C, + rayy. 
node, fixed cone; 4 rays. 
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Multiple points; curves in H; (authorities). 


No.| Order. Isolated points in ZH. 

27 | 3-5 6 points. nodal line; (C., 8.) 

28 | 3-6 8 points. no node; C, + @, of contact; (C., L., 8.). 

29) “ node; plane (C.). 

30; « “ + ray. 

31) « ray of contact; (8.). 

32)“ ray of osculation, surfaces touch quadric. 

33) « “ binode; C,p,;+ ray,. 

34) node, fixed cone; C, p?. 

35 rr “6 oh “ ray +ray of contact, surfaces touch quadric. 

36) « “ 2 nodes; C,p + pq; (C.). 

37 “ binode p, node g; C, pq + pg. 

38 “cc 2 + py. 

39 oP “ node p, fixed cone, node g; ray + line of contact pq, surfaces 
touch plane. 

40 . “ node p, fixed cone, binode g; line of osculation pg, surfaces 
touch plane. 

41) « 1 point of contact, 1 point. no node; C,+0,+¢,; (L., 8., Bonicelli). 

42 node; C, p. 

43 66 C; +2 rays. 

“a; « “ “ binode; C,p,;p,. 

45 C, py + rayy. 

46 “ “ “6 ray, + ray, of contact, surfaces touch quadric. 

47) “ “ node, fixed cone; 3 rays. 

48 “ 2 nodes; + pg + ray. 

49 Re “ “ binode p, node g in fixed plane; ray, + line of contact pq, 
surfaces touch plane. 

50 | « “ “ 3 nodes; pg + pr + qr; (C.). 

dll Men 1 point of osculation. no node; C,; (C., L., 8.). 

52) “ node; p?. 

53 | 3-7 4 points. node, fixed cone; ray of contact, surfaces touch quadric. 

54) 2 nodes; C, + pg; (C.). 

55 binode p, node q; + pg. 

56 oe “ node p, fixed cone, node g; line of contact pg, surfaces 
touch plane. 

57 nen 1 point of contact, 2 points. node; C,; (C.). 

58} “ “ binode; C, py. 

59 “6 “ “ node, fixed cone; 2 rays. 

60; * 2 points of contact. node; C, + ray; (C.). 

61 se “ binode; ray, + rayy. 

62 6 “ “6 ray, of contact, surfaces touch quadric 

63 “s “ 2 nodes; ray + pg. 

64 ns “6 binode p, node q in fixed plane; line of contact pg, surfaces 
touch plane. 

65 6 1 point of osculation, 1 point. node; C,p; (C.). 

66; binode; 2 rays,;. 

67 | 3-8 5 points. binode p, node q; pq. 

68 “ 1 point of contact, 3 points. node, fixed cone; ray. 

69 6 2 points of contact, 1 point. binode; ray,. 

70 “ 1 point of osculation, 2 points. node; C,; (C.). 

71 binode; ray,;. 

72 | 3-9 1 point of contact, 4 points. node, fixed cone. 

73 6 3 points of contact. binode. 

74 1 point of osculation, 3 points. 

75 «« {1 point of contact of 3" order, 2 points.| node; (C., 8., Beloch). 


08 
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in § 28, and of No.5 in §3. , 

De Paolis, Rendic. R. Acc. Line., (4) I, pp. 735,754, Cases of No. 2 are included 
in Cl. I, 2, II, 1, III, 2 (1°, 2°), 3(1°), 4 (1°, 3°); of No.3 in I, 1 (1°, 2°); of 
No. 5 in III, 1, 3 (2°). 

Kantor, Amer. J. or Martu., XIX, p. 1. 

Noether, Math. Ann., III, p 547. 


VII. 


All the quartic homaloidal families of Nos.6-11 have multiple lines. Those 
of No. 11 have a fundamental system consisting of a triple straight line, three 
generators and a point; they are described by Cremona (Ann. di Mat., 2 (V), 
p. 158). Those of No. 6 have a double conic and simple quintic; they are 
described by Sturm (loc. cit., p. 371). 

The C,p of No.7 meets four rays, pe, pd, pe, pf, and with these makes up 
the total intersection of @ with a cubic cone. The line 7 on @ which meets the 
remaining rays pa, pb is a 3-secant of C,; and with it makes up the total inter- 
section of @ with a quadric, which is the locus of 7 as @ varies within the 
homaloidal family. If contains any one other point of /, it contains the whole 
line; te. all the points of 7 present the same condition to @ and correspond 
to the same point in the second space, which is therefore a point of a funda- 
mental line of the quartic family ($;); this fundamental line is simple because 
/ is linear, and linear because ¢ contains only one line 7. The same argument 
applied to the rays pe, ...., pf shows that (¢,) also has a fundamental simple 
quartic. Now if ¢ is the fundamental isolated point on $, the plane ¢pa meets 
@ in pa and a conic through ¢, p and three points on C,; this conic presents 
only one condition to @, and since contains two such conics, there is a funda- 
mental nodal conic on (¢j). This with the simple quartic and straight line 
makes up the fixed part Cj, of the intersection of two of the quartic surfaces. _ 
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The C, 7p, of No. 8 meets one ray pf in the variable plane and with it 
makes up the total intersection of @ with a quadric cone. This ray gives rise to 
a fundamental straight line on (¢;); but all the cubic surfaces which contain pf 
have the same variable tangent plane at p, viz., that which contains pf and the 
tangent to the third branch of C; at p; the line on (¢;) is therefore a line of 
contact. The three rays in the fixed plane give rise to a simple fundamental 
cubic on (i); and the planes through ¢ and the remaining two rays to a nodal 
conic. The Cj; of fixed intersection of (@{) consists therefore of a conic counted 
four times, a straight line counted twice and a cubic. 

In No. 9, the four rays which are not fixed give rise to a simple fundamental 
quartic on ($;); the straight line on @ which meets the two fixed rays gives rise 
to a simple straight line; and the two planes through ¢ and the fixed rays lead 
separately to nodal straight lines. 

In No. 10, there are three rays at p which do not coincide in pq; these give 
rise to a simple cubic. The one other ray at qg in the fixed plane gives rise to 
a simple straight line. The plane tpg meets $ in pq and a conic with a fixed 
tangent at p and also passing through ¢, g, which gives rise to a nodal straight 
line. All the cubic surfaces which pass through this conic have the same 
variable tangent plane at g, and the two sheets of ¢; both touch the same fixed 
plane all along the nodal line, which counts eight times in the intersection. 
To make up the Cj, there is needed another simple straight line. This corre- 
sponds to pq; for pg counts three times in the intersection of 9, $,, and one 
of the three coincident lines may be thought of as separated from the others, 
and not meeting the variable C, of intersection of $, $,, but constituting a 
fundamental line of the special kind. 


VIII. Composition. 


Of the 75 transformations enumerated above, there are 26 which can be 
compounded of quadro-quadric transformations (Nos. 1, 5, 11, 16, 20, 21, 22, 27, 
30, 31, 33, 36, 37, 38, 41, 43, 45, 46, 48, 49, 50, 54, 55, 57, 58, 61); 16 others can 
be compounded of quadro-quadric transformations and others of the list (Nos. 
9, 10,17, 18, 26, 34, 35, 39, 40, 47, 59, 60, 63, 64, 65, 66); the remaining 33 are 
independent from the point of view of composition. 


Bryn Mawr Pa., April, 1911. 


On the Definition of Multiplication of Trrational 
Numbers.* 


By OswaLp VEBLEN. 


In developing the theory of the irrational real numbers it is usual to start 
with the set of all rational numbers and to let each cut in this system define an 
irrational number. A cut (x, y) may be defined as a pair of sets of rational 
numbers [a] and [y] such that every rational number is either an x or a y and 
such that x< y for every x and every y. The order relations of the irrational 
numbers are determined by the definition: (2, y;) < (x2, y2) if and only if there 
exist an x, and a y, such that y,< 2,. The sum of the two numbers defined 
by cuts (a, y,) and (%,, y,) is defined as the number associated with the cut 
(a+ +42). The product of two positive irrationals, (x,, y,) and (a, ys), 
is defined as the number associated with the cut (x23, 4; y2), where [a] is the 
set of all positive numbers in [z,]; the product of two negative irrationals and of 
a positive and a negative irrational is defined similarly. 

These definitions of addition and multiplication are stated in the form of 
arbitrary rules. They are, however, designed so that all the algebraic laws of 
operation (associative, distributive, commutative, etc.)} shall be satisfied, so that 
whenever two rational numbers are added or multiplied the result is the ordinary 
sum or product of the two rationals, and also so that when a rational number a 
is added or multiplied to an irrational (a, y) the results are the irrational numbers 
defined by the cuts (a+, a+y) and (aa, ay). The question arises: Js it 
possible to define the addition and multiplication of irrationals so as to satisfy these 
requirements, and yet so as tu give a different result from the ordinary one when 
irrationals are combined with irrationals ? 


* Presented to the American Mathematical Society, Sept. 13, 1911. 

t Of course, if we were to require that addition and multiplication shall preserve order relations (e. g., 
ab>0, whenever a>0, b> 0, etc.), it is obvious that the ordinary definitions would result. But the conditions 
we are inquiring about merely require that order relations shall be preserved when rational numbers are 
combined with rationals or irrationals, and our question is whether it is possible to infer anything about the 
case in which irrationals are combined with irrationals. 
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The answer is that it is possible. In fact, we can impose the further 
requirement that addition of irrationals shall proceed by the rule 


(21, Y1) + Yo) = + Yi + 
This result depends on the theorem* that there exists a well-ordered 
sequence of irrational numbers 


(1) 
such that every real number is expressible uniquely in the form 


where there are a finite number of terms and the a’s are rational. 

The ordinary rule for multiplying irrationals described in the first paragraph 
determines a multiplication table for the a’s, that is to say, a set of rules of 
the form | 

A,0;= By t Bia, + Poa, + + Bin (3) 
The product of any two irrationals is obtained by expressing them in the form (2), 
multiplying according to the rule for multiplying polynomials and reducing the 
result according to the multiplication table. 

Now suppose we denote by 

ay, Ap, az, (4) 


the a’s arranged in another order of the same type as (1). Such an order would 
be obtained, for example, by interchanging a, and a, and leaving the other a’s 
unaltered. Every real number is expressible uniquely in the form 
A multiplication table for the a’’s is given by the rule 
aja; = Bot + Bm Mins 
whenever 


= Bo t+ Bia, + + BnGin- 


A new rule for multiplying any two real numbers is now determined, 
namely: Express each in the form (5), multiply the two polynomials, and reduce 
according to the new multiplication table. 


* Hamel, Mathematische Annalen, Vol. LX, p. 459. Of course, this result is open to all the objections 
that can be made to the proposition that the continuum can be rearranged as a well-ordered set. 
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The number system determined in this fashion satisfies all the laws of 
operation of the ordinary real number system, for by letting each a’ correspond 
to the a with the same subscript we set up a simple isomorphism between the 
two number systems. Moreover, the product of an irrational] by a rational or of 
two rationals is the same in this system as in the ordinary one. 

We may insure that the two number systems are distinct by selecting the a’s 
in the first place so that a, =+/2 and a,=~#/3, and then choosing the a’’s 
so that aj =a,. 

It is not difficult to set up a number system in which both multiplication 
and addition of irrationals are modified. It is not possible, however, to obtain 
one in which multiplication is the same as in the ordinary system while the rule 
for addition is altered for the irrational numbers. For by the distributive law, 


a+b=a(1+ 0). 


Since we are assuming that addition of rationals to irrationals is unaltered, 


(1+20) is given by the usual rule. Since multiplication is unaltered, 


a G +5) is determined by the usual rule. Hence, a+ is the same as in 


the ordinary system. 


A Correction. 


The number system which has been constructed in the article above may be 
used to point out an omission in the article on “A Set of Assumptions for Pro- 
jective Geometry” by myself and Professor J. W. Young in Vol. XXX of this 
Journal. On page 364 we state an Assumption of Continuity as follows: 

c. If there exists any non-modular net of rationality, at least one point Q 
of some line 7 and at least one net of rationality R on / containing Q is such 
that associated with every singly open cut K(Q) in # is a point X, such that: 
1) X, ison 7; 2) if two cuts K,(Q) and K,(Q) are distinct, the points X;, and X;,, 
are distinct; 3) if two cuts K,(Q) and K,(Q) are projective, the points X,, and 
X,, form a homologous pair. 

This, together with the assumptions of alignment and extension and the 
assumption that there is not more than one chain on a line, we stated to be 
sufficient to determine the real projective geometry. 


| 
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If we construct an analytic projective space based on the number system 
described above, we find, however, that it satisfies all of these assumptions. 
This is obvious with the exception, perhaps, of the third part of Assumption c. 
If the net & of that assumption be taken as R (01), any projectivity which 
transforms this net into itself may be written 


tb 


where a, b, c, d are rational. Such a transformation gives the same result in 
the number system based on the a’s as in the ordinary one, and hence ©, 8) is 
satisfied. Therefore, in order that our set of assumptions for projective geometry 
be categorical, Assumption c must be strengthened by a provision that order 
relations are preserved also by projective transformations among irrational 
points. 

I have noted the following other errata in the paper on Projective 
Geometry : 

Part of the proof of Theorem 14, page 355, is omitted; the part lacking 
is, however, well known. 

On page 359, second.line of Theorem 19, read “‘net”’ instead of ‘‘plane’’. 

On the second line of Theorem 20 insert “‘of the net” after ‘‘(line)”’. 


Minimal Surfaces in Euclidean Four-Space.* 


By LutHer PFAHLER EISENHART. 


Introduction. 


By definition a minimal curve in Kuclidean —e x4, 18 one whose 
coordinates x, y, 2, ¢ satisfy the condition 


dx’? +dy?+dz’ 


Recently we have observed} that such a curve can be defined in terms 
of a unique parameter, so that its coordinates are expressible in the form 
(a) 
where i= V7 — 1. 

If we have two such minimal curves in >, the locus of the mid-points of 
all joins of points on the two curves is a two-dimensional spread in >, which, 
being analogous to a minimal surface in ordinary space as defined by Lie, f 
we call a minimal surface in X,. This paper is a study of minimal surfaces 
in >, and sets forth many results analogous to the established theorems con- 
cerning ordinary minimal surfaces. 

As introductory to the subsequent study, §1 deals with minimal curves in 
Euclidean four-space defined in the form (1), and in particular the transfor- 
mations of u, @, } corresponding to rotation of the coordinate axes and to 
reflection of the curve in a hyperplane. The section closes with a discussion 
of certain plane minimal curves. 

In § 2 certain properties of the general two-dimensional — in four- 
space are stated, generally without proof, and the general equations are given 


* Read before the American Mathematical Society, September 12, 1911. 

+ ‘*A Fundamental Parametric Representation of Space Curves,’? Annals of Mathematics, Series II, 
Vol. XIII (1911), pp. 17-35. 

t ‘“*Beitrage zur Theorie der Minimalflachen,’’ Mathematische Annalen, Vol. XIV (1879), p. 339. 
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for future use. These results are taken from memoirs by Karl Kommerell* 
and Levi, + and the reader is referred to these papers for the proofs of the 
theorems and formulas. 

A minimal surface may be defined as one for which the first variation of the 
area-integral vanishes. In §8 this definition is shown to be equivalent to the 
one previously used, and the nature of the characteristic is observed. With the 
introduction in §4 of the normal parameters and functions for the minimal 
curves on the surface the formulas assume elegant forms, from which follows 
a direct discussion of the properties of the surface in the neighborhood of a point. 
The changes of parameters produced by the rotation of the surfaces and certain 
results of this investigation are studied in $5. 

Kommerell { has studied the surfaces in four-space defined by an equation 


of the form it =f (a + iy), 

where f is analytic in the domain considered, and he has shown that these 
surfaces are minimal. They are considered briefly in §6 from the point of 
view of this paper. 

When the normal functions ¢, and are algebraic functions of u 
and wu) respectively, the minimal surface is algebraic. The proof of the converse 
is given in §7. It is shown in §8 that with each minimal surface there are 
associated a group of applicable minimal surfaces which are analogous to the 
associated minimal surfaces of ordinary space. We use the same term for these 
surfaces and obtain a number of theorems which set forth other relations between 
the surfaces of such a family. 


§1. Minimal Curves. Rotations and Reflections. 


From equations (1) we have 
dx +tidy _ dz—idt (2) 


dz+idt du—idy” 
When a minimal curve is defined in terms of a general parameter, equations (2) 
enable one to determine the normal parameter u in terms of which the equations 


of the curve assume the form (1). From its method of derivation this parameter 


*<«¢«Die Kriimmung der zweidimensionalen Gebilde im ebenen Raum von vier Dimensionen,’’ Thesis, 
Tibingen, 1897; also, ‘‘Riemann’sche Flichen im ebenen Raum von vier Dimensionen,’’ Mathematische 
Annalen, Vol. LX (1905), pp. 548-596. 

t ‘‘Saggio sulla theoria delle superficie a due dimensioni immerse in un iperspazio,”’ Thesis, Pisa, 1905. 

t Loe. cit., p. 548. 
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u is necessarily unique. Moreover, the normal functions @ and y are determined 
by the quadratures 


(2') 


It is important for us to study the effect upon the form (1) of a rotation of 
coordinate axes. It is a known fact that the most general rotation jn Euclidean 
four-space may be decomposed into two simple rotations each of which leaves 
a plane two-spread unaltered point for point, and these two invariant planes are 
perpendicular to one another with only one point in common.* The equations 
defining the change of coordinates due to a simple rotation may be written 

Ba, =(1+f?—a’? + g?— 0? +4 h?—c*)a+ 2(a—bh+cg)y 

+ (b—cf +ah)z+2(c—ag + bf)t, 

By, = 

Bu = 2(—b—cft+ah)x+2(—h+fg—ah)y 

2(f+gh—bdo)t, 

Bt = 2(—e + 

+ | 
where a, 6, c, f, g, A, B are constants satisfying the conditions 
af+tbg+tch=0, (4) 
+h’. 
In this rotation the invariant plane is defined by 
(a? + + ) 
—(c—ag + bf)t=0, 
+ (g—Aftac)i=0. 

The simple rotation, whose invariant plane is perpendicular to (5) and has 
only one point in common with it, is defined by equations similar to (3) in which 
the constants a’, c’, f', g', h’ are given by 


where e= +1. 


(3) 


(5) 


* Cf. Cole, ‘On Rotations in Space of Four Dimensions,’? AMERICAN JOURNAL OF MATHEMATICS, Vol. 
XII (1890), pp. 199-210; also Cayley, ‘‘Sur quelques propriétés des déterminants gauches,”’ Crelle, Vol. XXXII 
(1846), pp. 119-123. 


du 
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The minimal curve given by (1) may be defined by equations of the same 
form for 4, in terms of three functions, u,, @,, 4. From (1) and (2) 


it follows that 

da, tidy, 

dz,+itdt,’ 

= tity, — (4 + 
3 [4 — tt, + Uy (a — |. 


By means of (1) and (3) these may be reduced to* 


_ + +i(h—0)] (7) 
+i@—o]ut [1 


uy = 


and 


— +5) 


[— (6—g) (1 +t (a—f)] 

In order to obtain the equations of a general rotation, that is, one which 
does not leave a plane invariant, we must combine the foregoing with a similar 
transformation suggested by (6). We consider the two cases separately. 

If we denote by we, the functions arising from w,, when the 
constants have the values (6) with e=1, the equations of the transformation 
are readily obtained from (7) and (8). Applying the two transformations con- 
secutively, we have 


(8) 


| 
| 
Proceeding in like manner with the case e = — 1 in (6), we obtain 
cao) 


where U, denotes the denominator of the expression for w,. 


Uy 
? U, 
~ 
De 
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Conversely, it can be shown that the minimal curve whose normal parameter 
and functions are 


a Ay’ a a 
A A 
where a, a3, @ are constants and 
A? = a, a, — M45, (12) 


differs from the curve (2) by the rotation defined by 
1 
+ + (a;,—a)ty (dz — as) 2 — (a, + as)tt], 


n= [ (a, — a) ta + (ay + %) y — (az + Gg) + €(a3— 


(13) 
1 
[(a3 — ag) + (a, + as)iy + (a, + ay) 2 + e(a,—a,) 
1 
i= [e (a, + as) ix + € (a, — as) y + €(a,—a,) + (a, + | 
where e= 1. 
In like manner the curve for which 
aut a, Ay 
differs from (2) by the rotation defined by (13), where e=— 1. 


It should be remarked that a necessary and sufficient condition that the 
rotation be real is that a,, a, and a,, —a; be pairs of conjugate imaginaries, 
which condition is satisfied in the case of (9) and of (10). 

Having thus considered the change in the normal parameter due to a 
rotation, we consider next the effect of a reflection in one of the coordinate 
hyperplanes. For example, the reflection in the plane ¢=0 of the curve (1) 
gives a curve whose equations are the same as (2) except the last,-which merely 
differs in sign. If we write the equations of the reflected curve in the same form 
as (1), but in terms of it is readily found that * 


u, = 


(15) 


* This result coincides with the transformation from one normal parameter to the other of a twisted curve 
in three-space. Cf. Annals of Mathematics, loc. cit., p. 19. 


- 


220 EIsENHART: Minimal Surfaces in Euclidean Four-S pace. 


The reflections in the other coordinate hyperplanes lead to similar results. 
In a more general way one may find the transformations corresponding to a 
reflection in any hyperplane whatsoever. 

A particular minimal curve which is of interest in the subsequent study 
is that for which g= ed, (16) 


where c denotes a constant. In this case equations (1) reduce to 
ty=ep—(1+eu)y, } (17) 
it= (u—c)V. 
From these equations we find that the curve lies in the plane which is the inter- 
section of the two isotropic hyperplanes 
e(a—ty) + (z+ =0, } (18) 
For the minimal curve (17) equations (15) reduce to 
= = 9, 0. 
Hence, the curve 
x=ev+(1—cu)y, iy=ey—(1+cu)¥, } (19) 
z= it = PP—(u—c) 
can not be defined by equations of the form (1). Conversely, it follows from (2) 
that a minimal curve whose equations can not be put in the form (1) lies ina 
plane whose equations are 
x+ty—c(z+it) =a, e(a—ty) + =), (20) 


where a, b, c are constants. 


§ 2. Two-Dimensional Spreads in Four-Space and Their Properties. 


The general two-dimensional spread or surface in four-space may be defined 
by equations of the form 
(u,v), y=o.(u,v), z= t= (u,v), (21) 
where the functions ¢; are analytic within the domain considered. 
The tangent at the point (u, v) to the curve on the surface determined by a 
relation between u and vw has equations of the form 
+ dv), Y—y=aA(yodu +t yy dv), 
dv), T—t=A(todu +t t dv), 


where A denotes a function of wu and v and 


} (2a) 


Out dvi 


? 

@ 
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If we consider these equations for all values of du and dv, they define a plane 
which we call the tangent plane at the point. This tangent plane is the plane 
common to the one-parameter family of tangent hyperplanes whose equation is 
=0, (23) 
with 
Ax + + + = 0, AXqy + + + = 0. (24) 
The plane which is normal to the tangent plane at (w, v) and has only this point 
in common with it is called the normal plane to the surface at the point. Its 
equations are 
(X — x) ay + (Y —y) yw + (2 — 2) %0 + (T— ty = 0, (25) 
(X — x) + (Y—y) ya + (4 — 2) + — t) ty = 0. J 


The hyperplane whose equation is a linear combination of these equations 
is called a normal hyperplane. There is a one-parameter family of normal 
hyperplanes at each point of a surface. 
The normal planes at the points (u, v) and (w+ du, v + dv) meet in the 
point determined by the planes (25) and 
(X — x) (eq du + xy dv) —Zajydu— x = 0, } (26) 
(X — x) (ay du + xydv) — Fay — Yaj,dv = 0. 
Solving these four equations for Y— «x, Y—y, ...., T—t, we have 


(EDL—ED,) + (ED! —GD,)dudv+ (FD! —GD!) dv?) 
+ 2fdudv+ gdv’ 
_ (ED! —FD,) du? + (ED!! —@D,) du dv + (FD! —@D!) dv? 

=— 


edu® + 2fdudv + gdv? (3%) 
where 
Y10 410 Yio, 
D, =| %1 Dr=|yn,----|, De (28) 
Yoo Yuyeree Yous 
and D,, ..--, Dj’ denote similar functions, and where 


, 
& 
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If dv/dw be eliminated from equations (27), we find that all the points thus 
determined in the normal plane at the point (u, v) generate a conic, which 
Kommerell* has called the ‘‘characteristic’”’. In certain ways this conic is the 
analogue of the Dupin indicatrix of an ordinary surface in the study of the 
geometry of the surface in the neighborhood of the point. 

We have seen that through each point (wu, v) of a surface S there passes a 
single parameter family of hyperplanes normal to S, and that these hyperplanes 
have in common a unique plane — the normal plane to the surface at the point. 
Each of these normal hyperplanes meets the surface in a curve whose center of 
first curvature lies in the normal plane. Kommerell+ and Levit have shown 
that the locus of these centers of curvature is the first pedal curve of the 
characteristic with respect to the point (u, v) of the surface, that is, a lemniscate. 
Hence there are four maxima and minima radii of normal curvature. They are 
called the principal radii of normal curvature, and the corresponding directions 
of the normal hyperplane are called the principal directions. The curves on the 
surface determined by these directions are called the lines of curvature. 

Kommerell shows§ that the lines of curvature are characterized by the 
property that the corresponding point of the characteristic lies in the corre- 


sponding osculating plane of the curve. By means of this result it may be 
shown that the equation of the lines of curvature is 


S(D, du? + 2 Di dudv + dv’) — FD,) du? 
+ (ED! —GD,) dudv + (FD!!— GD!) = 0, 


and that the principal radii of curvature are given by 


p 


when the values dv/du from (30) are substituted in this equation. || 


§3. Definition of Minimal Surfaces. 


As in the case of ordinary surfaces, we put 


E=Zxip, F= G= (32) 
and 
EG —F’, (33) 


where the summation extends to terms in 2, y, z, 4. The element of area of the 


* Loc. cit., p. 22; p. 560. + Loe. cit., p. 50; p. 563. t Loc. cit., pp. 67, 68. 
§ Loe. cit., p. 37; p. 566. || Cf. Levi, loc. cit., p. 58. 
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surface is given by Hdudv, and the area of a portion of the surface has 


the value 
Hdudv. (34) 


By definition a minimal surface is one which minimizes the integral (34) 
for a given contour curve. We proceed to the determination of the conditions 
to be satisfied by the equations of a surface in order that it be a minimal surface. 

The first variation of (34) may be written 


0 OH OH 
Ovo | bu dude, 


In order that do be zero, the expression in the brackets, and similar expressions 
in y, z, t, must be zero. We note that 


OH 


OH 


Hence the vanishing of the four parentheses requires that x, y, 2, ¢ satisfy the 
equation 


Thus far the parametric curves have been perfectly general. Let us assume 
that they are the lines of length zero, or minimal lines, so that H=G=0. In 
this case the above equation reduces to 6,,=0. Since the converse of this result 
is evidently true, we have the theorem :* 

The general minimal surface in four-space is a surface of translation whose 
generating curves are minimal and conversely. 

That is, the general minimal surface is defined by 


y=fe(u) + % (r), 
z= f;(u) + $s (2), t= f,(u) + % j 
where 
= » =O, (36) 


the primes indicating differentiation with respect to the argument. 


* It should be remarked that this result may be extended without change to the case of a minimal two- 
spread in m-space. Cf. Levi, loc. cit., pp. 90-92. 
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For a minimal surface referred to its minimal lines and defined by (35), 


E=G=0, (37) 
and from (28) and (29) it follows that 
Di = Di = Di = = 0, e=g=0. (38) 


From this last result and the form of equations (27) follow the theorems: 

The asymptotes of the characteristic at any point on a minimal surface correspond 
to the directions of the minimal curves on the surface through the point. 

The characteristic at each point of a minimal surface is an ellipse or a circle. 


(Cf. § 6.) 
When the conditions (37) and (38) are satisfied, the equations (27) reduce 
to the form 
dv _ p du 
X—a=5,(D, D,5*). (39) 


In like manner from (28) we have 


D, = F (2 x9 — F/)& + 


Ou Ov Ou 


Di!? = F (22% — Fak + 
10 “01 02 02 01 Ov Ov 01 


(40) 


From these and similar expressions for D?, ...., D;’*, we obtain 
> Di= — 25, > = — F?S x, 
OF (41) 


=D, Di = FE %). 


§4. Normal Parameters and Functions. 


From (35) and (36) and the results of § 1 it follows that any minimal surface, 
whose minimal curves do not lie in planes of the type (20), may be defined by 
equations of the form: 


ug! — oo + + Yo], (49) 

it = —3 + — 94), 


where the parameters wu and uw and the functions ¢, $, , % are determined by 
equations similar to (2) and (2’). 


= 
| 
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It should be observed that the functions 9, @ , y, % are determined only 
to within additive integral functions of the first order, provided that translations 
of the surface are disregarded. In fact, if these functions be replaced in (42) by 
the respective functions 


it is found that the right-hand members of the above equations are increased by 
the respective constants 
(@+e+6,+4,), (4, — — b, + dy), 
Conversely, by such a change of functions any translation can be effected. 
In terms of these functions the cvefficients Z, F, G have the form 


E=G=0, F=3(1 (43) 
Moreover, the expressions (41) are reducible to 
> Di = = F*U,, 
(1 + wet)? | (44) 
= — OU, + (1 + we)? 


where, for the sake of brevity, we have put 
From these results it follows that the equation (30) of the lines of curvature 
on a minimal surface defined by equations (42) reduces to the simple form 


Udu' — = 0. (46) 
If we put 
fYUdu=i+iv, [VU du iv, (47) 
it follows from (46) that the lines of curvature are defined by 
i = const., v = const. 
(48) 
a-+v=const., #—v=const 


Hence we have the theorem : 
When equations of a real minimal surface are written in the form (42), the 
determination of the line of curvature reduces to the quadrature 


If K denotes the Gaussian curvature* of the quadratic form which is the 


*Cf. E., p. 155. A reference of this kind is to the author’s Differential Geometry. 
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square of the linear element of the surface, when the coefficients have the form 


(43), then 
1 F? 1 


The formula (31) gives the radius of first curvature of the eurve in which 
the surface is cut by the normal hyperplane whose direction is determined by 
the corresponding value of dv/du.* When the values from (48) and (44) are 
substituted in this expression, we have 


One shows without difficulty that the direction which makes the angle 7/4 
with the direction defined by 


is given by 


Hence if op! denotes the radius of normal curvature in a direction making the 
angle 2/4 with a direction whose radius of normal curvature is p, we have + 


+ =— K. (52) 


A particular case of this is afforded by the normal curvatures in the 
directions of two lines of curvature inclined at the angle 2/4 to one another. 
One finds from (51) that the principal radii of normal curvature are given by 


2F° 


1 + ut Ff (53) 


where ¢ = + 1 and the corresponding directions are given by 
Udui—ev U, dz = 0. 


The necessary and sufficient condition that the lines of curvature be inde- 
terminate is that U= U,=0. In this case p is the same for all directions, and 


* Levi, loc. cit., p. 58. 
¢ Cf. Hovestadt, Programm des Miinster’schen Realgymnasiums (1880); also Kommerell, loc. cit., p. 33. 
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it may be seen also from (39) that the characteristic is a circle with the point 
(uw, %) of the surface for center, and only in this case. Hence we have the 
theorem : 


A necessary and sufficient condition that the characteristic be a circle is that 
gly" gly! =0, — = (53) 


in this case the center is at the point (u, Up) of the surface, so that the locus of the cen- 
ters of normal curvature for the point is the same circle, and the lines of curvature 
are undetermined. 


§5. Change of Normal Parameters. Rotations. 


The particular value of the form of equations (42) lies in the fact that if wp 
is the conjugate-imaginary of w and the functions $) and y% are conjugate to > 
and » respectively, the surface is real. In view of results of §1 it is evident 
that the equations of minimal curves on the surface, and consequently the equa- 
tions of the surface, may be given other similar forms. For example, the 
equations of the curve of parameter wu may be expressed in terms of a different 
parameter wu, such that its equations shall be of the same form as the curves of 
parameter wu. The conditions necessary and sufficient to this end are 


+ py! = + — = — — $0’) 


which may be shown to be dita to 


Uo 


Cz — Po 


Up 


+ (54) 


where ¢,, C,, cs, ¢, denote constants. Hvidently these are necessary and sufficient 
conditions that the two generating curves shall be superposable by a translation. 
Furthermore, if we put the expressions (54) for u,, @,, y, in equations (7) and 
(8), or for t%,, de, 2. in (9) and (10), and solve for wm», $9, %, we find the neces- 
sary and sufficient conditions which these latter quantities must satisfy in order 
that the two generating curves be congruent. These conditions are readily 
found and will not be written out here. 

The results of §1 dealing with the effect upon the normal parameter and the 
normal functions of rotation of the coordinate axes, or what is the same thing a 
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rotation of the curve itself, may be extended to minimal surfaces. In fact it 
can be shown that the minimal surface whose normal parameters and functions 
are in the following relation to those of the surface (42), 


__ ap + — Ago 
(55) 


= A ’ A= — AAs, 


may be obtained from the surface (42) by the rotation defined by equations (13) 
when e=1. 
In like manner the surface for which 


+ a,’ A = aya, — 
Ag Ady 
+ a,’ P10 = + a,’ (56) 
+ ay? 0° + ay 


differs from the surface (42) by the rotation defined by the equations (13) when 
e=—l1. 
The second of the foregoing results may also be stated as follows: 


If there exists between two minimal surfaces a relation such that their normal 
parameters are linear fractional functions of one another, as (56), either of the sur- 
faces may be so rotated that the normal parameters become equal; in this case the 
new and old functions and W of the rotated surface are in the relations (56). 


§6. Surfaces of Riemann. 


Kommerell* has given the name Riemann surface to the two-dimensional 
spread in plane four-space, defined by 


it=fla+ iy), (57) 


where f is a function of the complex variable x + iy analytic in a determined 


* Loc. cit., p. 548. 
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domain of this variable. It may be shown* that the most general Riemann 
surface is defined by 


t= a, z= y), t=v(2, y), 
where u and v satisfy the Cauchy-Riemann equations 
dy’ jy 
Kommerell} has shown furthermore that all of these surfaces are minimal sur- 
faces, as defined in § 3. 
We shall now determine in what manner these surfaces are characterized 


by the normal functions @ and y. To this end we observe that the Jacobian of 
the functions «+ and z+ as given by (42) is 


(1 + py’. 


Hence if we disregard translations, we have the theorem : 
The necessary and sufficient condition that the minimal surface defined by (42) 
be real and satisfy the condition (57) is that 


or 
If ¢ = =0, equations (42) become 


y= 
(58) 


From (58) it is evident that the curves «= const. lie in planes parallel 


to the plane 
=0, z2+7¢=0, 


and the curves w= const. in planes parallel to the plane 
—ty=0, 2—tt=0. 


In §5 we have seen the effect of a rotation of axes upon the equations of a 
minimal surface. Comparing equations (55) and (56) with the preceding results 
of this section, we have the theorem : 


The necessary and sufficient condition that a minimal surface defined by (42) 


* Loc, cit.,p. 571. t Loc.cit., p. 586. 
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be a real Riemann surface is that the functions >, 9, b, bo satisfy the conditions 
apt+by=0, Ao + = 0, (59) 
where a, 6 are constants, and dy, by are their respective conjugate tmaginaries. 


From this result and (18) it follows that 


The minimal surfaces of Riemann are characterized by the fact that their 
minimal curves lie in planes whose equations are of the form 


=d, 
and 
+ (e+ it) =a, 
where c,d are constants and ¢, dy are their conjugate imaginaries. 
Since equations (59) are equivalent to (53’), we have the following theorem: 


A necessary and sufficient condition that the characteristic at each point of a 
surface be a circle is that the surface be of the Riemann type; the center of the circle 
is at the corresponding point of the surface. * 


§7. Algebraic Minimal Surfaces. 


If we put 
_ O(x, ¥) _ O(a, z) _ O(z, t) 
(y, 2) J — 9(y,t) (2, t) 
we have 
If we put further 
_ di; (tae 4,. 
we find that 
Py, Py + Py Pos — Pig Py = 0. 


We may call the functions P,; the direction-cosines of the tangent plane. 


* Kommerell, loc. cit., p. 580, shows that each surface of Riemann possesses this property, but not that 
it is characteristic. 
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When the expressions (2) are substituted in the above equations and we take 


I= (1 + ®, 


where 
we find 


From these equations we obtain the following: 


P23 — Py — U Up Pig + Pu t(u—% (63) 
1+ Py, — Px 2 * 14+ Py— Pu 2 


We are now in a position to establish the theorem : 


The necessary and sufficient condition that the minimal surface defined by (42) 
be a real algebraic surface is that the functions >, oo, v, by be algebraic. 

From the form of equations (42) the sufficiency of this condition is evident. 
In order to establish its necessity, we make use of the following theorem of 
Weierstrass : * 

Given a function ®(& + in) and let denote the real part of if ina 
certain domain an algebraic relation exists between ¥, & and n, then ® ts an algebraic 
function of + for that domain. 

In applying this theorem, we observe that, since 


O(x,y) A(x, y) 
(w', Up) (u, Up) (u’, Up) 


the direction-cosines are absolute invariants under a change of parameters. 
Hence, equations (63) give the relation between any set of parameters and the 
particular ones wu, % which lead to the form (42). 


* Monatsberichte der Berliner Akademie (1867), pp. 511-518; also E., p. 261. 
29 
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An algebraic minimal surface may be defined by two algebraic equations 


of the form 


— (x, Y)s t= (2, (64) 


If x, y be taken for parameters in finding the functions P,;, and if the real and 
imaginary parts of wu are given by 


u=E+in, M=F—in, 


then equations (63) are expressible in the form 


y) = &, (x, y) = x, 
where ¢@, and ¢, are algebraic. Eliminating y and x from these two equations, 
we have respectively algebraic equations of the form 


F, (x, ,n) = 0, F, (y, 2) = 0. 
Moreover, by means of (64) we get two other algebraic equations 
F, (2, &, = 0, Fi, (t, &, = 0. 
Consequently (cf. 42) the real part of each of the functions 
} (65) 
is an algebraic function of & and 7; hence, by the above Weierstrass theorem 
the functions f,, fo, fs, f, defined by (65) are algebraic functions of wu. But 


(hth) 


Therefore, the functions ¢ and y are algebraic functions of uw, and in like 
manner and are algebraic functions of uw. 


§8. Associate Minimal Surfaces. Formulas of Schwarz. 


Just as in the case of ordinary minimal surfaces in three-space, if a minimal 
surface in plane four-space is defined by (35), the equations of the form 


x, =e'*f, +e", (66) 


where a denotes a constant, define a family of applicable minimal surfaces which 
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we say are associate to (35) and to one another. We denote by S, the surface 
whose equations are (66) for a definite value of a. 

If x, y, z, ~ denote the coordinates of the adjoint surface defined by (66), 
when a=72/2, the equations (66) may be written 


= cosax+ sinag,..... (67) 


Hence, the applicability of a family of associate minimal surfaces may be 
expressed in the form: 

A minimal surface admits of a continuous deformation into a series of minimal 
surfaces, and in the deformation each point of the surface describes an ellipse whose 
plane passes through a fixed point which is the center of the ellipse.* 

From equations (35) and (66) we find that tangents to corresponding curves 
on Sand S, make the angle a with one another.t 

Referring to equations (42) we see that the surfaces associate to S are 
determined by the functions 


From this result and the expressions (62) for the direction-cosines of the tangent ~ 
plane to S it follows that 

The tangent planes at corresponding points of a family of associate minimal 
surfaces are parallel. 

From (29) it follows that the function f has the same value at correspond- 
ing points on Sand S,. Moreover, from (28) we have that each of the functions 
D for S, is equal to the product of e and the corresponding D for S, and each 
D" for S,, the product of e~* and the corresponding D” for S. 

We consider now the point on the characteristic of S, at the point (wu, uw), 
corresponding to a given direction 

= M(u, tw). (69) 
If X,, Y., Z., T, denote the coordinates of the point on the characteristic for 
S, at (uw, wu) corresponding to the direction 


* Cf. E., p. 264. + Cf. Levi, loc. cit., p. 94. 
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we have from equations (39) and similar ones for S, 
A,—%,= Y.—y.= Y—y, (71) 


Since the tangent planes to S and S, at (uw, w) are parallel, so also are the 
normal planes. From this result and equations (71) we have the theorem : 

The characteristics at corresponding points of a family of associate surfaces are 
equal ellipses, similarly placed in parallel planes. 

We shall say that two points on the characteristics which are in the relation 
(71) are congruent, since they can be made to coincide by a translation of either 
surface such that corresponding points on the two surfaces coincide also. One 
finds without difficulty that the curves (70) on S make the angle a/2 with the 
curves (69). Hence, we have the theorem : 

Let P and P, be congruent points on corresponding characteristics of S and an 
associate S,; to the direction on S, determining P, corresponds on S§ a direction 
making the angle a/2 with the direction determining P. 

From the definition of lines of curvature of a surface, we have as a corollary 
of the preceding theorem : 

The curves on S corresponding to lines of curvature on S, make the constant 
angle a/2 with the lines of curvature on S.* 

This follows likewise from (46) and the equations of the lines of curvature 


on S,, namely 
Udut — = 0. 


In fact, in terms of the functions u and v (cf. 48), the finite equations of the lines 
of curvature on S, are 


Qa . : = 
— em = const., 


sin + cos — v = const., 
cos (a—v) — sin + v) = const., 


sin (%—v) + cos 5 (% + v) = const. 


*Cf. E., p. 264. 
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The foregoing results may be obtained also by means of the formula (51) 
of the radius of normal curvature. 

A minimal surface and its adjoint possess the property of orthogonality 
of linear elements, expressed by 


dx dz + dy dy + dzdz + dtdt = 0. (72) 


Since the tangent plane to S,,. is parallel to the tangent plane of S, we 
have 
dx, dy, dz dt, 
Ox Oy at 
Ow ow du du ||=0. (73) 
Ox Oy dz at 


Ou Oty Om Ov 


From (72), (73) and §7 we obtain 


dx, dy; 
Pydy + Pi3dz+ Pydt~ Pydt + 
= = 74 
= + Pade + Pydy Pda + Pady+ Pada” (74) 


where A denotes the common value. By means of (62), (42) and (67), it may be 
shown that A= 1. Hence we have in (74) a set of formulas analogous to the 
celebrated formulas of Schwarz for ordinary minimal surfaces.* 

As in the case of ordinary minimal surfaces, these formulas enable one to 
find a minimal surface passing through a given curve in space and tangent to a 
given plane at each point. In fact, it may be shown that if a, y, z, ¢ as functions 
of a real parameter v define a curve in space, and P,; as functions of v determine 
planes passing through corresponding points of the curve, one at each point, and 
if @ denotes a complex variable, and /2(6) the real part of an analytic function 
6 of a, then the equations 


m= R[x (0) +f + Pydz + Pydt 


and similar expressions for y,, 2%, ¢, define the minimal surface desired. 


* Cf. E., p. 264. 
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As a consequence of this result we have the theorems analogous to theorems 
in the theory of ordinary minimal surfaces :* 
If a straight line lies in a minimal surface, the surface is symmetric with respect 


to this lune. 
If a hyperplane is normal to a surface at all of its points of intersection, the 
surface is symmetric with respect to the plane. 


PRINCETON UNIVERSITY, June, 1911. 


* Cf. E., pp. 266, 267. 


A Contribution to the Foundations of Frechet’s 
Calcul Fonctionnel.* 


By T. H. 


PREFACE. 


During the last few years there has been manifest a tendency in the 
direction of generalization of current analysis. Two memoirs bearing on this 
subject have recently made their appearance: in the first instance, M. Fréchet’s 
Paris thesis, Sur quelques Points du Calcul Fonctionnel ;~ and secondly, EH. H. 
Moore’s Introduction to a Form of General Analysis.{ We consider briefly the 
contents and direction of generalization of each. 

Fréchet’s work may be divided into two parts: (1) a theory of continuous 
functions on an abstract set, and (2) a generalization of the theory of linear 
point sets. The first of these was no doubt suggested by the analogies between 
theorems on continuous function of a single variable, of n variables, of lines, of 
curves, etc. The element of generality enters in the consideration of a class or 
set OQ of elements g, which are not specifically defined. For the class there is 
postulated the existence of a notion of limit of a sequence of elements, satisfying 
a number of conditions which are properties of the limit of a sequence of real 
numbers. In terms of such a limit, it is possible to define a sequentially con- 
tinuous function, and hence to construct a theory of sequentially continuous 
functions. To attain the second end, there is postulated for the class © the 
existence of a voisinage or distance function 6 of pairs of elements, there being a 
value of 5 for every pair of elements of the class. This distance function § is sub- 
jected to a number of conditions, generalizations of properties of its real variable 
analogue, the absolute value of the difference between two numbers. In terms 
of such a 4, a limit is definable, and a theory of sets, concerning derived, closed, 
etc., sets, is obtainable. 


* This paper is in the form sent to the editors in April, 1910, with the addition of §15 (6) and (7) and a 
few changes in $17, due to the article by Fréchet: Rend. di Pal., XXX, 1-26. Cf. also Hedrick: Trans. Am. 
Math. Soc., XII, 285-294, which contains some more general and some less general theorems than the present 
paper. 

+ Reprinted in Rendiconti del Circulo di Palermo, Vol. XXII, pp. 1-64. 

¢ Published in The New Haven Mathematical Colloquium, New Haven, 1910. 
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The General Analysis of Moore may be termed “‘a theory of classes of func- 
tions on an unconditioned range.’ The subject under consideration is a system 
(2; PB; Me), consisting of the class YM of real numbers a, the class } of uncondi- 
tioned elements p, and the class I of real-valued, single-valued functions x of p, 
p ranging over the class $3; 7. e., of functions on to %. The theory treats of 
properties of the classes I, the properties in question being common to the 
following special classes of functions: 

(1) The class of all unipartite numbers z, 7. e., a function of the variable p 
having only one value. 

(2) The class of all n-partite numbers (a, ...-, x,), functions of the variable 
index p; p= 1, 2, ...., %. 

(3) The class of all absolutely convergent series 2,, %, ..--+, 2p, +--+, Where 
>|zx,| is convergent, functions of the variable index p; p= 1, 2,3, ....,m, 

(4) The class of all continuous functions on the interval O<p<1 of the 
real number system. 

The first part of the memoir treats of certain closure and dominance prop- 
erties of general reference, 7. e., independent of the nature of the parameter p. 
The second part treats of properties of special reference, in connection with the 
question of composition of classes of functions, one of the classes being on an 
unconditioned range. In particular, three properties, K,, K,, and A, are treated, 
K, and K, relating to the relations 

which in turn depend upon a development* of the class $3. The property A 
also relates to the development of %. For the real variable p, the first of 
these two relations is the inequality p=m, and the second the inequality 


1 
| Pi — 
The present work concerns itself with the Fréchet point of view. It had 
its inception in an attempt to replace the distance function 6 of Fréchet by a 
weaker condition on the class Q. The fact that in most instances the 6 appears 
in connection with an inequality of the type 
1 


< 


suggested the adoption of the second K-relation of Moore, K,,m, in the place of 


* Real variable analogue, the set of divisions of an interval into m equal parts, n = 1, 2, 3, ..... 
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the 3. By stating, in the case of every theorem, the precise conditions on K 
sufficient to carry the argument, and extending this idea to the case in which 
the class © is subjected only to the condition of the existence of a limit, a two- 
fold result was obtained: (a) that an unconditioned limit suffices for the theorems 
on sequentially continuous functions obtained by Fréchet, and (b) that it is possible 
to obtain the theory of sets of elements with a distance function 6, subjected to weaker 
conditions than those imposed by Fréchet. To show that the conditions in question 
were weaker, the complete existential theory,* of the properties of the K-rela- 
tion, and as a consequence of the corresponding properties of the 6, was con- 
structed. 

The first part treats of the limit Z, the K-relation, and their properties. 
Instead, however, of considering the existence of an Z and a K-relation as a 
property or condition of the class Q, we use the notion of a system, the class & 
together with Z being a system (Q; Z), and, with the K-relation, being a system 
(Q; K). In the second part the most important theorems of Fréchet are taken up. _ 
It might be regarded in the light of a proof of the above results. 


| 
Systems Z) (Q; A) (Q; 4): Derinitions, PRoperties AND INTERRELATIONS. 


1. Introductory. We consider in this paper properties of and functions on 
a class Q of general elements g. The elements g are general in that nothing is 
specified as to their nature, that is, as to whether they be numbers, points on a 
line, points in n-dimensional space, sequences, real-valued functions, etc. How- 
ever, we suppose the elements g of the class Q to be well-defined, individually 
and in their totality. Further, that there exists at least one element in the class. 
These suppositions do not limit the generality of the class Q. 

The class Q enters the theory through two properties Z and A, which 
together with the class Q form systems (2; Z) and (Q; A) respectively, the 
nature of which is to be specified in the sequel. 

2. Notational.t We shall denote throughout this paper, classes, that is 
collections, sets, aggregates, ensembles, etc., by capital German letters, e. g. 


* Cf. Moore, loc. cit., p. 82. Also below, § 9. 
+ For an exteasive treatment of the ideas underlying subjects touched on in this paragraph see Moore, 
loc. cit., §2, pp. 15 ff. 
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Ma class of functions uw, etc. The notation for the class always corresponds to 
the notation for the elements. | 

The brackets [] will be used to denote a class of, and in particular a class of 
the elements included within. Thus [q] stands for a class of elements g, and we 


have therefore 
[q]. 


As special classes of frequent occurrence we have the classes of all real numbers ; 
all numbers greater than unity; all positive numbers; all positive integers ; all 
positive and negative integers ; denoted variously by: 


fa]; fe]; (4), Ces [x], (4, (4); 
respectively. 


Real-valued single-valued functions are denoted by Greek letters. 
The fact that an element a belongs to the class O, is expressed : 


Since we have & = [q], evidently: 
The statement «* is equivalent to the statement a isa g. 
This abbreviation is extended to the case of classes of elements, and we have: 
7, 
denoting the fact that the class It is a subclass of the class Q. 


To state that the element x has the property P, we use the notation : 


x. 


The concept of belonging to a class may be said to be a special case of such a 
general property, and from this point of view, the notations are in agreement. 
The notation is also extended to the case of classes, and we have: 

OP, 
denoting that the class 2 has the property P. If the property P is not holding 
we prefix the negative sign. Thus 


QP 
specifies that the class Q does not have the property P. 
Finally, in the statement of propositions and proofs it has been found con- 
venient for the sake of clearness and brevity to use some of the symbols used 
be Peano* and Moore,} in particular the following: 


* Peano: Formulario Matematico, Editio V1, 1906. t Loc. cit., p. 150. 
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to denote logical equality, 
logical diversity, 
definitional identity, 
it is true that; () implies (); af (), then (), 
() is implied by (), 
. () ts equivalent to (); () tmplies and is implied by (), 
there exists, 
such that, 
and, 
*, 3, °3 as signs of punctuation, the largest number of punctuation dots being 
around the principal implication, 

[ ] to denote a class of, 

the sequence of. 

3. Definition of Limit. The Systems (Q; L). Properties of Limit in (2; L). 
We assume the following definition of limit: 

Limit is a relation between sequences of elements and single elements. 

The nature of the relation is not specified permanently; it may vary with 
the type of element considered. If such a relation is holding between a sequence 
of elements, and a single element, the single element is said to be the limit of 
the sequence of elements. 

In case there is defined a limit relation for the class QO, we say that the 
class 2 has the property Z, and in this way we obtain a system (Q; LZ). The 
limit Z in such a system might be considered as drawn up in the form of a table 
which for every sequence of the class specifies the corresponding single element, 
if such an one exists, We shall suppose that: * 

= 4 
states the fact that the limit relation Z is holding between the sequence $q,} 


and the element gq. 
The limit Z in the class & may have one or more of the following 


Ill + Il 


properties : 
(1) Limit is unique. 
(2) If a sequence has a limit, any subsequence of the sequence taken in the same 


order has the same limit.t 


* Throughout this paper we denote Z by LZ. 


n=co n 
+ This is a statement of two distinct facts: (1) that the limit of the subsequence exists, and (2) that it is 
the same as the limit of the original sequence. Similarly below, in the case of properties (3), (4), (5). 
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(3) If a sequence has a limit, any sequence obtained by removing a finite number 
of elements at the beginning of the sequence, has the same limit. 

(4) If a sequence has a limit, any sequence obtained by prefixing a finite number 
of terms to the sequence, has the same limit. 

(5) If a sequence has a limit, any sequence obtained by a rearrangement of the 
sequence has the same limit. 

(6) If all of the terms of a sequence are identical, the sequence has a limit, 
which is the repeated element. 

We denote by L'; LZ”; L*; ete., a limit Z having the property (1); the 
properties (2), and (3); not the property (3), but the property (4); etc., respect- 
ively. The limit of the real number system is an LZ’, The limit used by 
Fréchet is an Z’*. We lay down permanently no properties of Z, but in the 
various theorems in a system (9; L) specify explicitly sufficient properties of 
the L. 

There exists but one relation between these properties of Z. We have: 


t.e., if Z has the property (2) then it also has the property (3). That this 
relation is holding is at once evident. That it is the only relation between these 
properties may be shown by the exhibition of limits having the properties 
(1), (2), (8), (4), (5), (6), or their negatives, in all the 2° conceivable combina- 
tions, not excluded by the above relation. By employing the method of § 10 for 
the construction of limits, it is possible with little difficulty to obtain the 
various combinations desired. 

4. The K-relation. We shall subsequently show that it is possible to 
obtain, relative to the system (Q; LZ), the Z being unconditioned, a theory of 
sequentially continuous functions. However, some of the theorems in the theory 
of point sets are not holding, even though we suppose the limit Z to have the six 
properties of §3. The necessity of a system more restricted, and therefore less 
general, than the system (2 ; Z) is thus apparent. 

We define: 


The K-relation is a relation between pairs of elements, and positive and nega- 


tive integers. 

The nature of the K-relation will evidently depend upon the nature of the 
elements considered, and the situation in which it is to be employed. Relative 
to a class OQ, we may consider the A-relation as drawn up in the form of a table 


. 
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which specifies for every combination of a pair of elements q,, g, with an integer 
m, t. e., for every g,q.m, whether or not the relation holds. We denote the fact 
that the K-relation is holding (not holding) between g,q,m by 


K (—K gam) 


If we join the K-relation to a class OQ, we obtain a system (Q; K). We shall, 
however, make a restrictive postulate relative to this system, viz.: 
In the system (Q; K), for every pair of elements q,, q. of the class & there 
exists at least one integer m such that 
K 


The K-relation may have one or more of the following properties : f 


t.e., if the K-relation holds between q,, g,, and m’, then it also holds between 
Gi) Y2, and m, where m is any integer less than m’. 


(2) K gam =) K 


i.e. if the K-relation holds between q,, g,, and m, then it also holds if the q’s 
are interchanged, t.e., between g,, g,, and m. The relation Ky. is symmetrical 
in the arguments q,, 2. 


* Fréchet (loc. cit., p. 18) introduces in his work a ‘‘ voisinage’’ or distance function on pairs of elements, 
and supposes that to every pair of elements g,,q, of the class Q there corresponds a real number a, the 
value of the function. We shall denote this function by d, so that d is a function on QQ to WY. The presence 
of a d in the class Q gives us a system (Q; J). The idea of the above relation was suggested by the frequent 
occurrence of inequalities of the form 


1 
192 = m 


However, to permit the use of quantities on the right-hand side of this inequality which are greater than 
unity, it has been found convenient to substitute the inequality 


1 
Gm? 


where c is a real number greater than unity, and m takes on both positive and negative integral values. We 
take up the relation between the Fréchet 6, and the K-relation in §6. 
{ These properties are analogues of the properties which Fréchet presupposes relative to the d, viz.: 
i. e., if dqq. is zero, then g, = 9,, and if g, =9,, then d¢,q, is zero: 


39,3 ( =9 * D* %)s 
e=—0 


that is, there exists a real-valued single-valued function of e which approaches zero as e approaches zero, and 
is such that if and < ¢, then < 
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i. e., if the relation K44.m holds for all values of m*, then g, = qQ. 
(4) = 9 *D* (™); 

the converse of (3). 

(5) = Pm (L Om gam K )s 


t.e., there exists a function @ of m, with integral values ¢$,,, approaching infinity 
with m, and such that if and then 
As properties equivalent to (5) if the symmetry (2) is holding, we notice: 


(6) Fon? (Lm = 0 Kaan 
which reads like (5). Further: 

(8) Fon? (L Om = 0 


The functions @ of (5) to (8) need not be identical. We denote them by 9°, 9°, 
respectively. In addition to we shall need the following : 
(a) ¢?,=9),,, where m! is the lesser of 9%, and m, 
(b) = ¢9%,, where m’ is the lesser of and m, 
(c) = 9%,,, where is the lesser of and m, 
Evidently each of these three @’s approaches infinity with m. 
We speak of K!, K ™, etc., as K-relations having the property (1), the 
properties (2) and (3), not the property (3) but the property (4), etc. 
5. Relations between the Properties of the K-relation. Before taking up the 
relations between the above eight properties we prove the following lemmas: 


t.e., if the K-relation has the properties (1), (6), and (7), of §4, then the 


K-relation also holds between q., gq, and ¢%,, where ¢9, is defined in § 4, in terms 
of 9°, and ¢/,, whose existence is assured by the presence of K™. t 


* Denoted by (m). Cf. Moore, loc. cit., p. 27. 
tIn addition to the Fréchet property mentioned ubove compare also: 
| %—4, | <1/e™ | a,—a,| <1/e™ + D+ | a,—a,| <1/cbm. 
¢ ‘This lemma and the succeeding ones aim at replacing the symmetry property (2) by a number of proper- 
ties, collectively weaker, but for our purposes equally effective. 


Foundations of Fréchet’s Calcul Fonctionnel. 245 


Suppose K,om- Then since A*® we have: K,,.4s,- Let m! be the lesser of 
og’, and m. Then since K’ we have 


and so if we apply A’, we obtain: 


In a similar manner we show: 


(2) 
We have further : 

(4) 
(5) 


the proof of which is easily evident. 
We then have the following propositions relating to the interrelations 
between the properties of K: 


i. e., if the K-relation has the property (2), then the properties (5), (6), (7), and 
(8) are equivalent. For we evidently can choose: 


Pin = Pn = Pn = Pn- 
(8) K’; 
t.e., if the A-relation has the property (4), then properties (6) and (7) are 
equivalent. We show first that if (6) is present, then (7) is also. Suppose 

Then by (4) above, we have: 

Hence, applying K°: 

Similarly if A’ we show that 
Pn Piiny 
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In a manner analogous to the preceding, it appears that: 


= 
(10) K':3: K* -D.~ 
Evidently 

Pn = 
(11) E* «> - 


The proof is the result of an application of proposition (5), and the method of 
proposition (1). 

The last four propositions may be gathered into a single one, and we 
thus get: 


i. e., under the hypothesis that K has the properties (1) and (4), the properties 
(6), (7), and (8) are equivalent, and any one implies (5). 


(13) KS, 


This is a result of proposition (1), and the method of (1). It appears that 
Pm Pm’ ’ 


where m" is the lesser of $?, and m. 
In an entirely similar manner we have : 


(14) K™ .D. K*; K® K"; 


We can write these as a series of continued implications and equivalences 
as follows: 


i. e., if K has the property (1), then the combinations (6) (7), (7) (8), (6) (8) are 
equivalent, and any combination implies property (5). 

We shall show later, in § 9, that these constitute all of the relations which 
hold between the properties of K, the class © being general. It is too much of 
digression to take up this discussion at this point. 

6. The Relation between the Fréchet § and the K-relation. In the foot-note 
in §4 we referred to the fact that Fréchet employs a distance function 4, 
having certain properties. It is possible to separate some of these properties, 
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and we thus obtain the following, of which the last seven are analogous to the 
properties of the K-relation above, with corresponding numbers: 


(0)* 9 for every pair 
(2) Sats = San 

The 6 is a symmetrical function of its arguments. 

(3) S qa, = 0 qi = 


If for a pair of values g,q, the 3 function has the value zero, the two members 
of the pair are identical. 


(4) 

(6) 9, 3 (Lo, =0 Se +b Se <@). 
(7) Ad 3 (LO = + Se * San Saas 


We denote by 6°, d*, etc., a d having the properties (2), the properties (3) 
and (4), ete. 
‘ In a system (Q; 4) we are able to define a A, and thus obtain a system 


(Q; K) as follows: 


1 
K = ding < gm 


1 
i.e. the K-relation holds between g,, q, and m, if 5m. Denote the 
K-relation thus defined by A;. Then it follows at once: 


* This property, not analogous to any properties of the K, plays a rdle only in that it avoids the persistent 
use of the absolute value of the J. From any given Jj we can obtain an equally effective J having the property 
(0), by simply taking the absolute of the given J. We shall suppose in the sequel that this has been done, and 
that we are operating with a j having the property (0). 

+I. e., there exists a real-valued single-valued function ¢g which approaches zero as e approaches zero, 
such that if dg,q.<¢ and dgq,<e then Jq,q,<%e. Moreover, we are able to say that there exists a function @ 
which is bounded for all finite values of e. For suppose it were not so. Then there would exist 

(a) 4 such that e,<e; 
(b) 4 Qin 4 Gon Qn SUCH that 204 204 > 
But 
and we thus have a contradiction. We shall therefore suppose that the @ chosen is bounded for all finite 
values of e. Similarly for below. 


31 
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(1) Ki; zt. e, the K-relation defined from the 6 has the property (1) of § 4. 
We have further: 

(2) If 5 has any of the properties (2), (3), (4), (5), (6), (7), (8) above, the 
K, has the corresponding properties. In full: 

Ki; & -D- & -D- Ki; & -D- Ki; & 
Ki; & -D- 

The first three of these cause no particular difficulty. As for 6° -D- K3, it is 
necessary to construct Let: 


t. e., the least upper bound of the values of ,, while e lies between aa and 


or In accordance with the foot-note on p. 247, this will evidently exist. 
Then if 


we set @, =m’. In this way we define a function @ with integral values ¢,,, 


and evidently 


Lon =o. 


A similar construction holds for (6), (7), and (8). 
We thus have the result that the Fréchet theory is a special case of a 
K-theory. 
On the other hand, in a system (Q;K) where the K-relation has the 
property (1), of § 4, we can define a d, and hence obtain a system (OQ; 4), in the 
following manner: 


(a).* If then = 0. 
(b). If not (a), then set §,,.= where + 


= B(m? 


If we define a 5 corresponding to a A-relation having the property (1), in this 
way we are able to state a proposition analogous to proposition (2) above. 


*If Kg,qm holds for all values of m, then d¢,9. = 0. 
+m’ is the least upper bound of the values of m for which the X-relation holds between ¢,9,m. 


gmat < En S Sar 
_ 
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As a consequence, whatever theorems involving the properties of §4 are 
holding in asystem (OQ; A), are also holding in a system (Q; 4); and conversely, 
the theorems holding in a (Q; 4) will also hold in a (Q;K), provided the 
K-relation in question has the property (1). 

It seems then that the K-relation with the property (1) of §4 is not more 
general than a 0. We can, however, regard the K-relation in the light of an 
operation which exhibits a § having rational values only, corresponding to any 
given 6. If, moreover, the K-relation is sufficient for our theory, then we have 
shown, incidentally, that the essential part of the § is a rational part. We shall 
therefore use the K-relation in preference to the 6. 

7. Limit defined in terms of the K-relation. In terms of the K-relation we 


may define limit as follows :* 
Ig, mS: Ba, 2229, Kam: 


Evidently such a limit is an Z. We shall denote it by Zz. It follows then that 
any theory obtainable in a system (Q; Z) is also holding in a system (Q; K) 
with L= 

We have the following propositions relative to the properties of Z,: 
(1) K -D- 


where (2), (3), (4), (5) are the properties of Z of §3. This is at once evideut 
from the definition of Z;. 
(2) K* Lt, 


which is also an immediate consequence of the definition of L,. 
(3) K™ Lk; 
i. e., if K1®, then the LZ, produces a unique limit. This may be shown as fol- 


lows: suppose 
and = q". 


* Tan = q is by definition the same as the statement: For every m there exists an integer mm such that 


n 
for every n greater than nm we have Ky, qm. 


K-situation ; e. g., we might define: 
n 


Of course, this is not the only possible definition of limit in a 


The above definition, however, is the analogue of the Fréchet definition: 


Lan q q = 0. 
n 


n 
| 
n n 
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Then by the definition of ZL, we have: 


m <= e Nm 3 n> m and 


the n,, being the greater of the values of n,, for g' and qg”. Then K® gives us: 
K (Mm). 
Now since Ld, = ©, and K has the property (1), we have: 


K (1), 
and so K? gives us 


— 
Usually in a situation in which it is a question of arguing the fact that a 
sequence approaches an element as a limit, we do not obtain a statement which 
is identical with the above definition, but rather one of which the statement of 
the definition is a consequence. One of the cases of frequent occurrence is 
covered by the following lemma: * 


(4) K! Av, 3 (Ld, = = 


For since Ly, = 0, we have: 
>m. 
Since Kk’, this n,, will also serve as the n,, of the definition of limit. 


As a special case of this we might consider this proposition when for every 
n we have 


Then we have: 


This lemma was used in the proof of (3) above. 

8. On the Composition of Classes of Elements, and of K-relations. Suppose 
two classes &/ = [q'], and Q”=[g"]. We derive from these classes a product 
or composite class : 

i. e., a class Q = [gq] whose elements g = (q’, q") are bipartite, g! and inde- 
pendently ranging over the class 0’ and ©” respectively. In practice, when 
there is no possibility of misinterpretation, we denote the element (q’, q”) 


by 


*J. e., if the A-relation has the property (1) of §4, and the sequence <9, } and the element g are such 
that there exists a function with integral values y,, approaching infinity with n, and such that Kg, qy,, 
then the sequence has q as a limit. 


In= 
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Similarly, from a finite number of classes &/, OQ”, ...., Q" we obtain a 

composite class : 

Returning to the case 0’ 9", suppose there exist in OQ! and ©” K-relations: 
K' and K", respectively; 7 e., suppose we are dealing with the systems (Q’; A’) 
and (Q"; kK"). Then the existence of a system (Q; A) is of interest. This 
depends upon the possibility of defining a K-relation from the A’ and K". We 
construct such a K-relation as follows: 

Suppose g,= 99; and Then 

if there exist m’ and m" such that K’ 

the smaller of m! and m’". 


Kon and m is 
Evidently such a K-relation will satisfy the condition that for every pair of 
elements g, and qg,, of the class &, there exists an m such that A,4.m, in so far 
as such a condition is holding in the systems (Q/; A’) and (Q"; K”’).* 

We consider how the presence of properties (1)-(8) of § 4 of the K’ and kK” 
affects the presence of the corresponding properties of the K. We have: 


where P = (1), (2), (4), (5), (6), (7), (8), but 


The proof of these propositions is very simple. 

We can then state the result that if we have a theory in a system (Q’; K’), 
which concerns itself with properties (1)-(8) of §4, a corresponding theory is 
holding in a composite class built up of two such systems. 

A similar construction and result relative to the composite class and the 
composite K will evidently hold if we are dealing with any finite number of 
systems (Q; K). 


* The above definition is not the only one possible. Others which suggest themselves are: 
(a) Kagem if both and K' 
(b) Kqqom if either K' gh or 
(c) Kq,qom if there exist m’ and m’’ such that K'q,q.m/ and K/"q,q",m" and m is the larger of 
m! and 


(d) if there exist m’ and m’’ such that K'q, gam? and and m =m! + 

(e) Kq,q.m if there exist m’ and m’’ such that and K'"q/1, and m =m! x 
All of these except the first have the defect that the theorem K/’3 and K’’3 .>~- K®3 is not holding, and more- 
over it is not possible to find a simple condition on K’ and K"”’ which will carry with it the presence of the 
property (3) in K. In the case of the first, we do not have a system (© ; K) as defined in §4, unless K’ and K’’ 


have the property (1) of §4. 


| 


252 HILDEBRANDT: A Contribution to the 


9. On the Complete Existential Theory of the Properties of the K-relation. 
We conclude this part by the construction of a complete existential theory of 
the properties (1)-(8) of the K-relation. 

Definition.* The complete existential theory of a set of properties P,, 


P,, .--+, P, of systems &, consists of (a) the body of interrelations between 
the properties, and (b) a body of systems &, there being a system > for each 
of the conceivable combinations of properties P,, ...., P, and their negatives 
—P,,.---, P,, not excluded by the interrelations of (a). . 

In case a system > is obtainable for each of the 2” combinations of 
P,, .---, P, and their negatives —P,, ....,P,, the set of properties 
P,, ...-, Py is said to be completely independent and consistent. 

Evidently, if a set of m properties P,, ...., P,, are completely independent 


and consistent, they are also independent in the ordinary sense, 2. ¢., it is possible 
to find systems > having the properties: 
—P,, Pa, P,, Pa, Paj P,, Pai, Py. 

We propose to consider the eight properties of the K-relation given in § 4. 
In § 5 we have derived a set of relations between these properties. These rela- 
tions exclude 176 of the 2*= 256 combinations of the properties (1)-(8), and 
their negatives, leaving 80 to be discussed. To complete the existential theory 
it is necessary to obtain a K-relation for each of these eighty combinations of 
properties of K. We take up these eighty A-relations relative to classes 0 of 
the following types: 

(a) A class © consisting of one element. 

(b) A class 9 consisting of two elements. 

(c) A class D2 consisting of three elements. 

(d) A class Q consisting of four elements. 

(e) A class Q consisting of a finite number of elements. 

(f) A class & consisting of a denumerable infinitude of elements. 

(g) A class Q consisting of a non-denumerable infinitude of elements of the 
power of the interval 0....1. These are denoted by 

respectively. 

In the following table, which gives the eighty combinations of the presence 
and absence of the properties of K, let + stand for the presence and — for the 
absence of the property. The Roman numerals in the last column give the type 
of class © of smallest dimension in which it is possible to determine a K-relation 


* Cf. Moore, loc. cit., p. 82. 


having the combination of properties in question. 


TABLE LI. 
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| 
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l++] 
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| ++++ | 
+++] | 


| 


+++] | 
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Lee (8) (4)|(0) 


| 
| 


J++] 


J++ 144 14+ 


isl 


ttl ttt | 


lit] 


| 


263 
{ | 
| | (6) (7) 
II, 
Il, 
Il, 
IT; 
Il, 
Is 
ll; 
+|— Il, 
18 
12 
14 pel II, 
15 
16 + II, 
18 | + 68) + | —|+ I, 
19 }—|II, | —|—|— —|— Il, 
21 —iII, | + | TI, 
24 | ‘Tl, 
25 Th 
27 | iL, 
28 — Il | —|—/|— Il; 
30 | | Il, 
31 Sit | — 
32 I, | 72) - —/| Il, 
33 + | IL 
35 | 75)—|—|—|— + 
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(a) The class 9 consisting of a single element. Let the element be g. 
Then to define the K-relation it is necessary to state the values of m for which 
Kgqm holds. Then we have: 


qqm 


(1) (Q!; K) 


There is no difficulty about seeing that K**, As for K® we either have 


or 3 m3? Kam. 
In the first case K*, and in the second K? vacuously.* We have further : 


For if K* we must have K, ,(m), and so K}. 
These two propositions exclude all but the following three combinations : 


For 1, let Kggm hold for every m; for 10, let Kygm hold for m<m,; and for 18, 


let Kgqm hold for m2 m,. 
The case in which the class © consists of only one element not being of 


frequent occurrence, we give K-relations satisfying the combinations 1, 10, 18 


under the next head also. 
(b) The class Q consisting of two elements, g, and gp. 


assign values for which 


Keems and K 


In this case we must 


hold. We arrange the combinations possible in II, in tabular form, giving first 
the combination of properties, then the values of m for which the K-relations hold, 
and finally the functions 9°, 9°, 9’, and ¢°, in case we have K°, K" or 
We thus obtain 34 systems in ©", We are not able to obtain more on 
account of certain relations which exist between these properties in case the 
class Q consists of two elements only. These relations, suggesting themselves 
in the attempt to obtain a K-relation satisfying combinations of properties which 


they exclude, are: 
(1) 


*This term and concept, introduced by Moore (Transactions of the American Mathematical Society, 111, p. 489, 
We shall make use of it frequently, 


foot-note), is of considerable importance in this type of discussion. 
especially as far as the property (3) is concerned. 


1( 
13 
4 
8 
21 
93 
3 
4 
‘ 
P 
() 
4 
y 
4 
5 
7 
8 
9 
5 
0 |. 
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TABLE II. 

— 
1) (2)](8) (4) |()|(8) (7) (8), 
— 4+ 4+) (m) m > 

—l|+] +) (m) (m) 
| m<m, m<m m<m, 
— + (m) m odd m even 
— +i mem | mem, mem 
@ | (@ | msm, 

| | 

4+) (m (m) m =m 
+ |— odd, m,| m, meven, m, 
+) + m odd, m,| m even, m, | 
m2m, |§ m2m, 
— mcm, m<m, | m>m, 
— | — | +i —| — | — | —| mom 
—|+/—|—| +] +) +] m2m, (m) | (m) 

| | | | | (m) | (m) 
+t) msm (m) msm 
—|—|/—|— | + i mem, (m) m=m, 
—|/—|—|—| +/+ | m<m, (m) mom 
—|—|—|—| + |—|+)—| mam, (m) mom 
m2m, (m) 
—| m<m, (nt) m > mM, 


Pin — Meo 


=m: 


Pm 
Pin 


=m 


m>m, 
m< m, 


m= m, 


Pm = M2: NK mM 


Pin = Mo: 


Pn —m 


m= 


m< 


Pm,— Pn—m-+ 1 


co 


=™; 
Pm = 
58 — 
m 
Pn m 
m m m, 
Pn =™, m< mM, 


255 
? 
(m) Pn 
(m) Pin =m 
(m) == 
(m) Pin —m 
ms m, | Pm =m 
(m) =m 
(m) on=M; or, =m+1 
(m) 
m<m | 
(m) 
mom, 
: 
(m) 
| 
m< mM, 
m2 
m< Mm 
| m=>m, | 
mM, | 
| 
| m= m, 
(2) 
| m<m 
| mom, 
> — 
mam Pm = My: mM 
; cf. 65 
| m<m, ; cf. 65 
m<m, oy” ; cf. 65 
m= m, cf. 65 
| m= m, | 
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This proposition holds also when Q is any class of finite dimensions. We 
prove it by constructing the @. Evidently * 
m' =B(m2 Kiam, t,k=1,2,...-, 2) 
exists. Also, if K does not have the property (4), there will exist: 
m' = B(ma Ka am (m)). 


Let m be the greater of these two, which, in case K‘, will evidently be m’. Let 


further: 
m! = B(B(m2 b= 1, 2, ...., 2), 


and m the smaller of these. This will exist on account of the finiteness of the 
class Q. Then we construct: 
= m when m<m, and 9, =m when m>m. 
It is easy to see that this } serves the desired purpose. 
(2) K*3 


Since K‘ we have | 
K gam (m), and Kgom (m). 


Further, from K? °, 
K gam (m), and Kgqm (m). 


Hence 

(3) Kt 

For if K* we can choose ¢,, = m. 

(4) Ki? K*. 

We can construct a @ in a manner similar to that used in proposition (1). 

(5) 

If we have either Kyom(m) or Kgqm(m). Suppose Kgom(m). Then 
K™ Kogm(m), and +D + (m). 

And so we have K*™™, 


*m/ is the least upper bound of the values of m for which Kgq m holds, where ik, and both i and k& 


range over the values 1, 2, ...., ”. 
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By K* we have and Also by K we have either (m) 
or K,,(m). But in either case the presence of K® permits us to take 


Pin = Pm = 
(7) 
K° affects the following pairs of K-relations: 


K gam ’ K K gam ’ Kaams K gam ’ K gem 


Of these K° relates to the following pairs : 
Moreover, by K® we have: 


So that 

Kem Kamen 
and 

Koad 


There thus remain to be treated only: 


K with K, and K 


192m 


with K, 


We build our ¢° as follows: for m’s common only to Kym and Ky,qm, and com- 
mon only to and let =m. For all other values of m let 
o°, = 9§,. It is not difficult to show that this is an effective 9°. 


(8) KT 
The demonstration of this is analogous to that of (7). 
(9) Ke .D- K*. 


We show that it is possible to choose $5, = $%:,, by taking up each individual 
pair to which K° applies. 


(10) EY 
The proof is similar to that of (7). 
(11) 


By writing down all pairs to which K" applies, and using the fact that since 
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we have either Kjam(m) or we find without much difficulty 


(12) 
The proof of this is similar to that of (11). We find that ¢f,=9;.,, . 
(13) K* or or K" or K*. 


Since we have either Kyqm(m) or but not both, since K *. 
Suppose K,.q.m(m). Then -D+ Fm, 2? for m<m, only. There are 
then four possibilities relative to and : 


(a) (m), and Kyqm(m). Then K*. 

(8B) Kgam(m), and m<m,. Then 

(y) for m<m, and Then 

(5) for m<m, and for m<m;. Then 


These relations make impossible the systems not included in the above 
enumeration of the systems possible in Q™. In particular, (1) excludes 2, 6, 7, 
11, 24, 25, 26, 27, 28, 29, 30, 31; (2) excludes further 9, 16, 17; (3) excludes 
4, 5, 22, 37; (4) excludes 61, 62, 68, 64; (5) excludes 20, 32, 56; (6) excludes 
85; (7) excludes 42, 45, 47, 50, 69, 72, 74, 77; (8) excludes 48, 51, 75, 78; 
(9) excludes 52, 79; (10) excludes 39, 66; (11) excludes 67; (12) excludes 68 ; 
(13) excludes 60. This totals 46, the number of systems which have not been 
obtained thus far. , 

(c) The class Q consisting of three elements; 7. ¢., Q™. We pass now to 
the case in which the class & consists of three elements. We do not take up 
the combinations of properties of the K-relation found to exist in a (Q"™; KX). 
As a matter of fact, we shall show later how to modify the systems obtained in 
Qt, so as to procure systems in Q"* having the same combinations of properties. 

As regards the relations which hold between the properties of the A-relation 
when © consists of three elements, we have already seen that the relation 


(1) K® .D. 
holds when © is of finite dimension, and hence when Q has only three elements. 
There is but one other proposition holding in OQ": 


This is proved by considering all of the pairs of K-relations to which K® applies. 


, 
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If we assume that Kym (m), one relation of this type holding on account of K °, 
it is easily apparent that we have ¢* = Psi453 excepting for the following four pairs 
of K-relations: 


193m 
we have as a possible ¢*: °= 9... We then build a 9° as follows: Take 
> = >, excepting for values of m for which both Kym and Kym or both 


800 Ko gm, and not OF and for which both and 


or both and Kyqm, and not OF OF hold. For these 
values of m we take ¢@?= 9%. It is not difficult to show that this 9 is 


uniquely determined for all values of m and that L@,, = 0. 


This proposition excludes but one further possibility: 66. There thus re- 
main thirty-three combinations of properties of K which it is possible to obtain 
in a class OQ, in addition to those already obtained in Q™, These systems are 
given in Table III. 

(d) The class 9 consisting of four elements. Passing to the case in which 
the class Q consists of four elements, we obtain only one additional system, viz., 
one satisfying the combination : 

66. —— —— + + + —. 

The following A-relation will satisfy this combination of properties: 


Kiam 2 Me, M3, My; Me, Mg, M2 Me, Mg, Me; 
We suppose the m,, ...-, m; to be distinct, and less than m,._ The values of the 
o-functions are as follows: 
m, | Ms m, m, |m2m,|\m<m, 

| Ms Me Ms; m m 

| m, Ms My Ms m my 

g Ms Ms Ms m m, 


In this situation K *, because the ¢%, is not uniquely defined for the value m, a 
result of considering Kym, With Kgqm, 204 With 
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TABLE III. 
(1) | (3) (4) (5)/(6) (7) (8) | | K 
| | | | 
(m) m= m, m<m | (m) 
(m) (m) mcm (m) (m) 
146 + + 4+ +/+ (m) (m) (m) (m) 
+/+ +/+ (m) (m) m<m, (m) (m) 
+ (m) (m) m <m, (m) (m) 
32 | + + | + (m) (m) (m) (m) 
—|—|—; +) (m) Me (m) (m) 
| | 

45 +)/— m,m, my, Mz ms Me Mz 
47 |—|—| + | 4+) ms my Ms Mg, Ms 
50 + + msm, m>m | m<m m>m, 
+  — — +) msm m<m, m<m, 
56 | + +/+ +! (m) (m) mem (m) (m) 
60 msm (m) (m) m <m, m < my, 
61 | +\|— —|—|— | + msm (m) m<m msm (m) 
68 — — — +) mem (m) | msm 
—— — — msm (mM msm msm msm 
— | — | | | m, |m = 2m!', m,| m = 2m’, m, 
68 |—| | — | — + — t+ = (m) 2m! +1, = 2m', m, m= 2m’, m, 
69 |—|— —|— | — m,| | mM, 2m', m,|m = m, 
72 |—|—|— | — | — + m, = 2m!', m,| m = 2m’, m, 
75 |—|—|— —| — | — | + + (m) |\m=3m'+ 2, m,| m= 3m!', m,|m = 3m’, m, 
77 |—|—|—|— | —|+ |—|-— | (m) | m<m msm | 
738 |—|—|— —|— —|+/—| mam | (m) mom | (m) (m) 
79)}—|—|—|—|— —|— msm | (m) mom mom | 


| 
| 


| 
| 


| 


mM: 


| 


TABLE [l1—Continued. 
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mem m>m, (m) | 
| mom, (m) (m) | 
| m<m, m=>m, (m) 
m>m m>m, (m) | =m 
m< m= m, (m) | 
m<m, m < mz (m) Ms <1; Pm = 
m < mg (m) (m) 
mem, mom Pm =m 
< M, Ms (m) Sam; = ms; 
m<m, m= mM, (m) 
™,, Ms m, Ms Pn ™M 5 Mo; Ms; 
Ping = Ping= Me} Ping= Ms}; 
m, ms Pin, = Ping = 45 Pn, = 
Ms Pm = Pm = 
Me ms Pm, = Pm: = Pin, = Ms 
m<m, m>m, m=m, On = mM MLM; = mM: Mm 
m<m, m<m, mom, | Cf. 50 
m=>m, m<m, m<m Cf. 50 
| CM >, >, =M: mM >m, 
m<m, m<m m<m, =m 
m<m, (m) (m) =m 
mom, mom mom Qin =m 
| (m) m<m, mom =m 
| m, m= 2m'+1,m,|m= 2m', m, Pm, = 3 = Oh, = 
m, m, m = 2m’, m, Cf. 67 
m= 2m!+1, m,|m=2m!-+1, m, m, m = m, Cf. 67 
m= 2m'+ 1, m, | m, m = 2m’, m, Pu, = ™,; = 2m 
‘m=3m'+1, m,|m=8m!' +1, m,|m=3m' + 2,m,|\m = 3m’, m, Pm, = 3m; =m 
m=3m!' +1, m,|m=3m'+1,m m, = 38m’, m, Mm, = 3 = 3m; 
| msm, (m) Pn =™M >, =M:m DM, 
m<m, m<m, m<m, Cf. 77 
m=m, m<m, m<m, Cf. 77 
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(e) The class O containing any finite number of elements. It is not possible 
to obtain any additional systems when we pass to the general finite case. 

(f) The class 2 consisting of a denumerable infinitude of elements. Weare 
thus forced to proceed to the case in which the class © is infinite. The simplest 
type of infinity is the denumerable type, and so we consider this first. It is 
possible to obtain systems (Q™; K) which have the twelve combinations of 


properties of the K-relation not yet considered. Suppose the elements to be 


gi, 7=1, 2,..... Then the K-relations may be defined as follows: 
spd + ————! Kygm or 2: m<2 
: (m) 


torj=lor2: m<sit+y. 
For from with 14 would follow which is contrary to 


Kyq,3- Since K* we have also K *7 


mc 2 
moet 

(1) We show that ¢5,=m. Suppose and Koqm- Then if 
or j=k, we evidently have There remain to be considered 
thus: | 

(2) t>Jj, >% Then since Kygm holds for m<i, for m<j, and 
for m <i, we evidently have =m. 

(8) i<j, Then since Ky am holds for m < 2, and for m 
while Kjq.m at least for m<2, we also have ¢,,=m. Similarly it appears 
that this 9°, will work for the other two possibilities: « >j and 7< k, and 
v<j and j< k. 

(2) On the other hand we have K *. For suppose 1 >2. Then if K° we 
should have from Kya, and Ko a6 Ka 006," But by hypothesis we have at 
most K,.... Hence K 

Since, further, K*, K’, K® are equivalent under A™ by §5 (12), we have 
K "and 

m<2 
i—j=1 
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5 
For With would give us by K°: Ko and we have 


5 6 
at most Hence K Again by K® we should have from 2141 


with Ko and we have at most: 7.2. Hence K °, and also, 


by §5 (12), and 


m<2, 
m<i+). 


landj+#1 


tml of j=l 


This is similar to 2 above. 


24. +—+—++4+——2 Kygm 
It is not difficult to show that We see that K by considering 
with Ko qm, and that A’ by considering Ky qm With 

25. +$—+—+—+—i msi. Of. 24. 


26. +—+—+4+——+4+: Kiam m <2, except when i—j = 1 and 7 is 
even, in which case m < 27 + 1. 


It is easily apparent that ¢}3= m. On the other hand, if A’ and K® we should 


have from Koa, and Koi. which is contrary to 
and Kas, % 442° 
27. +—+— + — Kiam m<1 
mi. 
Cf. 6. 
2. +—+——+-——-: Koa :m<2 except Ko for 1 = 3n + 3, 
and K, K, K, for 


t=3n+1, in which cases men-+1. 
We show without much difficulty that ¢§,=m. The negatives are easily 
obtained. 
29. + ——— + ms? except for t=3n+3 
or 3n + 1, and Kiss 
for 3n + 1, in which 
cases men-+ 1. 
Similar to 28. 


33 


e 

a 
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30. +—+————+: m<2 except Ky m for t= 3n +1 
or 3n + 2, in which case m<2n+1, 
and .m for i= 38n, for which 
m < 21 — 2. 

We have in this case $3, = m— 1. 

31. : 

We have thus obtained a situation for each of the above combinations of 
properties. 

(g). However, the classes 0, to which we apply the K-relation and its 
properties, are generally of the denumerably infinite, or non-denumerably 
infinite type. In the above set of systems, however, there are considered only 
twelve which include a class Q which is denumerably infinite, and no system in 
which the class © is non-denumerably infinite. The question naturally arises 
whether these situations are possible also in these two types of classes. We 
obtain the desired result by attempting to extend the given situations to classes 
of greater dimension, preserving the properties of the K-relation. The following 
scheme of extension will cover a large number of cases: 

(a) Extension of to OM, >n. 

Let the elements of QO be qi, qo, ----,q. We put this set into cor- 
respondence with a set of m elements, gj, 92, ----,@,, by supposing gj to 
correspond to q;, if 7=(t—1) mod n. This assigns to every member of the 
set qi,----,Q, a definite correspondent of the set g{, We suppose 
then that Aj qm holds for values of m for which Ky, v,m holds, where gir corre- 


sponds to gq, and g; tog;. We then have 
(1) KP in On KP in QM, 


where P is one of the properties: (1), (— 1), (2), (— 2), (— 8), (4), (— 4), (5), 
(— 5), (6), (— 6), (7), (7), (8), (78). There is no difficulty about seeing 
this. Hence it includes all of the properties and their negatives, excepting (3). 


If by K “, identically, we mean that for no 7 do we have K,,7., then we can say ; 


As a result we have then that if, in the combination K *, we have K * identi- 
cally, all cases excepting those for which we have K* may be extended as 
above, and the result will be a K ina G'% which will have the same combina- 
tion of properties as the Kin Q'™n, A review of the above examples will reveal 
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the fact that in all cases in which we have K**, we have K * identically. Hence 
this mode of extension will apply to all of the above systems excepting eleven, 
for which we have K*. 

(8) A similar scheme enables us to pass from On to G™. Suppose OQ" 
to consist of the elements: q,, -.--, Gey «+++: We put g, in correspondence 
with gq, if k=(k'—1) modn. Then if we define our X-relation as in (a), we 
shall have the same results. 

(vy) As for passing from O%%» to Q'’, where &'Y is a class of the non- 
denumerably infinite type, which is of the same power as the continuum, the in- 
terval O<a2<1. Let us suppose that our elements are g,, where O<a%<1; 12.4, 

fe.; OS a< 1). 
To set up a correspondence with On, divide the interval 0<a<1 into n equal 


parts and set 


-pt—1 } 
g, into correspondence with q; if : 
and 
‘ 1 
into correspondence with q; if 


If we define our K-relation as in (a), the same results will also hold. 
(5) Finally, to extend G™ to SY, set 


g into correspondence with q,, if <a< on? 


and 
go into correspondence with .q}. 


This produces results similar to the above. 

We have thus shown that it is possible to obtain all but eleven of the above 
combinations of properties in &' and O'Y. It remains to consider these. We 
discuss each of these cases separately. 

lL ++++++++. In any class let K,,,, hold for every m if 
= Q2, and for m< m if FQ. 

2 +¢4+4++————. This occurs for the first time in QU. So we 
need consider it only for Q'Y. Supposing the elements of ©" to be qg,, we define 
our K as follows: 


Ko .a,m(m), Ky hold for m< 2, or 1; 


1 


‘ 
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38 —+++++++. We suppose that in any class K,.,,. holds for 
every m if and for m=m, if gq, # q@. 

4, —+++——-—w—. In any class select three elements, and for 
these define the K-relations as given in IJ;. For all other elements let 
hold for every m if g,=4q,, and for m2 m, if q+ q@. 

Let hold for every m if and for 
m<m, for g,#q, excepting and q": for m<m,< 

6 +—+++——-—. We need consider only Q'Y. The method of 
constructing a K-relation from the one holding in &"™ is similar to that used 
in 2. This holds also of 


12. ——++++++. Proceed as in 5, substituting > for<. 

13. ——+++——+. Let hold for every m if = q". Let 
Ky, hold for m odd if « or 2, > 2, and for m even if i< or x, < 
We have in this case ¢°, = m, and 9}, = m + 1. 

144. ——+++———. Suppose holds for every m if and 
Ky, 4m holds for m2m, if i>J or a, and for m< m, if and 
We have =m. 

15. ——-+ + —— ——. Proceed as in 4 above. 


We have thus completed the study of the complete existential theory of our 
eight properties, and have shown that with the exception of the propositions of 
§5, there exist no further relations between the properties in question. 

While we do not have the entire set of properties completely independent, 
certain combinations of them are. For instance: (1), (2), (8), (4), (5) form a 
set of properties, which include all of the rest, and are completely independent.* 
A further set of completely independent properties is (1), (3), (6), (7). This set 
of properties is not quite as strong as the above. For if we have K'™, we have 
also K°®, while if we have K!"’, we have only in addition A, and not neces- 
sarily K? or K‘.+ There are a number of other interesting combinations of 
properties, but they are equivalent to these two, or to the combination K™®. 


*In so far as Fréchet assumes the properties (2), (3), (4), (5) as properties of the d, and a system (Q ; ?*45) 
is a system (CQ; K*!), we have shown incidentally that he has chosen a set of completely independent and 
consistent properties. 

+In the next part we shall show that a "6 is sufficient for the Fréchet d-theory. We have thus a 
weaker set of properties than those assumed by Fréchet. 


~J 
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II. 


PROPERTIES OF SUBCLASSES Ji oF THE CLASS O oF A System (Q; HK) AND OF 
Continuous Functions on To 


We have been considering systems (Q; Z), and (CQ; A), and have in par- 
ticular discussed properties of Z and the K-relation. We now turn our atten- 
tion to the properties of the class Q, considering in particular subclasses* Ji of O, 
and real-valued continuous functions on Jt. 

We show in §13 that it is not possible to obtain some theorems of the 
theory of point sets, relative to }t of systems (Q; Z), even though we suppose 
that Z has all of the properties of §3. Hence the treatment of subclasses Ji of 
classes © is confined mostly to systems (Q; K). However, a theory of sequen- 
tially continuous functions is obtainable in a system (Q; LZ). A theory of differ- 
ence continuous functions can be derived in a system (Q; AH). These are taken 
up in §§ 18 ff. 

The theorems derived are in the main the theorems of Fréchet. However, 
instead of permanently conditioning the Z and the £& in the systems (Q; LZ) and 
(Q; K), we have preferred to indicate in each case the precise properties of 
L or K, sufficient to carry the argument. In this way it appears that it is not 
necessary to condition the Z for the theorems on continuous functions. Further, 
that a K-relation having the properties (1), (3), (6), (7), of §4, is sufficient for 
all the theorems, and in some cases even weaker conditions on the X will do. 
It will be noticed that the symmetry property (2) and the property (4) do not 
occur. The former is really a matter of convenience. It is avoided by the use 
of properties K?", which combination we have seen is weaker than K™, the 
combination it replaces. Property (4) serves to avoid the separate consideration 
of the limit of a sequence which consists of a finite number of elements only. 
Its presence as a condition restricts the generality of the theorems. We have 
therefore preferred to gain in generality at the expense of convenience, 
replacing the property (2) by a weaker combination, and taking up a more 
detailed discussion, if necessary, instead of using the property (4). 

We take up first a consideration of the definitions of properties of the 
classes Jt in a system (Q; LZ), and the modification of these definitions in case we 


* We shall suppose that i denotes a subclass of Q throughout this part. 


= 
are operating in a system (Q; A’), passing thence to the consideration of sub- 
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classes Jt of QO in systems (Q; LZ) and (Q; XK), and the question of continuous 
functions of i of (Q; Z) and (2; K). 

10. Definitions.* Suppose © a subclass of Ji. Then we have: 

(1) q is a limiting element of KR, if it is the limit of a sequence of distinct 
elements of the class 3%. We denote limiting elements of }t by 2’. 

(2) The derived class R' of # is the class which consists of all of the limiting 
elements of the class Jt, 7. e., we have 3/= [all 7’]. 

(3) is closed if it contains its derived class ii’, ¢., if 

(4) Jt is dense in ttself if its derived class contains it, 7. e., if Wt”. 

(5) dt is perfect if it is identical with its derived class, 7. e., if Jt = NH’. 

(6) 3 is compact if every denumerable infinitude of elements of #t gives rise 
to at least one limiting element. f 

(7) Kt is extremal if it is compact and closed. 

(8) g is an element of condensation of it if it is a limiting element of any sub- 
class of Jt obtained by removing a denumerable infinitude of elements from Ji. 
We denote an element of condensation by 76. Evidently a class Jt has an 
element of condensation only if it is non-denumerable. 

(9) It is condensed if every non-denumerable set of its elements gives rise to 
an element of condensation.§ 

(10) An element g is interior to S relative to R|| if g is an element of G, and 
every sequence of 3t which has g as a limit ultimately belongs to ©.J In 


symbols : 


q interior 6D) = gS Lr, 
n 


* Cf. Fréchet, loc. cit., p. 6. 
+ Of course if the limit relation Z is such that no sequence with all of its elements distinct has a limit, 


there will be no limiting elements. A similar statement holds relative to compact classes below. 

t Accordingly every finite class is compact, for the definitional condition is satisfied vacuously, its 
hypothesis being incapable of fulfillment in a finite class, Cf. Moore, Jrans. Amer. Math. Soc., III, 489. 

§In accordance with the foot-note to (6) above, Rt is condensed if it is denumerable; namely, in the 


vacuous sense. 
|| Denoted by g imterior S®), Cf. relativity notation of Moore, loc. cit., pp. 27 ff. 


| Fréchet speaks of interiority in the strict sense. His definition reads: 


qinterior gS , 14 | distinct 3 Lr, 
n 


This is evidently not what he means. Judging by the use made of the notion on p. 23, he assumes that he has 


defined interiority : 
n 


Our definition is, as is easily evident, equivalent to this one if we assume the Z to have the properties used 
by Fréchet, viz., Z'6, 
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11. Two Propositions. For an L, defined relative to a K!, we secure, as 
follows, a desirable transformation of the definition of interiority :* 


As a converse of (1) we have: 


Joining these two propositions into a single equivalence we have :+ 
We prove (1) first. If possible, suppose the proposition were not holding. 


Then we have: 
m-D- Ar, ? om 


Then evidently by §7 (4): Zr,,=s, and since simerer SQ) we have: 


m2m2>m rs. 

We have thus reached a contradiction, and our proposition therefore holds. 

As for (2) suppose Lr, =8; 1. 

meD- An, K,, ams 
If, in particular, we take m = mp), we shall have by the hypothesis of (2) : 

Hence s satisfies the conditions of interiority. 

If we have K', we can define a concept analogous to that of the bounded 
point set, viz. limited. We define: f 

The property limited is related to the property compact as follows: § 
(4) K". Jjcompact limited | 


*The K-relation having the property (1), if an element s of a subclass © of the subclass i of © is interior 
to S with respect to R, then there exists an m, such that every element r in the relation K;gm, belongs to ©. 
The analogous proposition holds for the weaker interiority defined by Fréchet, if the X-relation has the 
- property (3). 

+A similar result holds in a system (Q ; d), d unconditioned: 

é s© sinterior G(R) rS, 
In this form we have a conception of interiority which is analogous to the one of the linear point set theory. 

{R is limited, if there exists an m such that for every pair of elements 7, and r, of the class i, we have 


Kr,rym 
§Cf. Fréchet, loc. cit., p. 22. 


m 
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If possible, suppose it were not so. Then 


There are then four possibilities: (a) The sequences 7,,, and 7, each contain 
only a finite number of distinct elements. (b) The sequence 7,,, contains only a 
finite number of distinct elements, while the sequence 7,,, contains an infinitude 
of distinct elements. (c) The sequence 7,,, contains an infinitude of distinct 
elements, while the sequence r,,, contains only a finite number of distinct ele- 
ments. (d) Each sequence contains an infinitude of distinct elements. In case 
(a), there will be a certain pair of elements 7,, 7, which will have like subscripts 
infinitely often. We argue a contradiction by considering that there exists an 
m, such that K,.,.,- In case (b), so far as it is not covered by (a), we can show 
the existence of a set of integers m, such that 72, are all distinct and Lem, = 


while 7), = 7 for every n. Then, since K) is a system, 
2? 
Further we have: 


"em, 
Then, since 


"1"2m,, ’ "1m, "2m, 


By taking n27n,,, and — m, < ¢i,,, we obtain a contradiction. Similarly for (c). 
As for case (d), so far as it is not covered by the preceding cases, we can obtain 
two sequences {Tim,, { and |T2m,, {, each consisting of distinct elements, and 


further, since Ji°°™?***, in such a way that: 
A 2 =q, and = 
Since we have a system (Q; K), we have: 


4 My 2 
Also since = 2: 
n 


Applying K" to these two K-relations there results: 


"em, nd Mo 


"2m, 
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From it follows: 


/ 
Ping 3 Nm, 2 n= 


Tim 
And hence 


r To 
1m n 2m mo 


n 


Hence, taking an integer m exceeding nj, and jj, and also such that 
— mM, <>}, , we obtain the desired contradiction. 
0 


12. Propositions on Compact Classes in (Q; LZ). We have as an immediate 
consequence of the definition of compact classes the propositions : * 

(1) The sum of a finite number of compact classes is compact. 

(2) Any subclass of a compact class is compact. 

(3) If every subclass of a class is compact, then the class is compact. The last 
two propositions might be joined into one: 


The proof is identically the one given by Fréchet, Joc. cit., p. 7. 

13. On Derived Classes in a System (Q;L). It is not possible to obtain, 
even though we suppose that the limit relation has all of the properties of §3, 
t.e., L'**, the theorem that the derived set of a given set is closed, or, in class 
terminology, that the derived class of every subclass of © is closed. This may 
be shown by the following example: { 

We suppose the class © to consist of the following elements, all of which 
are supposed distinct: {dim}, }Q}, 9 (4,n=1, 2,..--, 0). The complete table 
for the limit Z in this class is specified as follows: 

(a) A sequence {q,,,}, where J, is fixed, taken in any order, or any subse- 
quence of such a sequence, or any sequence obtained by prefixing a finite 
number of elements of the class, shall have as limit q,. (b) A sequence 
{qt}, taken in any order, or any subsequence of such a sequence, or any 
sequence obtained by prefixing a finite number of elements, shall have as 
limit g. (c) Any identity sequence, or any sequence, which after a certain 


*Cf. Fréchet, loc. cit., p. 7. Notice, however, that there is no condition on ZL. 

+ If Z has the property (3), and Rt is compact, if, further, we have a sequence of subclasses of fi, each of 
which is closed, contained in the preceding and containing at least one element, then there is an element com- 
mon to all of these classes. 

t The example given is a modification of the example given by Hahn, Monatshefte Vol. XIX, p. 248, so as 
to include the properties 4, 5, of ZL. 


34 
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term consists of one element repeated, shall have the repeated element as 
limit. No other sequences shall have limits. Such a limit is evidently 
an Consider now Then and so that It” 
is not closed. This is due to the fact that the above properties are not 
sufficient to secure gq) as the limit of some sequence built up of elements taken 
from [g,,] only. The connection between the class Ji’ and the class it as given 
by these properties of limit is not sufficiently close. We therefore need a weaker 
system if we desire to have this as a theorem. We obtain this in systems 
(Q; K), the being suitably conditioned. 

14. Relative to Derived Classes in Systems (Q; K). We have the theorem:* 


sD: oD jyelosea, 


Suppose 
Lri=r" and Lr,,=ri, 
n 


where the 7/, are all distinct, and the 7,, are distinct for every n. Then we have 
* by the definition of limit: 


me D> dn, Ky rm 


and 


| Ln 3 ear K, 


m* 


m Un Mm 


Then by the fact that K has the property (5) we have 


r 
Nm ln m 


and so by §7 (4): Lr, =7", t.¢, and therefore 


15. On Compact Classes and Their Derivatives in Systems (Q; K). We 
have : 


We need consider only the case in which Ji’ contains an infinitude of elements. 


* Cf. Fréchet, loc. cit., p. 18. 
+ There exists a sequence of /,lm, such that the elements of the sequence Timlm ®te all distinct, and 


n,m The distinctness of the elements ry, 1,, can be argued by a step-by-step process from the 


Tam ln m 
fact that the elements of the sequences r,, are distinct for every n. 
t Cf. Fréchet, Rend. di Pal., XXX, p. 4. Also for (6) and (7) below. 


- 
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Suppose then that [7;,] is a denumerable infinitude of distinct elements of the 
class Jt!. Then on account of the definition of Ji! we have: 
l 
Then by the definition of limit, 


distinct 


Since Jt is compact, there will be a subsequence of j7,, |}, {7,,{, and an element 


7’ such that 
Lt, =F. 
k k 


Then 


But K, ,, andsoif K!: 
ny, 
Applying the fact that °*, there results: 
m 


Hence by §7 (4) we have: 


This shows that there exists a limiting element for [7/,], 7. e., Jt’ is compact. 
We have as immediate corollaries: 


A theorem relating to the class 3i itself is the following :* 


Suppose Then+ 
m, = B(m 2 Kym 


exists and is finite. For if it were not finite, we should have either: (a) By K! 


*If K has the properties (1), (3), (6), and (7), and { is compact, then the class of elements consisting of 
elements of {{ which are not limiting elements of Rt is denumerable. Cf. Fréchet, loc. cit., p. 20. 
tm, is the least upper bound of the values of m for which : holds, r’ ranging over the class ft’. 


Le. =r 
k k 
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there would exist an 7’ such that XK,,,,,(m), in which case s=~7’, if K*®, which 
evidently is contradictory to the hypothesis relative to s; or (b) 


/ distinct 


But then by § 7 (4) we should have Zr;,=s. Ifthen we have by § 15 s®, 


which again is contradictory to the hypothesis. 
We have further : 


m «>D- J finite number of s such that m, = m. 


If not, let there be an infinitude for m). Since Jt is compact, there exists a 
limiting element for a sequence of these values. Let }s,} be the sequence, and 
ro the limiting element. Then 


dn, Ky rim 


Now by §4 (1), if K™, we have: K,,, y. To obtain a contradiction, choose m 
so that $$, > mp). Since, then, there exist.only a finite number of s such that 
m,=m, the class [s] is evidently denumerable. 

As an immediate corollary we have : 


(5) :>: gjeompact , , §}denumerable 
Suppose if possible Ji,,, not finite. Then 


3 3 Lr, q: 
n 


Then 
Then 


Ny Ne 
If we choose m so that $,, >m,, we have a contradiction. Hence 
Afinit 


The proof of this is as in Fréchet: Rendiconti di Palermo, XXX, §5, pp. 3 and 4. 


m 
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16. Classes of Elements of Condensation. Denote the class of elements of 
condensation of Jt, by Jit, ¢., [75]. Then we have: 


(1) gJiXclosed | 
This is an immediate consequence of § 15.* 
(2) jpcondensed dense in itself 
Let r‘ be any element of Ji8. Then let 
Every element of the class Ji excepting r‘ will be in a uniquely determined 
class Jt,,. For otherwise we should have X,,.,,(m), and then by K*® r=r*. 


There will be an infinitude of non-denumerable classes in the set #. If not, 


then: 


But, by removing the denumerable class of elements consisting of the elements 
in the classes #,, for m=m,, we obtain a class of which 7‘ is not a limiting 
element, which would be contrary to the hypothesis, that 7* is an element of 
condensation of the class. Denote by Kn, the classes of [%,,] which are non- 
denumerable. Then: 


elements of condensation of 


There are two possibilities: (a) the sequence {7*,, } contains only a finite num- 
ber of distinct elements, and (b) the sequence }j7*,, } contains an infinitude of 
distinct elements. Suppose if possible (a), and let 7‘, be an element infinitely 
repeated, t.¢., 

(k). 
We shall have: 


3 Dr = 


Then 
mee 3 i> i. 


which holds in particular for m =m, (4). Also by hypothesis: 


* Cf. Fréchet, loc. cit., p. 19. It may be remarked that Fréchet really proves: If (Q; K) is such that the 
derived class of every subclass of © is closed, then the class of elements of condensation of any subclass of Q 
is also closed, 


K 
Tm, 
k 
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Hence by K° we have: 


This will be holding for every &, and hence by §7 (5) and K® we have 
But by the above we then have: 


which is contradictory to the definition of 3t,, . Hence case (a) can not occur. 
k 


We are thus led to the result that we have (b), 2. e., that there is an infinitude 
of distinct elements in the sequence {7 in, ‘. Let Tn, be this infinitude. Then 


for every k 
— 


where 7,, , is composed of distinct elements of Kn, . Then 
k 


31,2121, K, 


r 


This holds in particular for m =m, (k). Moreover, for every &: 


K, rm, 
My 


Hence by 


and by §7 (4): 
| 


Since 7“ was any element of Ji‘, this proves that $i‘ is dense in itself. 
We have the following corollary : 

(3) K 3381 Jjcondensed jiSperfect 

By a method similar to § 15 (4) it can be shown that: 


( 4) :>: S{condensed , [s 2 gh 


17. Heine Borel Theorems. 

17a. Heine Borel Property. Suppose a class of classes G, in notation [€]. 
We consider a unipartite property P of such classes [S], the notation [G]’, 
denoting that the class [G] has the property. 


m m 
Nk 
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Kvery property P determines a derived property, likewise of classes [G], 
the Heine Borel Property with respect to the property P, in notation HA-B(P). 
A class [SG] has the property H-B(P) in case there exists a finite subclass 
[S,, S., ..--, S,] of [S], which has the property P, in symbols: 

17b. This Heine Borel Property occurs in the theory of linear point sets in 
the case where the class of classes consists of a set of closed intervals, and where 
the property P is that every point of a given interval lies within one of the 
intervals of the set. We shall be concerned with the Heine Borel Property 
relative to classes S of elements s, where the property P is that every element 
of a given class Jt is interior to some class © of the class of classes [G] relative 
to 3t. We shall denote this property by J(3#), in symbols: 

[Sy = 7* SIS! yinterior SH), 
We then have the following theorem :* 

Suppose that the theorem does not hold. Then there will be an 7,, which 
will not be interior to ©, relative to Jt. Let S,, be the first class of [S,] to 
which 7, is interior. Then there will exist an 7, not interior to ©, ....,S,, 
but interior to S,,. Proceeding in this manner, we obtain in the general case an 
element 7; not interior to ©, S,, ...-, G»,», but interior to S,. By way of 
contradiction we shall show that there exists a subsequence {7} of {7,$, which 
ultimately consists of elements which are interior to a single class of the set [G,]. 
Since Rt is extremal, we have: 

in} of 3 br, =". 


Now 7, will be interior to some class G of the class [G,], let us say €,. We 


then have by §11 (1): 


Now since Lr, = 1%: 
k 


k 


* Of. Fréchet, loc. cit., p. 22. E. R. Hedrick (Trans. Amer. Math. Soc., XII, 285) has recently shown that 
it is sufficient to replace the hypothesis K' by the hypothesis that the derived class of any subclass of 
is closed. He supposes a (Q); L), the Z being the one of Fréchet, an 76, It is easily shown that an Z?is 
sufficient. To be sure, the hypothesis that the derived class of any subclass of © be closed probably acts in a 
restrictive way on the Z. What this restriction is does not seem to have been as yet determined. 
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If in particular we take m = m, we have: 
To obtain 7, interior to ©), suppose 
=7,. 
n 
Then 
meds 2 K, ry m3 
nk 
and so if K°: 
k2k, and n2n,, Ky 


If then we take m, so that $,,2 mo, we shall actually have: 
that is, if & exceeds k,,, and k,,, 7,, will be interior to ©, relative to H, which is 
the desired contradiction. 
17c. Separability.* MR is separable relative to OQ if there exists a denumer- 


able subclass of Q which together with its derivative contains the class , 
symbolically : 

Jiseparable (Q) = Ddenumerable 3 
We have a special case of this when the class Jt is the class Q itself. In so far as 
the derived class of a subclass of © can not contain any elements not belonging 


to Q, we must have, in this case, 


The property separable is thus a bipartite property relating to the classes Ji 
and Q. From this bipartite property we derive the property of separability of 
Q, we have: 


D separable = D separable (©) 


We have the following propositions: 


(1) Ceeparable HO Jpseparable 
(2) HO Jiseparable (Q) Qyseparable 

(3) K* Jj separable (Q) separable 

(4) :>: Ji separable 2 (It + 

(5) jiSeparable (Rt) ‘ JjseParable 

(6) Kk" :>: Jjcompact Jiseparable (2) Ji separable (Q) Cf. § 15 (7). 


* Cf. Fréchet, loc. cit., p. 23. The definition of separability given by Fréchet is: 


It is easily seen that our definition is somewhat weaker. 
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17d. Generalization of the Theorem of Cauchy.* The class Kt has a generali- 
zation of the Theorem of Cauchy relative to the class 2 if, for every sequence 
7, Of #t, which is such that for every n there exists an m,, such that, if n, and n, 


exceed n,,, we have K, , , then there exists an element g, which is the limit 
of the sequence 7,. In notation: 
ROOD = fr bam An, 2 ™>n, 2D: Ky m Lr, =¢, 


Ns == 


where 3?°® denotes the fact that Jt has a generalization of the theorem of. 
Cauchy relative to &. It is possible to replace the class 3t by the class &, and 
thus obtain O°), or simply Q°°. We have at once: 


(1) Qe 
(2) jicompact | 

17e. We define finally a property D,,+} of a class of classes [2], relative to 2. 
The classes [X]| have the property D,, relative to Kt, if every element r of the 


class # belongs to at least one class of the set [X], and if 7, and r, belong to the 
same &, then Symbolically : 


We have the following lemmas relative to the property D,, : 
(1) 3:3: R-m -D- F 
Suppose m, such that m2m, 9},,2m, and Let 


Evidently every element 7 will belong to at least one &,,,. Further, if of a pair 
of elements 7, and r, belonging to the same {,,,,, one of them is 7, we shall 
evidently have Ky, and K,,.., since m2m, and @},,2m. In the general 
case we obtain from A’ and from aNd Kym: Hence we have 
[mr] 2m™, 

We are, however, interested more especially in the case in which for every 
m it is possible to find a class [{]?» which is denumerable or even finite. 


We have: 


* Cf. Fréchet, loc. cit., p. 23. 
+I. e., Development, or division. Cf. Fréchet, p. 25, f. 
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On account of the separability of R relative to Q, let D=[g,] 2 H+. Sup- 


pose further 
My? M2m, and >m. 


Then set 
Evidently 


: 
Further, suppose (7,, Then using we obtain, from Ko 800 Ky 
D 
K,., and so Hence 


As for the result [%,,,,]7, there evidently exists 
Mo Pi, > My and mM. 


If now Lr,=7, we have: 
Also, on account of the separability of #, we have either : 
and hence, if we apply K’, there result Ka, rims and Ke, rms t.e., by the definition 


of &,,,, and the definition of interiority, 


interior Ob 


or 7 =4g,, in which case the interiority is immediate. We therefore have : 


As for [=]? and finite, we have: 


Since the class ji is compact, we have by §15 (3) the class (Jt + J’) extremal. 
Since further, by §17c (6), from (Jt + we obtain (It + (©) we 


can determine by (2) above: 


[Zine | 2m 


i. e., there exists a finite set of classes [X».|/**®. Evidently this set is such 
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The following converse of this lemma holds :* 


17f. Heine Borel Theorem in the Non-denumerable Case. We are now in 
position to prove the Heine Borel Theorem in the case in which the given 
[S]}* is non-denumerable. We have the theorem :+ 


By §17e (3) we have: 


If the theorem is not true, then for every m it is not true for one of the finite 
set of classes [f,,], ¢.: 


We = e 3 3 [Sp 


We argue a contradiction by showing that there exists an ©, of the class [S], 
such that every element of each class of a subclass of [X,|m] 2 [Zom,|”], is 
interior to ©(i). If 7, be any element of &,,, we obtain a sequence j7,,}. 
There are two possibilities: (a) there is one element repeated infinitely often 
in the sequence, and (b) no element is repeated infinitely often. 

(a) If possible, suppose one element is repeated infinitely often; 7. e., let 


(n). 
Then 


S 3 So(R) 
Then by §11 (1) 
EK) (r 2 Kym) 
Let be any element of . Then: 


om 
m,,""n 


Suppose, further, that Zr, = 7". Then 
This will hold in particular for m = m,, and so we have by K° for every n: 


* For proof see Fréchet, loc. cit., p. 25. Note the weaker hypothesis here. 
+Cf. Fréchet, loc. cit., p. 26. 
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If now we choose m, so that 
M,2=M $m = Mo, 


we shall have 
m,,) interior to So(R) 


Hence we have the desired contradiction in this case. 
(b) No element of the sequence }r,,{ is repeated infinitely often. Then, on 
account of the extremality of the class Rt, 


The argument then proceeds very much as in case (a). 
We have the following converse of this important theorem : 


(a) Jt is closed. Suppose it were not. Then 


Aint 


Let 
é,, = [vr 2 
Then 

3 Mm 3 pinterior 
For if not: 


But then by definition of limit: 
Lr,=q. 


If now K™, then by §7 (8), limit is unique, and since g ® we have a contra- 
diction. Evidently a finite number of the classes © will contain only a finite 
number of elements of the sequence 7,,, and so 


[S,,]7™. 


(b) Jt ts compact. If not, then there exists a sequence of distinct elements 
‘r,} without a limiting element. Then 


> 2 Ky vm |) 
r= lr, > B(m 3 K,, M9). 
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If K™, this u will be finite for every r. Let 
S,, = [r 3 e 
Then evidently 


But no G,, contains two elements of the sequence r,,, and so 
0. 


The proofs of these theorems are sufficient to indicate the method of attack 
in case we are operating with a K having the properties (1), (3), (6), (7). In 
the theorems of Fréchet not taken up here, there is little difficulty in showing 
that such a K is sufficient. Instead of following up the matter of the properties 
of subclasses Jt of 2 of systems (Q; K) further, we turn our attention briefly to 
continuous functions on subclasses Ji of systems (Q ; LZ) and (Q; K). 


Continuous Functions on Subclasses NR of Systems (21; L). §§ 18-20. 


18. Functions of Subclasses R of SX to the Class of real Numbers Y. 
Sequential Continuity. By a function on a subclass Rt of O to the class of real 
numbers 2, we mean a correspondence between elements of the class # and real 
numbers 2 such that to every element of the class Jt there corresponds at least 
one real number. If this function or correspondence be denoted by uw, our 
definition might be stated symbolically : 


rt - Ja" 2u,=a. 


We shall suppose, in particular, that we are dealing only with single-valued 


functions. 
If uw is a function on the class t to A, we say that w is continuous at the 


element r in case 
Lr,=r-D+ Lu, =u,, 
n n 


where the first limit is an Z,* the second a real-number limit. 
i is said to be continuous on VK to UA, if it is continuous for every element 
r of i. 


*If Z is not unique, i.¢., Lrn =r and Lry =7"’, and » is continuous, then we must of course have wr=py. 
n n 
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19. Bounded Properties of Continuous Functions.* We have the following 
theorem : + 
(1) gextremal to 9 >-3 (2, B) 3 b<u, < B (r*), 


We show that there exists an upper bound B, the lower bound being shown 
to exist in a similar manner. Suppose, if possible, that no upper bound exists. 


Then 


Since uw is defined for every r, the sequence {7,} cannot contain an element 
infinitely repeated. Then since ft is extremal we have: 


Now since u is continuous on &, it will be continuous at 7, and so we have: 
Ley, = Ur 
But by the hypothesis on r,, we would have: 
Lu, =o. 


We have thus reached a contradiction. 
If we denote by 6 and B the greatest lower and least upper bounds, 


respectively, of u on Jt, we have 
(9) Tiley, and ay, 


We show that 
3 7,2 u,, = B. 
Suppose it were not so. Then 


dr,2? > B—1/n. 


The sequence }r,,} will again involve an infinitude of distinct elements, and thus 
using the condition that the class it is extremal we obtain: 


* We consider here a number of the more important theorems of Fréchet (loc. cit., pp. 8-15), to show the 
method of reasoning when we suppose Z unconditioned. The theorems not taken up are also holding in the 
general (Q); LZ) situation; as a matter of fact, the proofs of Fréchet, when used with some care, will give the 
desired results. 

+ If » is continuous on an extremal subclass fi, then it is bounded on §. Cf. Fréchet, loc. cit., p. 8. 


Cf. Fréchet, loc. cit., p. 8. 
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Then on account of the continuity of u: 


But by the construction of {7,,}: 

Lu, = B. 


Hence u, = B. Similarly we show that: 
7,2? = 6. 


20. Sequences of Continuous Functions. We define uniformity and quasi- 
uniformity of convergence of sequences first. Suppose a sequence of functions 
‘n+ each on Xt to W, converging to a function uw on Vi to A, 7. e., 


L = ter 
We say that the convergence is uniform on & if 
An -D* |Unr— Url 


for every r*. It evidently differs from the simple convergence in that the n, 
does not depend upon the elements r. The convergence is said to be quast- 
uniform, if 


En, | < e). 


Quasi-uniformity of convergence does not insure the convergence of a sequence. 
The convergence must be assumed separately if desired. 

The subject of uniformity and quasi-uniformity is of importance in the con- 
vergence of a sequence of continuous functions to a continuous function. We 
have the following well-known theorem: 

(1) A uniformly convergent sequence of continuous functions converges to a con- 
tinuous function. 

The hypothesis of the following theorem is, however, less exacting, and 
hence it covers the former also :* 


(2) A quasi-untformly convergent sequence of continuous functions converges to 
a continuous function. 


* Cf. Fréchet, loc. cit., p. 10. 
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Suppose a sequence ju,,} of continuous functions on # to YX, which con- 
verges to u,, 2. 
L = ry 
n 
the convergence being supposed quasi-uniform. We wish to show that u, is 
continuous, 7. ¢., 
‘-* tty, = 
Since the sequence converges at 7), we have: 
e-D- Ner, 2 n = Ney, | nr, — br, | Se. 
On account of the quasi-uniformity of convergence of our sequence we have: 
— Ur, | Se (1) 
The continuity of the functions mu, gives: 


where i, is the maximum of the ¢, corresponding to the values of n between 1,,, 
and Leen,” Finally, since ny exceeds n,,,, we have: 
| — | Se (3) 
Adding the inequalities of (1), (2) and (3), we have: 
| Ur, — S 8¢, 
subject to the condition 7=2,, the n being only a subsidiary. 
The following converse of this theorem holds also in this general situation : 
(3) If the class Kt is extremal, and a sequence of continuous functions converges 


to a continuous function, then the convergence is quasi-uni form. 
If the sequence of functions in question be }{w,,} and the limit function u,, 


it is necessary to show: 


yr Lr |<e). 
Choose e and Z arbitrarily. Let n,,, be the minimum of the numbers exceeding 


Z, such that: 
| Ln ar — Ur | é. 


We wish to show that n,,, has a finite upper bound. If this is not the case we 


have: 
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Since the sequence }u,,} is convergent for every 7, no 7; can occur infinitely 
often, and we obtain from the extremality of Ji: 


k k k 
Since now u, is continuous, 


e>-D- -D-> 


Lr, — | < é. 
k 


On account of the continuity of u,,, 


Enr, | é. 
k 


Since further Lu,,=u,, 
dn, 


Ner | nr — Kr | <e. 
Hence, 


Enr; Lr, I< 3e. 
k k 


Let mp be the greater of n,, and 7. Then this last inequality will hold for 
k=k,,,. On account of the convergency of the sequence we have: 


8e -D- An ,2n2n, | — Mr, |S 3e. 


There being only a finite number of & less than &,,,, we shall have a finite num- 

ber of corresponding n,,. Of these and of mg we choose the largest. This will 

serve as an upper bound for the Mer, We have thus reached a contradiction in 
k 


so far as we have demonstrated the existence of a finite bound for Mer, t+ Hence 
k 


the theorem. 


Continuous Functions on Subclasses KR of Systems (&.; K). 


21. Difference Continuity. In case we are operating in a system (Q; £), it 
is possible to define a type of continuity which is analogous to the difference 
continuity of a function on a real interval. The K-relation serves to replace the 
absolute value of the difference. In order to distinguish this type from the 
continuity employed above, we call the former difference continuity, and the 
latter sequential continuity. We define: 


difference continuous at — m 


ery 3 [Ur — | Se 
We say that u is difference continuous on the cluss Kt if it is continuous at every 
element of Ji. 


36 
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In order to make the theorems on sequentially continuous functions available 
here, we must establish some connection. This is contained in the theorem * 


(a) continuous continuous on We wish then to 


show that: 


ry -e-D- 4 Mer, 2 | — er, | See 


Suppose this were not so. Then: 
From §7 (5) and £’, it follows that: 


L 
m 


fr, | > 


Since now u is sequentially continuous, we have: 
Since this will be holding for e) also, we have reached a contradiction. 
(b) continuous on , continuous on Since is difference 
continuous on Ji, we have: 
Am? Kim, | — | Se. 
Suppose {7,,} is any sequence having 7 as a limit, 7. ¢.: 

This will hold in particular when m = m,, and so we have: 

e-D-dn,= Mn, — | Se, 


which is the continuity as desired. 
22. Uniform Continuity. We note that relative to sequential continuity it 


does not seem possible to define a uniform continuity. However, in the case of 
difference continuity such a possibility exists. We define: 


continuous on .D. m, 2 — Ly, | < 
the uniformity feature entering in that the m, is independent of the r. If wu is 


uniformly continuous it is also continuous. On the other hand we have :* 


K 3387 jpextremal onk continuous on 


*Cf. Fréchet, loc. cit., p. 28. 


SSS 
| 


Foundations of Fréchet’s Calcul Fonctionnel. 


If possible suppose that uw is not uniformly continuous. Then: 
3 & 2m -2-4 (Tim Tom) Ky | — Lam | > 


We thus obtain two sequences. There are four possibilities: (a) The sequences 
{im} and {7r2,{ each contain only a finite number of distinct elements; (b) The 
sequence $7,,,+ contains only a finite number of distinct elements, while the 
sequence {7,,,| contains an infinitude of distinct elements; (c) The sequence 
{7;m{ contains an infinitude of distinct elements, while the sequence $7,,,} con- 
tains only a finite number of distinct elements ; and (d) Each sequence }7,,,} and 
\7om{ contain an infinitude of distinct elements. 

In case (a) there will be one pair of elements which will have like sub- 
scripts infinitely often. These are shown to be equal by K™ and §7 (5). We 
thus obtain a contradiction at once. 

In case (b), so far as it is not covered by (a), it will be possible to select 
from the sequence {7»,,{ the sequence {7 | of distinct elements, and from the 
sequence j7,,,{ the set 171m, { consisting of one element repeated, 7. e.: 

Tim, = 
Then by our hypothesis : 
"1m,,"2m,""n t. Ory 


From K'™ by § 5 (1) it follows that: 
K, 


2m, My 


Since this holds for every n and L@?, = «, we have by §7 (4): 


But uw is continuous. Hence: 


An, -D> 


Lr, — From, or Fron |<e, 


which is contrary to the definition of r,,, and 7,. Hence we do not have (b). 
We show similarly that case (c) can not occur. 
In case (d), in so far as it is not covered by the preceding, it will be possible 
to select the sequences {7,, { and |, { each of distinct elements, and on 


account of the extremality of i in such a way that 


Lt ym, = 
n 


Then meD+ An, Ky nm: 
n 
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Also by K! and the hypothesis on 7, and To, : 


n 


Then using K° we have: 


.D.- K, 


r 
2m 


Hence, by K! and §7 (4): 


L ten, = 
n n 


But on account of the continuity of w we shall have : 


>n e e 
€., M2 — | Se. 


But this is contradictory to our hypothesis on 7,,,_ and Tom, if ¢ =e. 

We have thus shown that none of the cases (a), (b), (c), (d) can occur; that 
is, we have established the uniform continuity of u. 

We could proceed to consider finally the theorem of Fréchet, loc. cit., p. 31, 
as extended by Hahn,* and show that this is also holding in case K™, i. e., in 
case 6", With some care in the use of the proof given by Hahn, there is little 
difficulty in proving the existence of the non-constant continuous function in a 
68", and deriving the theorem in question, %. ¢ : 


Re >: on and bounded on Jjextremal 
e e 


* Monatshefte fiir Mathematik und Physik, XIX, 251 ff. We might remark in this connection that, on 
account of what seems to be an oversight, the limit Z, defined by Hahn on p. 250 of this note in the construc- 
tion of a system (Q); Z) on which every continuous function is constant, is not unique. The uniqueness is 
secured if the series of inequalities in 8: i, <i, <....<in is replaced by kj 


On the Perspective Jonquieres Involutions Associated 
with the (2, 1) Ternary Correspondence. 


By Pavut Prentice Boyp. 


Introduction. 


In 1871 Clebsch* developed a correspondence between two planes such that 
two points of one plane are made to correspond to one point of another plane, 
while to a point of the first corresponds but one on the second. The corre- 
spondence was made to depend upon the bisection of Abelian functions connected 
with a curve of the fourth order, lying in a so-called double plane, which is so 
related to a surface that to a point on the surface there corresponds one point 
in the plane, but to a point on the plane there correspond two points on the 
surface. Inspired by this article, de Paolis,f in 1877, worked out the general 
theory of such a (2, 1) correspondence between two planes entirely independent 
of any surface depiction. This theory, as he remarked, naturally presents itself 
immediately as a first generalization of the rational transformations of Cremona. 
In a second paper de Paolis carried the discussion over into non-euclidian 
geometry, and in a third paper he worked out the analytic details of that (2, 1) 
transformation with which the Geiser involution{ is associated. Noether, § 
in 1878, published a note concerning the (2, 1) transformation associated with 
the involution of order 17 discovered by Bertini, || and again in 1889 published 
two extended articles involving the same transformation. 


* Clebsch: ‘‘Ueber den Zusammenhang einer Classe von Flichenabbildungen mit der Zweitheilung der 
Abel’schen Functionen,’’ Mathematische Annalen, Vol. III (1871). 

¢ Riccardo de Paolis: 1. ‘‘Le trasformazioni piane doppia.’’ 2. ‘La trasformazione piana doppia di 
secondo ordine, e la sua applicazione alla geometria non euclidea.’’ 3. ‘¢La tras. p. dop. di terzo ord. prim. 
gen. e la sua app. a curve del quarto ord.’’ Atti della R. Accademia dei Lincei, Serie 3, T. 1, 2, 1877. 

¢ Geiser: ‘‘Ueber zwei geometrische Probleme,”’ Journal fiir Mathematik, Vol. LXVII (1867), pp. 78-89. 
Milinowsky: ‘*Bemerkung zu der Geiser’schen.,. ,’ Journal fiir Mathematik, Vol. LX XVII (1874), pp. 263-268. 

§ M. Noether: ‘‘Ueber die einzweideutigen Ebenentransformationen,”’ Sitzungsber. der physik.-medic. Soc. 
zu Erlangen, Jan. 14, 1878. ‘Ueber eine Classe von auf die einfache Ebene abbildbaren Doppelebenen,”’ 
Math. Annalen, Vol. XXXIII (1889), pp. 524-545. ‘*Ueber die rationalen Flichen vierter Ordnung,’’ Math. 
Annalen, Vol. XXXIII (1889), pp. 546-571. 

|| Bertini: ‘‘Ricerche sulle trasformazioni univoche involutorie nel piano,’’ Annali di Mat., Serie 2, T. 8, 
1877, pp. 11-23; 146; 244-286. 
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In the first of these two articles Noether classified the (2, 1) transformations 
according to three of the four irreducible types of involutions found by Bertini 
in 1877-1880 —the perspective Jonquiéres,* the Geiser and that of order 17, 
Clebsch’s work came under the second class, and, as before mentioned, de Paolis 
worked out the same in great detail in his third paper. de Paolis gives, at the 
end of his first paper, a table stating the possible fundamental configurations in 
the two planes for orders of transformation from 1 to 10, and for nets of curves 
of genusO andi. He also states the facts for n (the order of the transformation) 
= 4, p(genus of net) =2; n=5, p=2; n=5, p=3; n=6, p=3. Other writers 
have treated special quadratic transformations.+ Schottky { has treated the 
subject in connection with Abelian functions. § 

Aside from the work of Noether, nothing has been done with the third class 
of (2, 1) correspondences — that involving the involution of order 17.|| No com- 
plete analytic treatment has yet appeared. Aside from the cases mentioned by 
de Paolis of n=2, p=0; and n=4, p=2: n=5, p=3; n=5, p=2, all of 
which involve involutions that are perspective Jonquiéres or that reduce to such, 
no work has been done upon the first class. It is the purpose of this paper to 
give a general synthetic and analytic treatment of the (2, 1) correspondence 
associated with perspective Jonquiéres involutions and to connect with this the 
depiction of certain surfaces upon the two planes. | 


I. The (2,1) Ternary Correspondence. 


Suppose we have a correspondence established between the points of two 
planes, > and >’, of such a character that to one point X of > there corresponds 
a single point Y of 5’, but that to a point Yof >’ correspond two points X and X 
in >. This correspondence will be denoted by the symbol (2,1) or simply 7;,. 
The plane = is called the simple plane, and >’ the double plane. If, further, 


* de Jonquiéres: ‘‘Memoire sur les figures isographiques....,’? produced in 1859, presented to Paris 
Academy, 1860, published in Batt. G., Vol. XXIII (1885), pp. 48-73. ‘*De la transformation geometrique des 
figures planes,’’ Nouv. Ann., Ser. 2, T. 3 (1864), pp. 97-111. ' 

+t V. Retali: ‘‘Memorie dell’ Instituto de Bologna,”’ Series 4, Vol. X. 

H. Liebmann: ‘Die einzweideutigen projektiven Punktverwandtschaften der Ebene,’’ Dissertation, 
Jena, 1895. 

Schottky: Theorie der Abel’schen Functionen von vier Variabeln,’’ Crelle, Vol. CII. ‘‘Ueber 
specielle Abel’sche Functionen vierten Ranges,’’ Crelle, Vol. CIII. 

§ R. Sturm (‘Die Lehre von den geometrischen Verwandtschaften,” Vol. IV, Chap. IX) gives a general 
treatment of the [2, 1] correspondence and works out in detai) the cases of n=2; n=3, p=0; n=3, p=1. 

|| For the derivation of the equations of this involution see V. Snyder: ‘‘The Involutorial Birational 
Transformation of the Plane of Order 17,” Am. Jour. oF MatH., Vol. XXXIII, pp. 327-336. 
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the correspondence is such that the image in &’ of a line in = is a curve C/ of 
order n, and the image in > of a line in >’ is a curve C, also of order n, the 
correspondence or transformation is said to be of the n-th order. The rational 
character of the transformation from > to >’ insures that the curves of order n 
in >’, which are images of lines in &, shall be unicursa], while in the trans- 
formation from >! to = the genus is not preserved. If the genus of the curves C, 
corresponding to lines in >! is p, then p is said to be the genus of the trans- 
formation. 

Furthermore, the fact that two points, X and X, in > correspond to the 
same point Y in >! establishes an involutorial correspondence between these 
two points. So that, connected with every (2, 1) correspondence between the 
two planes > and >’, there is an involution 7, in the plane >. We shall speak 
of the two points XY and X, which are the images in > of the same point Y in >’, 
as conjugate points. The image in > of a curve in >! may consist of a single 
curve, self-conjugate, that is, bearing both sets of points X and X; or may 
consist of two curves conjugate to each other, one being the locus of X and the 
other the locus of X. 

In every (2,1) correspondence there will be a curve Q in > which is the 
curve of coincident points; it is the locus of points wherein X and X coincide. 
The corresponding points Y in >’ will also lie on a curve Q’, the image of Q. 
We shall call it the limit curve. The points of Q and ©’ are in a one-to-one 
correspondence, and the curves are birationally equivalent and, therefore, of the 
same genus. It may happen that besides this curve Q there are isolated coin- 
cident points, but no such points will appear in the present work. 

It will be useful in studying the curves © and 1’ to think of the point pairs 
X and X on Q as approaching coincidence. As the conjugate pairs approach 
coincidence on Q, every pair does so in a definite direction, which is called the 
principal direction for the given point on Q. A self-conjugate curve will cut Q 
in the principal direction, and so corresponding to such an intersection the image 
in >’ would make a simple passage across Q’; but if a curve in >, not self- 
conjugate, should cross © in a direction not the principal direction, then its 
image in 2! would touch ©’ at the corresponding point. In particular, a random 
line in &, which cuts Q o times (@ being the order of Q), will have an image 
in >! which touches Q! w times. This can be seen as follows: Such a line or 
curve cuts the curve 2 regarded as two curves Q and Q, just becoming coin- 
cident, in two points that are not conjugate, because of which the image in >’ 
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must contain the two points on ©’ corresponding to these two non-conjugate 
points in >. That is, the image in >’ must be tangent to Q’. On the other 
hand, the image in = of acurve C’ in &! which touches ! at a certain point, 
must have a double point at the corresponding point on Q. For, by considering 
the part of the curve C’ near the point of tangency as cutting Q! in two points 
which are approaching coincidence, we have the image of C’ in = cutting Q in 
two directions at two points that are approaching coincidence. So that in the 
limit we have C’ tangent to Q’ while its image goes through the corresponding 
point on 2 twice. This double point may either be an ordinary double point 
on a self-conjugate curve in > or be an intersection of the two conjugate 
curves that compose the image of C’. If a non-self-conjugate curve in = should 
cut © in the principal direction, its image in >’ would have a cusp at the corre- 
sponding point on &’, while if such a curve has contact of any order with Q 
at a given point, the image in >’ must have contact of twice that order at the 
corresponding point on Q’. Again, if a curve has three-fold contact with the 
limit curve Q!, the corresponding curve in 2 has a cusp on 2 with the tangent 
to Q as the cuspidal tangent.* 

This correspondence between the simple plane and the double plane requires 
that the system of curves C,, in > corresponding to the doubly infinite system of 
lines in >’ shall form a net. Two points in >’ determine a line; then two pairs 
of conjugate points in > must determine the corresponding C,. But since, in 
general, the C, will be a self-conjugate curve, two points, one of each pair of 
conjugate points, will insure that the C, goes through all four and so fix the 
curve. Also, there must be only two variable intersections for two curves C,, 
the two conjugate points corresponding to the intersection of the two lines in &’. 
So that the intersections of the two curves C, at the fundamental points must 
total n?— 2, and we have the formula 


n—1 
2 = — 2, (1) 
in which a indicates the number of 7-fold fundamental points and the summation 
includes all possible orders of multiplicity. 
It would be impossible for every curve of the net to have a double point 
outside of the fundamental points, for, if so, all the curves corresponding to a 
certain pencil of lines in >’ would have the same double point and we would get 


* For these and other theorems, see reference to de Paolis on p. 291. 
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four variable intersections, in contradiction to formula (1). Hence the maximum 
number of double points possessed by all curves of the net will be that to which 
the multiplicities of the fundamental points are equivalent. We have, therefore, 
the following formula for the genus of the transformation: 


t=1 

Let us see how these formulas (1) and (2) affect the determination of a curve 
of the system. By subtracting (2) from (1), multiplying the result by 2 and 
adding to (2), we get the result 


n-1 ese 

(3) 
From this we see that when p=0, the fundamental system determines a web of 
curves to which the net considered belongs; that when p=1, the fundamental 
points are exactly snfficient to fix the net; but that when p >1 a net is not 
established by the fundamental system, and can be gotten only by imposing 
extra conditions upon these points. Very little has been done in (2, 1) corre- 
spondences for genus greater than one. 

A number of other formulas will be used in the work to follow. Two 
straight lines in = will each have an image in the involutorial transformation 7}, 
of order N, which is connected with the given (2, 1) transformation. Each line 
cuts the image of the other line in NW points, which 2N points must make up 
N pairs of conjugate points. The intersections, then, of the images of these two 
lines in >! in the transformation 7;, must be made up of the intersections at the 
fundamental points in 3’, of N intersections at points corresponding to the 
N pairs mentioned above, and of one intersection corresponding to the inter- 
section of the two lines in >. That is, 


n—1 
n= +N+1, (4) 


a; being the number of j-fold fundamental points in >’. 

Again, denoting by 6 the class* of the involution 7},, that is, the number 
of pairs of conjugate points on an arbitrary line in =, we know that every curve 
Cj, the image in >! of a line in =, must have 6 double points outside of the 


* Caporali: ‘‘Sulle trasformazioni univoche piane involutorie,’’ Rendiconti dell’ accademia di Napoli, 1879, 
pp. 212-219. Also: ‘‘Memorie di Geometria,’’ Napoli, 1888, pp. 116-125. 
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fundamental points, Therefore, since the curves C; are rational, we have for 
class of 7;, the formula 
-1 
Further, a line in 5 must cut its image in the involution 7, in N points. 
Evidently these WV points must be made up of coincident points; that is, inter- 
sections with the curve of coincident points Q and the points of the 6 pairs of 
conjugate points lying on the given line. Whence, denoting the order of 2 bya, 
we have the relation 


N=o + 26. (6) 
By means of these formulas it is seen that there are just enough conditions 
on the curves C;, in >’ to establish the net. The fundamental system imposes 


n-1 
4 conditions, the w tangencies of C/ with Q! impose con- 
j=l 

ditions, and the 6 double points impose 4 conditions. Thus in all there are 


a; +a-+ 6 conditions. By means of (4), (5) and (6) this expression 


reduces to n(n + 8) 
2 


It is also to be noticed that the curve of coincident points © is a part of the 
Jacobian of the net of curves C,. The curves C, corresponding to lines of a 
pencil with center P’ on ’, being self-conjugate in general, will pass through Q 
at the point P corresponding to P’ on (’ in the principal direction; in particular, 
the curve C,, corresponding to the tangent to Q! will have a double point on Q. 
The fact that Q is a part of the Jacobian of the net of C,’s, as well as the 
character of the rest of the Jacobian, may be seen in another way. Hliminating 
N from (4) and (6), and eliminating >7*a; and 6 from the resulting equation 
and (5), 


— 2, 


n-1 
jaj 3(n—1). 
j=1 


But >ja; represents the totality of fundamental curves in > corresponding to 
fundamental points in >’, and @ is the order of Q and 3(n—1) is the order of 
the Jacobian of the net of C,’s. Therefore, the Jacobian of the net of C,’s in = 
is made up of the curve of coincident points and the system of fundamental 


curves in 
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The order of the limit curve 2’ in =’ may now be derived. The Jacobian 
has a (37 —1)-fold point at an ¢-fold fundamental point.* Hence, a C,, wil] cut 
the Jacobian outside the fundamental points in the following number of points: 


3(n—1)n—'S (3é—1)é.4,. 
i=1 


If now we solve equations (1) and (2) for }a,7 and substitute its value, and also 
the value of >a,%? from (1) in the expression just obtained, we find the number 
of intersections of C,, with the Jacobian outside of the fundamental points to be 


2(p + 1). 
But we know here, as in the case of the (1, 1) correspondence, that the curve C, 
can not cut the fundamental curves outside of the fundamental points; whence, 
it follows that C,, must cut Q in these 2(p+1) points. This means that in the 
involution of conjugate points on a self-conjugate C, there are 2(p-+1) double 
points. But, further, since to every one of these 2(p-+1) intersections there 
corresponds in >’ an intersection of Q’ and the line corresponding to C,, and 
since there can evidently be no other intersections of the line and Q’, the order 


of Q! must be 2(p + 1). 
II. Synthetic Procedure. 

Take a curve of the n-th order, C,,, with an (n —2)-fold point at the point 
1,2; a curve of the (n—1)-th order, C,_,, with an (n— 3)-fold point at 1,_.; 
and two lines, J, and 7,, through the same point, 1,_,. Then the equation 

AC, + wh Chit vl, C,1=0 (1) 
represents a system of curves of order n, having an (n— 2)-fold point in common, 


and passing through all the other intersections of C,, and C,_,;. The basis points 
then consist of one (n —2)-fold point, and of simple points to the number 


n(n —1)—(n— 2) (n— 3) = 4n—6. 
The conditions imposed on a curve C,, of the system at the fundamental points 


amount to 
1 (n —2)(n—1) + 4n—6 =3(n*? + 5n—10), 


and the difference between this number and the total number of conditions 
completely determining a curve of order n is 
2 (n® + 5n—10)—in(n +3) =n—65. 


* Nichols: ‘‘On Certain Jacobians,’’ Math. Rev., Vol. I, No. 1, p. 67. ’ 
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In particular, if n = 2, equation (1) will represent a web of conics; if n=3, 
a net of cubics. But, in general, when n> 8, in order to have the degrees of 
freedom represented by the parameters in the equation, n—3 of the 4n—6 
simple fundamental points must be determined by the others. That is to say, 
only 3n—8 of the simple fundamental points can be taken arbitrarily. This 
agrees with the statements made previously that when, in the system of curves 
in the simple plane of the (2, 1) correspondence, p >1, extra conditions must be 
imposed upon the points of the fundamental system; for, assuming that the 
curves of order m have no multiple points other than the (n—2)-fold point, 
their genus is 
} (n—1) (n— 2) — (n—2) (n—8) =n—2, 

and when n >3, p>1. 

The intersections of two C,,’s of the special net (1) at the fundamental points 
amount to (n—2)’+ 4n—6=n’*—2 simple intersections. It is therefore 
a non-homoloidal net, each pencil contained in it having two variable basis 
points. This can be seen by substituting the codrdinates of some’ point in (1) 
and eliminating one of the parameters A, u, or v, by means of the resulting 
equation. The result is a pencil of curves of order n through n*?—1 points. 
But such a pencil has n? points in common; hence, the choice of the first point 
of the pencil determines a second point. There is, then, connected with the 
net (1) an involution of points throughout the plane. These pairs of points 
may be considered the images of single points in another plane. 


The net of curves of order n, (1), generates an involution of points in the plane 
and establishes a (2,1) correspondence between the points of its own and another plane. 


To find the order N of the involution 7;, consider two arbitrary lines of the 
plane and two pencils of curves C,. Through any point X of the first line 
pass a curve of the first pencil. This curve cuts the second line in n points. 
Through each one of these n points pass a curve of the second pencil. Each of 
these n curves cuts the first line in m points. Associate these n’ intersections 
with the original point X. In this way an (n?, n”) correspondence is established 
between the points of the first line, and in this correspondence there are 
+ n? = 2n? coincidences. Of these 2n? coincidences, n* are the intersections 
of the C,, common to the two pencils, each point counted n times; 1 is the inter- 
section of the two given lines; (n—1)’ are the n—1 intersections of the C,_, 
of the net, each counted n—1 times, since any curve of the net having a point 
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on C,,_, must have C,_, asa part. There remain 

2n*?— [n?+1+ (n—1)?] = 2n—2 
coincidences. There are therefore 2m — 2 points on each of the two lines such 
that two curves, one from each of the two pencils, intersecting at one of these 
points on the first line will intersect again at one of the points on the second line. 
That is, there are 2 — 2 points on the first line whose conjugate points in the 
involution lie on the second line; which amounts to saying that the second line 
cuts the image of the first line in 2n—2 points. Therefore the order of the 
involution 

N= 2n—2. 

The fundamental system of the involution 7, may be investigated by the 
same methods. In order to find the multiplicity of the point 1,_, on the G,,_. 
which is the image of a line in 7;,, take again two pencils of the net. Any 
curve of the first pencil will cut the line in m points. A curve of the second 
pencil through any one of these points will have n — 2 tangents at 1,_,. The 
n curves of the second pencil each passing through one of the intersections of the 
curve of the first pencil with the given line will together have n(n— 2) tangents 
at 1,_.. By associating one of the tangents at 1,_, of the curve of the first pencil 
with these n? — 27 tangents to curves of the second pencil a (n? —2n, n®— 2n) 
correspondence is formed among the rays of the pencil on 1,_,. This corre- 
spondence has 2n?—47n coincidences. The C, common to the two pencils will 
furnish n(n —2) of these coincidences, and the C,,_, of the net will furnish 
(n—1)(n—3). There are left 

2n? — 4n—[n(n— 2) + (n—1) (n—3)] = 2n—38 

coincidences. This means that there are 2m —3 points on the given arbitrary 
line each having the property that the curves of the two pencils passing through 
it have a common tangent at 1,_.. That is, these two curves have an additional 
intersection at 1,_, and this additional point of intersection is the conjugate point 
in 7;, to the point on the given line common to the two curves. Therefore the 
image of the line in 7), has a (2n — 3)-fold point at 1,_, and the fundamental 
curve corresponding to the point 1,_, is a curve of order 2n —3. 

The multiplicity of the 4n—6 simple fundamental points may be found 
in the same way. At one of these points the one tangent to a curve of the first 
pencil may be associated with the m tangents of the n curves of the second pencil 
and thus a (n, 2) correspondence be established in the pencil of rays at the given 
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point. This correspondence will have 2n coincidences, of which n are due to the 
C,, common to the two pencils and »—1 to the C,_, of the net. There is one 
other coincidence, whence it follows that there is only one point on the line 
whose conjugate point is at the simple fundamental point. The 4n—6 simple 
fundamental points are therefore simple points on the C,,,_, corresponding in 7), 
to an arbitrary line, and the fundamental curves corresponding to these funda- 
mental points are straight lines. 

The system for fundamental curves for 7,, consists of a C,,_, and 4n—6 
lines. That this is the whole system is shown by the fact that the Jacobian, 
which comprises the totality of fundamental curves, is of order 

3(2n—2—1)=6n—9 =(2n—3) + (4n—6). 

The multiplicity of the point 1,_, on its fundamental curve C,,_, may be 
determined by taking a line through 1,_,. Then a C, of the first pencil cuts 
the line in two points outside of 1,_,. Through these two points there go two 
curves of the second pencil, having 2n—4 tangents at 1,_,. A (2n—4, 2n—4) 
correspondence is thus set up in the pencil of rays at 1,_, having 4n—8 coin- 
cidences. Of these, 2n—4 are due to the C, common to the two pencils and 
2n—6 to the C,_, of the net; and 1 to the given line, since the C,’s of the two 
pencils tangent to the given line at 1,_, furnish a coincidence. There remains 

4n—8 —[(2n—4) + (2n—6)+ 1] =1. 
That is, there is one point on the given line outside of 1,_, conjugate to 1,_». 
1,2 must therefore be a (2 — 4)-fold point on its fundamental curve G,,,_;. 

If the line is taken through one of the simple fundamental points, it will 
determine the multiplicity of these points on the fundamental curve C,,,_3. 
Take a line through 1,. A C, of the first pencil cuts this line in n—1 points 
outside of 1,. Through every one of these »—1 points can be passed a C, of 
the other pencil, and these n —1 C,’s will have altogether (n —1) (nm — 2) 
tangents at 1,_,. In this way a [(m—1) (n—2), (n—1)(n—2)] correspondence 
is formed in the pencil of rays at 1,_,, with 2(m—1)(n—2) coincidences, Sub. 
tracting (n—1)(n—2) for the C,, common to the two pencils, and (n— 2) (n—3) 
for the C,,_, of the net, there are left 

2 (n — 1) (n — 2) — (n — 1) (n — 2) — (n — 2) (n — 3) = 2n—4. 
Therefore, there are 2n—4 points on the given line outside of 1, whose conjugate 
points are at 1,_,, these points being intersections of the line with the funda- 
mental curve C,,_;. Hence, 1, and all the other 4n —6 simple fundamental 
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points are simple points on C;,,_3;. This result was to be expected, since a line 
through 1,_, can not cut C,,,_; in more than one point apart from 1,_». 

In order to find whether the fundamental lines corresponding to the 4n— 6 
simple fundamental points pass through 1,_,, pass a line through 1,_,. A C, of 
the first pencil will cut this line in two points outside of 1,_,, whence a (2, 2) 
correspondence will be established in the pencil of rays at one of the simple 
fundamental points. There are then four coincidences, two of which are due to 
the C,, common to the two pencils, and two to the C,_, of the net. There are 
no others, and hence there is no point on the line through 1,_, outside of 1,_.2 
whose conjugate is at the simple fundamental point in question. Therefore, the 
4n—6 simple fundamental lines corresponding to the 4 —6 simple points all 
pass through 1,,_». 

' By taking the line through one of the simple fundamental points, it is seen 
that a fundamental line passes through its corresponding point. The line so taken 
through 1, is cut by a C, of the first pencil in m —1 points outside of the funda- 
mental point 1,. There is then a [(n—1), (n—1)] correspondence in the pencil 
of rays at 1,, which has 2n—2 coincidences. These are completely accounted 
for by the n—1 due to the C, common to the two pencils, the n—2 due to 
the C,_, of the net and 1 due to the given line itself. Therefore, the point 1, 
lies on its fundamental line. The 4n%—6 fundamental lines are therefore the 
4n—6 lines joining 1,_, to the corresponding 4n —6 fundamental points, 

The configuration of the fundamental system of the involution 7), is now 
completely determined, and the results are consistent with the requirements of 
the Jacobian of the C,,_,’s. The point 1,_, is of order 

3(2n —3)—1=(2n—4) + (4n—6) 
on the Jacobian; and each of the 4n —6 simple fundamental points is of order 
3—1=—1+1. 

This involution of order 2n—2 having one fundamental point of multiplicity 
2n—38 and 4n—6 simple fundamental points is the perspective Jonquiéres.* 
It is to be noticed that the order of the involution here established for any value 
of n iseven. In the case of n= 3 the Jonquiéres of order 4 is a special case of 
the Geiser in which six of the seven fundamental points lie on a conic. 

The Jacobian of the net of C,,’s, (1), contains the C,_, as a factor, for any 
ray of the pencil at 1,_, forms with the C,,_, a curve of the net, having double 


* See reference on p, 292, 
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points at the intersection of the line with C,_,. It was shown also in Part I 
that the curve of coincident points of 7, is a factor of the Jacobian of the net 
in 7%. This Jacobian is of order 3{n—1), whence the curve of coincident 
points Q is of order 
3(n —1) —(n—1) = 2n—2. 

This result may also be established from the fact that the order of Q in a per- 
spective Jonquiéres is always equal to the order of the involution. Or it may be 
used to prove that the 7, is a perspective Jonquiéres, since in general, if the 
order of Q equals the order of the involution, the involution is the persective 
Jonquiéres. * 

The multiplicity of 1,_, on Q is equal to the multiplicity of 1,_, on its 
fundamental curve, since every passage of C,,,,_; through 1,_, makes a coincidence 
of conjugate points. Also, since the Jacobian in 7), has a (3 (n —2)—1)-fold 
point at 1,_, and C,_, has a (n—3)-fold point there, it follows that © has a 
3 (n — 2) —1— (n—38) =(2n—4)-fold point. The same considerations prove 
that © passes once through each of the 4m—6 simple fundamental points, 
And, further, since a line through 1,_, cuts Q twice outside of 1,_,, a funda- 
mental line must be tangent to at its corresponding fundamental point. 

The class of Q is found from Pliicker’s numbers to be 
9 (2n — 4) (2n—5) 

2 
Subtracting 2(2n—4) for the lines tangent at 1,_,, there remain just 4n—6 
tangents that can be drawn from 1,_, to Q at outside points. The 4n—6 
fundamental lines therefore make up this set of tangent lines. 

Q. has no multiple points other than the one at 1,_,; it is hyperelliptic and 
is of genus 2n —4. 

The fundamental system in the double plane >!’ may be derived in the 
following way: Substituting in equation (4), Part I, 

7? = (n—1)’. 
Substituting also in equation (6), Part I, 
5=0, 
which of course follows from the fact that involution 7), is a perspective Jon- 
quiéres and therefore of class zero. Also from equation (5), Part I, and the 


=8n—14. 


n = (2n— (2n— 2) — 


* Doehlemann: ‘‘Geometrische Transformationen,”’ II. Teil, p. 168. 
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above, 
—1) af = (n —1) (n—2). 
Combining these results, 
Laj.jg =n—1. 
There is therefore in >! one fundamental point 1,_, of order (n—1), and this is 
evidently the point corresponding to the fundamental curve C,,_, in &. 


The limit curve (/ in >’ corresponding to Q is by Part I of order 


2(p+1)=2n—2. 

In the case, then, of a (2,1) correspondence with an associated Jonquiéres 
involution, the orders of the involution, of Q and Q! are all the same. Q! must 
have a (2n—4)-fold point at 1/_,, for Q cuts C,_, at the fundamental points 
in (2n — 4)(n—3) + (4n —6) =2n?—6n+ 6 points and (2n —2)(n— 1) —2n’ 
+6n—6=2n—4. Qand ©’ then have the same sort of a multiple point, 
and since neither can have other multiple points, their genus is the same, 
namely, (2n—4); and their class is the same, 8n—14. It was shown in Part I 
that the genus of Q is always the same as that of Q’, since Q and ©’ are bi- 
rationally equivalent. 

In order that a line in >’ may have as image in > a curve C, with an 
(n —2)-fold point at 1,_,, there must be a fundamental curve C,_, in >’ corre- 
sponding to1,_,. This C}_, must have an (n —3)-fold point at 1),_,, since C,_, 
has an (nx — 8)-fold point at 1,_.. Again, C/_, cuts outside of in 
(2n — 2) (n — 2) —(2n — 4) (n — 3) = 4n—8 points, and since all these must 
be points of tangencies, C/_, touches Q! outside of 1),_, 2n—4 times. The 
curve C,, also passes through 4” —6 simple fundamental points in 2, and this 
requires that there be 42 —6 fundamental lines in 5! to correspond. Each of 
these lines must go through 1),,, since C,_, passes through each of the corre- 
sponding points in >. Each of these lines must touch Q! once outside of 1)_,, 
and since, as in the case of ©, there can be only 4n—6 tangents from 1),_, to’, 
the fundamental lines make up this set of tangents. 


In this transformation the net, a curve of which is generated by a pencil of 
lines on an arbitrary point in > and their image curves in 7;,, and which then 
is the locus of conjugate points on the lines of the pencil exclusive of the coin- 
cident points on Q, does not appear, since the class of the involution 7), is zero. 
Also the net, a curve of which is the envelope of the lines joining conjugate 
points on a self-conjugate C,,, reduces to the point 1,_,. Again, the curve (£) 
38 
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which is the locus of pairs of conjugate points separated harmonically by two 
given lines, and which de Paolis finds to be of order N+1 and to have an image 
in >! of order n with an (n—1)-fold point at 1),_,, is here of order 2n—1 with 
an image in >! of order n, having an (n —1)-fold point at 1/_,. 

An arbitrary line 7 in & is transformed by 73, into a curve C) of order n 
with an (nm —1)-fold point at 1/,_,, and touching Q! 2n—2 times. These 
2n —2 points are the images of the points of intersection of 7 and Q, or the 
points in which 7 cuts its image in 7;,, C,,_,. The conditions on such a C; are: 
an (n— 2)-fold point at a given point and touching a given curve Q/ in n—2 
points, the points of tangency not being assigned. Since 

3)—2, 
it follows that there is a double infinity of C/’s corresponding to the double 
infinity of lines in >. Of the n? points of intersection of two C/’s there are 
(n—1)? at 1,_,. The remaining 2” —1 intersections are the images of the 
2n —2 point pairs in = which lie, one on the one line and one on the other, 
and the point of intersection of the two lines. 

A line 7 through 1,_, goes into a C) in =! which is composed of the funda- 
mental curve C/_, and a Cj made up of a line 7’ through 1), counted twice. 
The Cj_, touches Q! 2n—4 times, and since the line through 1,_, cuts Q in the 
principal direction, the image line 7’ in > through 1),_, cuts Q! twice. 

The fundamental line 7,, through 1,_, and its corresponding fundamental 
point 1,, goes into the fundamental C,_, and the corresponding fundamental line 
li counted twice. J, is tangent to Q at 1,, hence /j touches Q’. There are 
4n—6 such lines. 

A line 7 through the fundamental point 1,, but not through 1,_,, goes into 
a C/ composed of the fundamental line 7{ and a Cj_, having an (n—2)-fold point 
at 1/_,. This C/_, touches Q! in 2n—8 points. When 7 goes through 1,_, 
also, we have the former case, the C), degenerating into the fundamental C/_, 
and the fundamental line 7} counted again. 

A line 7 through two simple fundamental points 1, and 2, goes into a C/ 
composed of the fundamental lines 7; and 7} and a C/_, with an (n —3)-fold 
point at 1)_, and touching Q! 2n—4 times. There are (2n—3) (4 —7) 
such lines. 

The image of Q,,_, in &! is a Cj,2_,, made up of the fundamental C;_, 
counted 2n—4 times, the 4m—6 fundamental lines and ’ of order (2n— 2). 
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An arbitrary line in >’ has as image in & a self-conjugate C,, of the original 
net. These C,,’s cut Q in 2(p+1)= 2n—2 points outside of the fundamental 
points; hence the involution on one of these self-conjugate curves has 2n— 2 
self-corresponding points. 

But by Plicker’s numbers there can be drawn from the point 1,_, to C,, 

n® —n—(n— 2)(n —3) —2(n—2) = 2n—2 
tangents. These self-corresponding points on C, are the 2n— 2 points of 
tangency of the set of tangents from 1,_, to C,, as well as the intersection of 
C,, and Q. 

A line 7’ through the point 1/_, has as image in > the fundamental C,,_, 
and a line 7 through 1,_,. This line 7 then must be a self-conjugate line, as was 
already known from the character of the involution, and the two self-corre- 
sponding points of the involution on 7 are the two intersections of 7 with Q 
outside of 1,_.. There is therefore a projective correspondence between the 
rays of the two pencils on 1,_, and 1)_, in which, as has already been found, 
the 4n —6 tangents to Q correspond to the 4n —6 tangents to QQ’. 

A line 7’ tangent to Q! at one point has as image in = a C,, with a double 
point on © corresponding to the point of tangency on Q’. In the case of the 
4n—6 fundamental lines in > corresponding to the tangent lines through 1/_,, 
the intersection of the fundamental C,,_, and the fundamental line at its associated 
fundamental point counts as the node. 

The number of bitangents to Q! is 16(n—2) (2n—5). The images of 
these bitangents in > have two double points on Q. 

There are also 18 (n — 2) stationary tangents to Q’ each of which has as 
image in > a C, with a cusp on Q, the cuspidal tangent being also tangent to ©. 

If there should be a contact line, that is, a line touching Q),_, at all their 
common points, an (n—1)-fold tangent, the corresponding C, would have 
n—1 double points on 2. But the genus of C, is n—2; hence the image 
of a contact line must break up. Suppose its factors are C, and C,,_,, where 
n—1 , neven, or n—1>s>” , n odd. The conditions necessary 
to fix these two parts, C, and C,_,, are 


s(s+ 3) , (n—s)(n—s-+ 38) 


This is less than 3n(n+ 8), the number of conditions necessary to fix the C, 


, 
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in general. But on p. 297 it was found that the conditions imposed upon a 


self-conjugate C,, of the net are 

<4n(n+ 3), 
according as n= 5. Therefore, when n>5, if the C,, is to break up into two 
conjugate curves C, and C,,_,, the fundamental points must lie on one or both 
of these curves to a number greater than that sufficient to fix the part. That is, 
the possibility of getting (n—1)-fold tangents to Q' depends on the configuration 
of the fundamental points in &. 

If a C,, of the net breaks up into a C,_, with an (n—2)-fold point at 1,_. 
and passing through 3n—5 simple fundamental points, and a QC, containing 
the remaining n—1 simple fundamental points, then by taking the images of 
these two curves in S’ it is found that each has as image besides fundamental 
curves a straight line, and that further it is the same line for both, and that it is 
an (n—1)-fold tangent to Q’. Again, if the C, breaks up into a C,_, with an 
(n — 8)-fold point at 1,_, and passing through 3n—7 simple fundamental 
points, and a C, passing through 1,_, and n+ 1 simple fundamental points, 
by taking the images of these two curves in >’ it is found that each has besides 
fundamental curves a line which is an (~—1)-fold tangent to Q’. These two 
curves, then, the C,_, and the C,, make up the image of an (n —1)-fold tangent 
line to Q'. -In the same way it is found that a C,_, with an (n— 4)-fold point 
at 1,_. and through 3n—9 simple fundamental points, and a C; with a double 
point at 1,_, and through n+3 simple fundamental points, would be the image 
of an (n —1)-fold tangent line to Q’. If nm is even, the last possibility is when 


the C,, breaks up into two curves of order - Two such curves, each having an 


(5 —1)-fold point at 1,_, and each passing through 3n— E 2(F— 1)| = 

2n—3 simple fundamental points, make up the image of an (n — 1)-fold 

tangent to Q'. If n is odd, the last possibility is when the C,, breaks up into 
1 —1l1 

a with an —1)-fold point at 1,_., through 5+ —1)| 


2 


= 2n—2 simple fundamental points, and a C,_, with an CS —1)-fold point 


and through 2n—4 simple fundamental points. These compose the image of 
an (n—1)-fold tangent to QO’. These results may all be checked by computing 
the number of intersections with Q outside of the fundamental points. For 
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example, in the last possibility, m even, C, cuts Q,,_, outside of the funda- 
2 


mental points in 

n n 

(2n—2)— (5 —1)(2n—4) (2n—s) =n—1 
points. 


Similarly, in every set of possible curves obtained in the above way to make 
up a degenerate C,, each part will be found to have n—1 intersections with 
outside of the fundamental points. The two parts of the C, must have these 
nm—1 points on Q in common, since each curve bears one of the conjugate 
points, and the corresponding line in >’ must touch ! at each of the n—1 
corresponding points. 

Since the C, of the net is the image of a line in S’, the image in = of a conic 
in >! will be a C,,, having a (2m — 4)-fold point at 1,_, and double points at the 
4n—6 simple fundamental points. If the conic Cy in >’ is a contact conic, 
that is, if the conic touches Q),_. 2n—2 times, the corresponding C,,, must 
have 2n—2 double points on 2. The C,, then has at the fundamental points 
and on Q, in all, 

4 (2n— 4)(2n— 5) +4n—6+4 
double points, which is one more than a proper C,,, can have. A C,,, therefore, 
which is the image of a contact conic C?, must break up into two parts, each 
part bearing one of the conjugate points. 

If one of the parts of the degenerate C,,, is a line C,, this line can not pass 
through 1,_,, for in that case it would be self-conjugate. Suppose that C, goes 
through x simple fundamental points. For the intersections of C, with Q,,_, 

(2n—2).1=2+2n—2; 
whence x=0. The other factor, therefore, of the C,,, must be a C,,_, with a 
(2n—4)-fold point at 1,_, and with double points at the 4n—6 simple 
fundamental points. But then the C,,_, would have 
1(2n— 4)(2n— 5) + (4n— 6) = 4(2n—2)(2nu—3) +1 
double points, or one more than a proper @,,_,; can have. It follows that a 
contact conic can not have an image in & one part of which is a straight line. 

Next, suppose that the C,,, is composed of a C, and a C,,_,. If the C, 
does not pass through 1,_, but goes through x simple fundamental points, com- 
puting intersections of C, and Q,,,_, as above, 

= 2(2n— 2) —(2n— 2) = 2n— 2. 
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The C,,,_. must then have a (2m —4)-fold point at 1,_,, pass simply through 
2n—2 simple fundamental points and have double points at the remaining 
2n—4. On computing the intersections of C,,_, and Q,,_, it is found that 
Cuts in 

(2n — 2)? — [(2n— 4)? 4 2(2n— 4) + (2n—2)] =2n—2 
points outside of the fundamental points. These 2 —2 points must be the 
same as the 2n—2 intersections of C, and © and correspond to the 2n—2 
points of tangency of C, and Q’. Counting the double points of C,,,_2, 

4 (2n — 4)(2n—5) + 2n—4=—1(2n— 3)(2n—4), 

which is the maximum number possible for a unicursal C,,_.. These facts are 
therefore consistent and it is possible for a contact conic in >’ to be so represented 
in >. This will be found to be the only possibility when one factor of the C,,, 
is a conic. 

In general, if one factor of the image of a contact conic is a C, with an 
(s —2)-fold point at 1,_,, where 2<s<n, and having simple points at x of the 
4n—6 simple fundamental points, and double points at y of these simple 
fundamental points, from the intersection of C, and Q,,_, it is found that 

2y=8(2n— 2) — (s — 2)(2n — 4) —(2n— 2) = 2s— 6. 
Since y<s—2, s—2 being the number of double points which C, may have 
outside of 1,_,, «<2n—2. The other factor of the image of the given contact 
conic must be a G,_, with a [(2n— 4)—(s— 2)] =(2n—s—2)-fold point 
at 1,_,, passing through z of the simple fundamental points simply, and through 
4n—6—2a—y doubly. The number of intersections of C,,_, and Q,,_., 
outside of the fundamental points is 

(2n—s)(2n—2)—(2n—s—2)(2n— y) 
=a+ 
The difference between the maximum number of double points possible for C,,,_, 
and the number required at the fundamental points is 
4 (2n —s—1)(2n— — 2)—}3(2n—=s — 2)(2n —8 — 38) —(4n—6—ax— y) 

But y<s— 2; therefore, s—2—y2>0 and the requirements placed upon 
the C,,_, in regard to double points are possible. Two curves, therefore, C, and 
Cons, meeting the above conditions will compose the image of a conic C{ 
touching Q! 2n— 2 times, 
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When the contact curve in >’ is unicursal, it can be stated in general that 
its image in > must be a degenerate curve of two factors. Such a curve Cj has 
3 (4 —1)(&—2) double points, each one of which has two double points on the 
image C,, to correspond. The total number of double points on C,, is therefore 

(nk— 2k) (nk—2k—1) + 3 (hk? —k)(4n—6) + (k—1) (4 —2) + &(n—1) 
= 4 (nk—1) (nk—2)+1. 
Hence the C,,, having one more double point than the maximum number 
possible for a proper C,,, must break up. 


III. Analytic Procedure. 


The curve ‘C, of the net in > having an (n—2)-fold point at (0, 1, 0) 
will have an equation * 
®,, = x5 Pn—2 (x) + Dy Pn-1 (x) + Pn (x) = 0. 
The fundamental curve C,_, with an (n —3)-fold point at (0, 1, 0) will have 
as its equation 
= (@) (X) + (x) = 0. 
In these equations the functions g and y are homogeneous expressions in 2, and 
x, of order indicated by the subscripts. The two lines through (0, 1, 0) may be 
taken as 
x, = 0, = 0. 
The net of C,’s may now be represented by 
AD, + = 0. 
The Jacobian of this net has the equation 

xP, 

®,, 2, as B, = 0, 

®,, Bs + 
where now the subscripts indicate partial differentiation with respect to the 
corresponding coordinate. Simplifying, 

a, Dy, | + B,| + 2,8 | &, + 
= [x, | D,, | + | ¥; | + ¥] = 0. 

The locus of double points for the net of C,’s is therefore made up of ®,_, and 
a curve of order (2m —2), which from Part II is known to be the curve of coin- 


* In the work to follow any function Fx (u,, u,) will be abbreviated to Fx (u). 
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cident points, Q,,_., for the associated perspective Jonquiéres involution. The 
expression for © above seems to show that the curve has a (2 — 5)-fold point 
at (0, 1, 0), but, on expanding, it is found that the terms containing x3 dis- 
appear, whence the curve has a (2n—4)-fold point at (0, 1,0), as is known 
(from Part II) to be the case for Q.* Since the Jacobian has a 2-fold point at 
each of the 4m —6 simple fundamental points and ¥,,_, has simple points there, 
it follows that Q,,_. must go through each of them once. 


(a) Hguations of 


Since the character of the part of the Jacobian Q,,_, is known, it may now 
be written in the simpler form ; 
n—4 (x) + He (a) + n—2 (x) = 0, (1) 
and from this the equations of transformation for the involution 7}, may be 
derived. The equation of any line through the point O(0, 1,0) may be written 
2, +hk2z,;=0. Substituting the coordinates of a point on this line, P(a, 4, c), 
and eliminating 4, the equation becomes 


a 
(2) 


Now the image of P, P (a, 6,é), in 7, is the harmonic conjugate of P with 
respect to the two intersections of OP and Q, these two intersections being the 
self-corresponding points in the involution on the line OP. To find these inter- 
sections substitute the value of 2, from (2) in (1): 


Simplifying, 
n—4 (a, c) + C ns (a, c) + n—2 (a, c) = 0. (3) 


Let the two roots of this quadratic equation in = be r, and 7, and call the 
3 


two points common to OP and Q determined by 7, and 7,, Join the 
points P, R, S and P (4a, },é), the conjugate point of P, to B(1,0,0). Then 
the equations BF, BP, BR, BS are respectively 

br,=0, 62, — ba, = 0, 


7, = O, Ly — — O. 


* See reference to Nichols, p. 297. 


. 
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In order to find the condition that these four lines shall be harmonic, represent 
the equation of BR as uw=0, and the equation of BS as s=0. Then 


— = U, — = 8, 
and subtracting, 
3 
and solving for 2,, 
— 1,8 
To 


Substituting these values for x, and 2, in the equations of BP and BP, 

_b—nc 

“ua 

b—r,c b—r,¢ 

These are the equations of BP and BP referred to the lines BR and BS. 
If BP and BP are harmonically separated by BR and BS, 


= —1, 
b To c b Cc 
whence 
27, 7,06 +2bb — + 72) (be + bc) = 0. (4) 
But from (3), 


c (a, c) n—4 (a, c) 


Substituting in (4) and clearing of fractions, 
b (a,c) + (a, ¢)] + [2 (a,c) + (a, ¢)] = 0. 
This is the condition that P be the harmonic conjugate of P with respect to S 
and #. For the equations of transformation, then, connecting any two con- 
jugate points of the plane, (a, 6, c) = (a,, x2, x3) and (a, b, c) = (2%, 2, 2p), 
this last relation gives 
=2 (x) 0, n—3 (x), 
= — 25 [2 + (x)], 
the second of which gives, since z,= ee 
— [2 (%) + (x)]. 
The image in 7;, of the line 
Ay By + = 0 
39 
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is therefore the curve whose equation is 
— [2 (x) + (x)] = 0; 
or 
This is seen to be a curve of order (2n—2) having a (2n —3)-fold point 
at (0, 1, 6). 
Arranging the terms in this last equation according to the parameters 
a,, @ and as, the net of C,,_,’8 may be written 
a, 2,9 —a,X + Az O = 0, 
where 
= 2 () + (x), 
KX 22 + ns (x). 
The Jacobian of this net is 


and 


9, ~~ x, 
Oz, — X;, Oz = 0. 
Os, — Xz, + O 


Simplifying, 
© [xs | Os | +% | X.| + =0. 


Expanding the expression in brackets, 
ws [X, O; — + x [O, X, — O, + OX, = 0. 


Rearranging, 
X, [a 0,+ Os] — X, + Xs] + OX, =0. 


From this, by Euler’s Theorem, 


or 
6 X, — 0, X = 0. 


Substituting the values in this last equation, 
[2 (x) + (x)] n—3 (x) (x) [2 (x) + 6, n—8 (x)] = 0, 


whence 


ns (x) (x) 0, n—2 (x) = 0. 
This equation is of degree (4m—6) and contains noa,. It therefore represents 
4n—6 straight lines through the point (0, 1,0). The Jacobian of the net of 


Associated with the (2,1) Ternary Correspondence. 


Cn-’8 is therefore a curve of order (2n — 8) with the equation 
Oz 2 n—4 (x) + (x) 0, 
and 4n —6 lines through (0, 1, 0) whose equation is 
03 (x) 6, n—4 (x) n—2 (x) = 0. 
© =0 is the fundamental C,,,_,; corresponding to the point (0, 1,0), and the 


4n—6 lines are the fundamental lines corresponding to the 4n— 6 simple 
fundamental points. 


To show that the equation 
n-3(%) — 4 (x) = 0 
represents the 4n —6 tangents from (0, 1,0) to Q, proceed by Joachimsthal’s 
method. Substitute 
in the equation of Q, (1): 
(A + 22)" Bona + (A + Oona (Uri, + ay, = 0. 
From this, 


(A+u ag)” Ben —4 +(A+u (x’) + 2n—2 (x’) = 0, 
whence 


+ + 21 bens (x!) + (x')] = 0. 


This is a quadratic expression in the discriminant of which, placed equal to 


zero, represents the system of tangent lines from (0, 1, 0) to Q. 
This system of tangent lines has then this equation, 
[2 (a!) + (a!) ]? —4 [Oe + 1? Oo (x!) + n(x’) ] = 0, 
or 
(x) n—4 (x) (x) = 0. Q. K. D. 
(b) Equations of T. 


The equations of transformation between the simple plane = and the double 
plane =! may be derived from the equation of the net, 


AD + =0, 


by placing 


2,9, 


313 
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where (y;, Y2, ys) represent the coordinates of a point in >’. Expanding, 


Ys = (x) + (x) + (2), (2) 

Dividing equation (1) by (3) and (2) by (8), 

Yo Pn—2 + + , (x) (5) 


Ys [xs (a) + Vn—2 (x) + Vn—-1 (x)] 


Substituting in (5) the value of “4 from (4), 
8 


Ys Yn—a(Y) + Ys (y) + (y)] 


Clearing of fractions, 


[y3 Pn—2(Y) — (y)] [Ys (Y) — Ye Ys (Y)] } (6) 
+ [$n —Y2 n= (y)] = 0. 


Solving, 
— [9n-1 (y) — Yo (Y 

EN [On—2(Y) —Y2n—s(Y) ] [n(Y) —Yon— (Y)] 

2 Ys [Pn—2 (Y) — (Y)] 


Yi 241 [Pn—2 (y) Vn—s (y)] 
— Yo (y)] 


The equations of transformation become, therefore, 


= 24; — Yona (y)], 
= — (Y) — Y2 ne (y)] L (7) 


| 
From (4), 
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The image in >’, then, of an arbitrary line in &, 
Ay ++ Ay + = 0, 
is 
2 41 [Pn—2(Y¥) — (y)] — [Pn — (y) —Y2%n-2(y)] 
a, —4 [On (Y)— Yen (Y)] 
+ 20343 [n-2(Y) —Y2 Vn—s (y)] = 0. 


Rationalizing, 


[Pn—1(Y) — (Y)]? — 4.43 (Y) —Y2 Yn—s(Y¥)] [On (Y) — Ye (Y)] 
= Yi [Pn—2(y) — (y)]? + [Ona (Y) — Yo (y)]? 
+ 4.4595 — (y)]? — 4 214241 (Y) — Yo (y)] 
— Yon—2(y)] + 8 Ys [Pn—2(Y) —Yon-s(y)]? 
— 4.243 Y5[Pn—1 (Y) — (Y)] [Pn—2(¥) — Y2 
Simplifying, 
+ Ys)” (Pn—z(Y) — Pn-a(y)) } (8) 
— Az + Ys) (Pn—1 (Y) — Y2 + (Pn (Y) — Yo (y))] = 


But equations (7) show that the first factor, 
Pn-2(Y) — Y2 = 0, 


is the fundamental curve C/_, in >’ corresponding to the point (0, 1, 0) in &. 
It is of order (n —2) and has an (n — 3)-fold point at (0, 1, 0). 


The image in >! of an arbitrary line in &, 
+ Ay + = 0, 


may be obtained in the following way, in which the fundamental C),_, does not 
appear as a factor. Dividing by 2;, 


8 3 


From this, 


315 

“24. a, = 0. 
3 
| 

a2 
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Substituting in (6), 
2 
E Gn-2(Y) — (| Pn-(Y) w) | 
+ On (Y) — (y) = 0. 
Whence, 


(4; 41 + 5 Ys) [Pn—2(Y¥) —Y2 ] (a + 43 Ys) (9) 
+ 43 [on — Y2%na(y)] = 0. 

This is the proper image C}, of an arbitrary line in >. It is seen to be a curve 

of order n, with an (n—1)-fold point at (0, 1, 0). 

Equations (1') show that the coordinates of all points in > on the funda- 
mental curve ¥ render y,;=y,;=0. Hence the image in >’ of ® is the point 
(0, 1,0). A line through (0, 1, 0), 

ky; =0, 
is transformed by formulas (1’) into x, ¥ + kx, ¥ =0, or into the fundamental ¥ 
and a line through (0, 1, 0), 

+kxr,=0. 
On the other hand, this line through (0, 1, 0) in = is transformed by formulas (7) 
into. 


[Pn—2(y¥) — (y)] 2k ys — Y2 (y)] 0; 


that is, into the fundamental curve and a line through (0, 1, 0), 


ky; =0. 


This shows the projective relation existing between the two pencils of lines 
in > and >’. 

The equations of transformation (7) show that in general to a single point 
in >! there correspond two points in >; but that when the coordinates of the 
point in =’ are such as to reduce the expression under the radical sign in the 
formula for x, to zero, there is only one corresponding point in. The equation 
of the limit curve ! is therefore 


[Pn—1(Y) —Y2%n—e(y) 4 [On—2(¥) —Y2 [4n(¥) =0. (10) 
This shows that Q! is of order (2n—2) and has a (2n— 4)-fold point at (0, 1, 0). 
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Comparing equations (9) and (10), it is seen that the left side of the equation 
of C), is a quadratic expression in (a,y, + ays) the discriminant of which is the 
left side of the equation of Q’. Regarding (9) and (10) as simultaneous equations, 
it appears that at each of the points common to C/, and Q! there are two equal 


values for - Therefore, the curves C/, and ’ are tangent at all their common 
8 


points. This same result may be gotten by regarding a,, a,, ag, in (9), as 
parameters and finding that the envelope of the C;,’s is the curve /. 


Joachimsthal’s method may again be used to find the equation of the 
4n—6 tangents from (0, 1,0) to ! which, by Part II, are known to be the 
fundamental lines in >’ corresponding to the 4n—6 simple points in &. 
Substitute in (10): 


[Oni (Ui, —(A4+ LYS) (UY, YS) 
— (A+ (UY, HY3)] [On (UWI, — (A+ HYs)] = O. 
Expanding, 
(y!) — 4 (y’) [— 2 (y’) (y’) 
+ 4 Pn—2 (y') Vn—1 + 4 Pn (y') Vn—s (y’) Vn—1 (y') Vn—s (y') 
+ +? (y')—2 Yo Pn—1 (Y') (y’) + (Y’) 
—4 (Y') + (Y') + On (y') (y’) 
— 4 dra (y') (y’)] = 


Equating the discriminant of this quadratic expression in - to zero, we 


obtain the equation of the 4m —6 tangent lines from (0, 1, 0) to Q’, which 
compose the fundamental lines in >’ corresponding to the simple fundamental 
points in 


IV. Surface Depiction. 


Consider the surface F” whose equation is 


24 (2) — (2)] + (2) — (2)] + (2) — na (2)] = 


This surface has an (n—1)-fold point at (0,1, 0,0) and an (m—2)-fold point at 
(0,0, 0,1); while the line z,=0, z,=0 is an (n—3)-fold line. If the surface 
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is projected from the point (0,1, 0,0) upon the plane z,=0, there is a one-to-one 


correspondence between points of surface and plane. 


In order to get the equations of transformation, represent any point on a 
line through (0, 1, 0, 0) and (%, 2, 23, %) on FY” by the coordinates 


Let the point in question lie in the plane z,=0. Then 
A+ = 0. 
The coordinates of the point on the surface #” therefore, in terms of the co- 
ordinates of the point on the plane a,=0, are 


x 


‘Substituting in the equation of F”, 


or 


+ (x) + (x) =0, 
or 


[Pn-2 (x) +A Vn—s (x) ] + (x) +A (x) ] + (x) =0; 


whence 
Pn—2 (x) + Pn—-1 (x) + Pn (x) 


Now, by equations (1), 


|_| 

| 
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Substituting the value of — A, 
Pn—a(X) + + On(%) 


This gives the following formulas, by means of which the image on F of a point 
on the plane z,=0 may be obtained: 


= (x) + (X) + (x), 


From these equations or from equations (1) it is seen that 


r (2) 


Hence the formulas fixing on the plane 2,=0 the image of a point on the 
surface #” are 
Now project the surface F” from the point (0,0, 0,1) upon the plane z,=0. 
Since the center of projection is an (n—2)-fold point, there are in general two 
points on the surface corresponding to one point on the plane. Proceeding in 
the same way, represent a point on the line through (0, 0, 0,1) and (2, z, 23, 2) 
on by 


Then, if the point (y,, Y2, Ys, ys) lies in the plane y, = 0, 
A+ = 0. (5) 


Solving now for %, %, %, % and substituting in the equation of F”, 


== 0. 


SCS 319 
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Solving for ad 
1 , 
(y) — Vn-2(y) 
+ Pn-1 (y) n—2 (y)| 4 (y) Pn—s (y)| (y)| 


Pn—1(Y) —Y2 
[Gn_1(y) — Ye n-2(y)]? —4 —Ye Vn—s(Y) (y)] 
2 (y) Vn—s (y)] 


This, in connection with (4) and (5), gives the ratios 
Pn—-1(Y) —Y2 (y) 


—Yon—2 (Y) [n-2(Y) —Yon—s(Y) ] [On (Y) 
2u ¥) —Y2%n-s(y)] | 


A — 


whence 


= [Pn—2(Y) —YoVn_-s(y)] 2Ye [Pn—2(Y) — Y2 Yn_-s(y)] 
(y)—Yo%n—2(y) [$n-2(y)— YsVn—3(y) | [%, (Y)— (y)]- 


These ratios give the following formulas for finding the two points on F” 
corresponding to a single point on the plane 2, =0: 


% = [Pn—2(y) — Y2%n-s(y)], 
% = — Y2%n_s(y)], (6) 
= — [9n-1(Y) — Yo Pn-2(y)] 


From these equations, or from equations (4), it is seen that 


or 
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from which are derived the equations for passing from a point on F” to its 
image on the plane %4=0, 


This surface depiction upon the two planes z,=0 and 4,=0 is now seen 
to connect the planes in a (2, 1) correspondence, for a point on the plane z,=0 
or >’ is projected from (0,0, 0,1) into two points on F” and these two points 
are projected from (0, 1,0,0) into two points on the plane 2=0 or . Pro- 
ceeding in the opposite direction, a point in © is projected into a single point 
on F” and this point is projected into a single point on >! which, however, 
is at the same time the image of another point on ¥” and another point on &. 
By a linear transformation any two planes may be related in the (2, 1) corre- 
spondence by means of F”. An examination of the equations obtained will 
show that the correspondence established between the two planes is precisely 
the one under consideration. 
The section of the surface #” made by the simple plane, z,=0, is 
24 Pn—2 (2) + Pn—i (2) + On (2) = 0, 
or 
Pn—2(%) + + Oy (x) = 0. 
This is the curve of the net ®,, the coordinates in the simple plane being now 
(x, %, 2) and the (n—2)-fold point being at (0,0,1) or (0,0,0,1). The 
fundamental curve ¥,_, would now have the equation 
But from (2) points satisfying this equation require that z,=2—=2,=0 on F”. 
Hence the image on F” of ®,_, in & is the center of projection (0, 1, 0, 0), 
which is to say that ®,_, is the section made by > of the tangent cone 
at the point (0, 1, 0, 0). 
The section of F” by the double plane, z,=0, is 
Pn (z) (2) = 0, 
or 
Pn (Y) — (y) = 0. 
This is one of the curves C) of the net in >! having an (n—1)-fold point at 
(0, 1,0) or (0,1, 0,0). Equations (6) show that if 
Pn—2(Y) — Yo (y) = 0, 
% = %—=%,=0. Therefore, the image of this curve, which is the fundamental 


. 
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having an (n—38)-fold point at (0,1, 0,0), is the point (0, 0, 0,1); that is, 
the fundamental C/_, is the section made by the plane = of the cone tangent 
to F” at the point (0,0,0,1). Again, from equation (6) it is seen that when 
the coordinates of a point in >! satisfy the equation of ’, 


[ns — 4 — Ye bn-s(y)] [On (Y) — Ye (y)] = 9, 


then there is only one point corresponding to it on F”"; in which case the 
projecting line from (0,0,0,1) must be tangent to #”. Therefore, the image 
on F” of the limit curve Q! in >! is the curve of contact of the tangent cone 
to F” from the point (0, 0, 0, 1). 

An arbitrary line 7 in > is projected into a plane section A, of F” having 
an (n—1)-fold point at (0,1,0,0). The corresponding curve in 3’, Cj, is pro- 
jected from (0, 0,0, 1) into this plane section A, and another curve K, which is 
the image on of the curve in C,_., conjugate in The 2n—2 
intersections of 7 and C,,_, on Q correspond to the 2n—2 intersections of K, 
and K, on the contact curve of the tangent cone from (0,0,0,1), which points, 
in turn, correspond to the 2n —2 points of tangency of C) with Q’. 

The pencil of planes on the line z,=0, z,=0 cuts out the two projective 
pencils of lines in > and &’, these projective pencils of lines being here in 
perspective position. Since the sets of conjugate points in > are collinear with 
(0,0, 0,1), the pairs of conjugate points on F” are co-planar with the line 
% = 0, z,=0, and collinear with (0,0,0,1). The line 4=0 is an 
(n —8)-fold line on F"; hence the pencil of planes cuts out of F” a system of 
rational cubics, each having a double point at (0,1,0,0) and a simple point 
at (0,0, 0,1) and each being self-conjugate, with the pairs of conjugate points 
collinear with (0, 0, 0, 1). 

To obtain the equation of a cubic of this system take a plane of the pencil 

== be,. 
Substitute in the equation of F”: 


[Pn—2 (%, 4%) (a, k %)] + % [Pn—1 (%, hz) Vn—2(%, %)] 
+ Gn 4%) — (%1, 4%) = 0; 


whence 


+ 27 >, 1% (4) = 0. 
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Discarding the part of the intersection composed of the n —8 straight lines, 
the residue is 


+ Pn—2 (3) ay Vn—s = 0. 


This cubic, cut out of F” by the plane of the pencil determined by &, is seen 
to have a simple point at (0, 0, 0, 1) and a double point at (0, 1, 0, 0). 

The 4n—6 planes of the pencil containing the 4n—6 simple funda- 
mental lines in } and their images in = are the planes through the line z,=0, 
%3 = 0 tangent to the cone which is tangent to F” from (0, 0, 0, 1). 


If the equations of the contact cone from (0,0,0,1) and F” are treated 
simultaneously and the coordinate z is eliminated, the equation of the cone 
through the contact curve and with vertex at (0,1,0,0) is obtained. From 
the equation of F”, 


Pn—2 (z) + (z) + >, (z) (4, zs) 


23 (2) + (2) + Vn—-1 (2) 24, 
Substituting in the equation of the contact cone, whose equation is 


(z) — (z) [Pn—2 (2) Vn—s (z) | [On (z) — (z)] 0, 


the result is 


[ns (2) (21, —D (2, %) (2)]” 
— 4 (2) B (a, %, 2%) —P (4, 2%) Vn—s (2)] (7) 
(z) (21, Z4y Zs) ® (2, Vn-1 (z)] = 0. 


Expanding and collecting terms, 


[25 (2) (2) — Pn—z (2) (2) + 2% Gn (2) (2) 
m4 (2) Wn—1 (z) + Pn (2) Wn—2 (z) (2) (z)]? = 0. 


This is the equation of the cone standing on the contact curve of the cone 
from (0,0,0,1) and having its vertex at (0,1,0,0). As is to be expected for 
the contact curve the equation of the projecting cone appears squared. Sub- 
stituting «’s for 2’s according to formulas (3), the equation of © squared is 
obtained. The equation of Q is therefore: 


[Pn—1 (x) Vn—s (x) Pn—2 (x) (x) | 


324 Boyp: On the Perspective Jonquiéres Involutions, Etc. 


This is seen to be a curve of order 2n—2, with a (2x —4)-fold point at 
(0,0,0,1). This form of the equation for Q gives the values of the functions 
62n-4, 9n-3, 9%n—-2 in terms of the functions @ and y of the original net of C,’s, 
thus making it possible to state the formulas of transformation for 7,, in terms 
of the same functions appearing in the formulas for 7,,. That this last form 
for Q is what would be gotten by transforming directly from >’ to > appears 
at once when the formulas 


Yi = Y2 = ®, Y3 = 


are substituted in Q’. The image consists of the fundamental ® taken 2m —4 
times and equation (7) in terms of 2, x, x3. This again reduces to equation (8). 


Some Geometrical Theorems Connected with Laplace’s 
Equation and the Equation of Wave Motion. 


By H. BATEMAN. 


§ 1. 

If A,, A, are two points whose coordinates referred to rectangular axes 
(OX, OY) are (a+ pcosd, 6+ sin6), (a—pcosé, b—psin§) respectively, 
then the points B,, B, whose coordinates are (a+ ipsin6, b—ipcos6), 
(a—tpsin#, b+ +%pcos6) respectively are called the anti-points of A, and A,.* 
The lines A, B,, A, B,, A, B,, A, B, are isotropic lines and the four points 
A,, A,, B,, B, may be regarded as the four foci of a conic; if A, and A, are the 
real foci, then B, and B, are the imaginary foci. The lines A, A,, B, B, are 
perpendicular and are bisected at their point of intersection C (a, 6). 

In the following theorems the quantities a, b, p, @ need not be real, but the 
interpretation of the theorems is facilitated when this is the case. 


THeoreM I. Jf V ts a uniform solution of Laplace’s equation 
, 
Oy’ 
the sum of the values of V at A, and A, is equal to the sum of the values of V 
at B, axd B,. 
Let 


= 0, 


then 
V(A,) + pe’) +g(a—ib+ pe’), 
V(A,) = f(a + 1b— + g(a—tb—pe-®), 
V(B,) =f(at+ib + pe’) + 9(a—ib— 
V(B.) = f(a + ib— pe’) + g(a—ib + pe"). 


* These points are also called associated points. See Darboux: ‘‘Sur une classe remarquable de courbes 
et de surfaces algebriques,’’ 2nd ed., p. 61. The term used here is due to Cayley. 
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Therefore, 


V(A,) + V(A,) = V(B,) + V(4,), 
the symbol V(4A,) being used to denote the value of V at the point A. 
If in particular we take 


V=logv (x + (y—~y)?* or V= tan 


where (&, 7) are the coordinates of an arbitrary point P, we obtain the well- 


known theorems 
MA,. MA, = MB,.MB,, 


A,UX + A, MX = BMX + BMX. 
The last theorem indicates that the angles A, MA, and B,MB, have the same 
bisectors. 
THeorEM Il. so that 
2u=f(e+tty) +f(x—ty), 
then the difference of the two values of u at the points A, and A, is equal to the 
difference of the two values of 2iv at the points B, and B,. 


We have 
2u(A;) =f(a+ib+ pe’) +f(a—ib+ pe"), 
2u(A,) =f (a+ ib— +f(a—ib—pe-"’), 
210(B,) =f(a+1b + pe’) — f(a—ib—pe-*’), 
2iv(B,) =f(a+1b— pe’)—f(a—ib+ pe"); 

hence 
u (A,) — u(A,) = tv (B,) —10(B,). 
If we take 
u = log + (y—n)’, 
v = tan 


we obtain the well-known theorem * 


log — iB, MBy. 


This second theorem is important because, if A, and A, lie on a curve u=const., 
we have u(A,) = u(A,), and so it follows that B, and B, lie on a curve v=const. 


* Cf. Darboux, loc. cit., p. 63; Laguerre, Nouvelles Annales de Mathématique (1853), p. 7. 
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This is a theorem of very wide application, and so it may be worth while to 
consider a few particular cases. 

If «+ty =cos(u+iv), the curves ~=const., v=const. are confocal 
conics, and we have the theorem that, if A, and A, are any two points on a 
conic, the two anti-points B, and B, lie on a confocal. If we take a system of 
parallel chords A, A,, it is easy to see that the anti-points B,, B, trace out 
a confocal, and by varying the direction of the chords different confocals are 
obtained. 

If =sn’i iv), the curves w=const., v =const. are confocal 
Cartesian ovals. Hence, if A,, A, are any two points on a Cartesian oval, 
the anti-points B,, B, lie on a confocal Cartesian oval. 

This theorem may be used to obtain a property of the lines of curvature of 
a quadric surface in the following way: 

It is known that, if the points of a quadric are projected from an umbilic on 
to a plane parallel to the tangent plane at the umbilic, then the lines of curvature 
project into confocal Cartesian ovals,* and the other three umbilici, which lie on 
the same focal conic as the vertex of projection, project into three collinear foci 
of the ovals. Now a quadrilateral a,6,a,6, formed of generators of the quadric 
will project into a quadrilateral formed of isotropic lines, for any plane section 
of the quadric projects into a circle, and so a section consisting of two generators 
will project into two isotropic lines. The points A,, A,, which are the pro- 
jections of a,, a,, will thus be the anti-points of the points B,, B,, which are 
the projections of b,, 6,. The theorem relating to the points A,, A,, B,, B, 
and the two confocal Cartesian ovals tells us that, if a, and a, lie on a line of 
curvature u=const., the points and will lie on a line of curvature v = const. 
This theorem may also be stated as follows: 

If one pair of opposite corners of a quadrilateral formed of generators of a 
hyperboloid of one sheet lie on a confocal ellipsoid, the other pair of opposite corners 
will lie on a confocal hyperboloid of two sheets. 

This is really a particular case of a well-known theorem relating to the 


geodesics on a quadric. 
§ 2. 
We shall now consider some extensions of Theorems | and II to spaces of 
three and four dimensions. 


* W. K. Clifford, Hducational Times (1873), Reprint, Vol. XIX, pp. 73, 74. Math. Papers, p. 177. 
4] 
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If, in a space of three dimensions, §;, we take the anti-points of A, A, for 
all the planes through A, A,, the locus of these anti-points B,, B, is a circle, 
for the locus is obtained by rotating A, B, A, about the line A, A,. The points 
A,, A, are called the foci of this circle,* for they are the centres of isotropic cones 
passing through the circle. 

Conversely, if we are given a circle c, we can determine the vertices of the 
two isotropic cones which pass through the circle, and call these the foci of the 
circle. If the circle is of radius p and its centre is at a, b,c, and the direction 
cosines of its plane are (J, m, ), then the coordinates of the two foci are 

(atipl, bratpm, c+ tpn). 
It is clear that, if the circle is real, the coordinates of the foci are complex 
quantities. This fact has been used by Chasles}+ and Laguerre{ to obtain 
a geometrical representation of points with complex coordinates, a point being 
represented by a real circle. To make the correspondence unique Laguerre 
introduces the idea of a cycle; 7. ¢. a circle described in a definite direction; 
one focus is then represented by one cycle and the other focus by the opposite 


cycle. 
In a space of four dimensions, S,, the anti-points to A, A,, which lie in 


planes through A, A,, all lie on a sphere centre C; the linear space §; con- 
taining this sphere is perpendicular to the line A, A,; and the points A,, A, 
are the vertices of the isotropic cones containing the sphere. The points A,, A, 
are called the foci of the sphere. 

If we use (2, 2, 23, X,) to denote the coordinates of a point in §, when 
rectangular axes are used, then the coordinates of the foci of a sphere of radius p 
having its centre at the point (¢,, c., cs, cy) are 

where ,, Av, As, A, are the direction cosines of the line joining the two foci. 
These quantities are connected by the equation 
and the equation of the space containing the sphere is 
Ay (a, — Cy) (ae — Cy) + Ag (3 — C5) Ay — = 0. 


* Darboux, Annales de ’ Ecole Normale, t. 1 (1872), 2nd series, p. 323. 

+ ‘‘Géometrie supérieure,” pp. 546-566; ‘*Théorie des coniques sphériques homofocales,”’ Liouville’s 
Journal, t. 5 (1860), 2nd series, p. 426. See also Cayley, Annali di Matematica, t. 1. 

¢ Bulletin de la Société Philomatique (1870); Nouvelles Annales de Mathématiques (1872). 
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The line whose equations are 


— __ Ag __ — Ay __ 


is said to be tsotropiec when +13 +173+13=0. The isotropic lines which 
pass through the point (a,, a, a3, a,) all lie on the isotropic cone or point- 
hypersphere, whose equation is 


— ay)” + — ay)” + — a3)” + (x, — = 0. 
The two isotropic cones whose equations are 
(x, + — UP Ag)” + (a3 — — ps)” + ipa,)” =0, 
+ + (a2 — + + + tps)” + + ipa)” =0 
intersect in the sphere whose equations are 
Ay (31 — Cy) Ag — Co) Ag Cs) + Ay — %) = 0; 


and this is the sphere considered previously. 


The sphere is evidently real when ¢, cy, C3, Cy, Ay, Av, Ag, Ay and p are all 
real, and in this case the coordinates of the two foci are conjugate complex 
quantities. 

A real sphere may be used to represent a point in S, with complex 
coordinates, just as a real circle was used to represent points in S83. This 
representation is of special interest when the sphere lies in the space 2,=0 
and will be discussed later. 

If a sphere K passes through a fixed circle y, its foci will always lie on a 
second fixed circle y, which is the locus of the foci of y for different spaces 
containing y. The circles y and y are evidently concentric and lie in perpen- 
dicular planes. The relation between the two circles is a mutual one and each 
is the locus of the vertex of an isotropic cone passing through the other. We 
shall say that each circle is the focal circle of the other. 

If we project two such circles y and y orthgonally onto a space S;, we 
obtain two conics, I and I, which are focal conics of a system of confocal 
quadrics. 

The focal properties of quadrics may in fact be developed very conveniently 
in connection with the focal properties of circles; thus we have the following 
theorem : 
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The foci of a set of circular sections of a quadric lie on a focal conic. Con- 
versely, if we take the circles whose foci are the extremities of a system of parallel 
chords of a conic, these circles will generate a quadric having the conic as a focal 
conic. By varying the direction of the chords a system of confocal quadrics is 


obtained. 
If we call the other focal conics of a quadric having [ as focal conic, the 


focals of I, we have the following theorem :* 

If T lies on a quadric Q and T is a fucal of T, then T lies on a quadric 
confocal to 

These theorems are probably well-known,} but they are not given in the 
usual text-books; so we shall proceed to prove them. 

Let Q=0, Q=0 be the tangential equations of a quadric and of the circle 
at infinity respectively. Let C=0 be the tangential equation of the conic cut 
out on @ by a plane ¢, and let 7=0 be the tangential equation of the pole of ¢; 
then there is an identity of the form 

Q=C—AT’. 
Now let [= 0 be the tangential equation of a focal conic of C; then we have 
an identity of the form 
These two equations give 
uQ=T—AT”’. 
This identity shows that T is a plane section of a quadric 9 + «4 Q=0, which 
is confocal with Q. If C isacircle, I may consist of the two foci of the circle 
and of the line joining them, and this line will lie in one of the principal planes 
of @ on account of the position of a circular section of QY. Also the point 7 
lies in this principal plane; hence, the equation 
represents a conic confocal with Q, and so the two foci of C lie on a focal conic 
of Q. 

Now let the point 7 move along a diameter of Q; then the conics C will be 

cut out by a family of parallel planes. If C’ is a conic cut out by the polar 


* Some analogous theorems have been given by Chasles, Liouville’s Journal, t. 5 (1860), pp. 444-454, and 
Darboux, ‘‘Sur les théoréms d’Ivory, relatifs aux surfaces homofocales du second degré,”’ Paris, Gauthier- 


Villars (1872). 
+ Most of them are given by Humbert, Bull. de la Soc, Math. de France, t. 13 (1885), p. 95. 
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plane of 7’ and 
we shall have 


Now, since C’ is similar and similarly situated to C, I’ will also be similar and 
similarly situated to IT. Also the centres of T and I’ lie on 77’, and the 
planes of the two conics are parallel; hence, the cones containing [ and I’ 
will have their vertices on the line 77’ and will touch the quadric [’—T =0. 


On the other hand, the equation 
VT? + 


either represents a surface of revolution having the points 7, 7’ as foci and the 
line 7'7' as axis, or, if uw’ =u, it represents a pair of points. 

In the first case the tangent cone from a point on 7 7’ would be a cone of 
revolution, and so the two cones containing the conics [ and I’ would be cones 
of revolution. This, however, is only the case when these conics are circles 
having their planes perpendicular to 7'7’, and this is not true in the general 
case under consideration. Consequently, we must have yu! =u, and this implies 
that the conic I’ lies on the same confocal asT’. Hence, we have the theorem 
that when the conics C are parallel sections of Q, the conics I are parallel 
sections of a confocal quadric Y + «Q. In the particular case when the conics C 
are circular sections of Y, the conics [ will be pairs of points which are ex- 
tremities of a system of parallel chords of a focal conic of Q. 


We have paid special attention to these theorems because in a sense they 
provide us with an analogue of Theorem II, when we take into account the fact 
that a system of confocal ellipsoids are equipotential surfaces and the confocal 
hyperboloids their orthogonal trajectories. The ellipsoids may thus be supposed 
to correspond to the loci « =const. and the confocal hyperboloids to the loci 
» =const. The pair of points on «=const. and the pair of anti-points on 
» = const. are now replaced by a conic on w=const. and a focal conic on 
v = const. 


It looks as if there should be analogous theorems for other equipotential 
surfaces, but we shall not investigate the matter here. We shall now pass on 
to some analogues of the first theorem. 


i 
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THeEorEM III. Jf V is a solution of the partial differential equation 
the mean value of V over a sphere in S, ts equal to the mean value of V along the line 
joining the foct. 

This theorem is practically proved in the usual derivation of Poisson’s 
formula for a solution of the equation of wave motion.* 

To prove the theorem we observe in the first place that the differential 
equation is unaltered by a change of rectangular axes; hence we may choose 
the axes in such a way that the equations of the sphere are 

(X, — + — a)? + (X3— 2%)? =p’, X= xy, 
where X,, X,, X;, X, are current coordinates. We have then to establish the 
identity of the two integrals 


W, J x,+psin#sing, x,+pcosd, 


+p 
W,= a F + iu)du, 
where V= F(a, x2, X3, 2%) is a solution of the partial differential equation. 

We shall assume that the function F possesses second derivatives which 
are finite and continuous over the domains of integration, when the variables 
X, Ly, Xz, 2 are limited to a certain domain. The integrals W, and W, may 
then be differentiated by the rule of Leibnitz, and it is easy to verify that 
they satisfy the partial differential equations 

oat * Ge * * 

Oa? + Gai + = ap? dp’ 

20W _ 

dui dp? p Op — 
Now let F(a, 22, 23, 2) be a regular function of a, within some circle of 
radius & >p surrounding the point x,; then it can be proved that there is only 
one solution of the last equation which reduces to F'(a,, x2, x3, 2%) when p= 0, 


and can be expanded in a convergent power-series of the form 
W =A,+ A,p + A,p? + Asp? + ...-. 


* See for instance Rayleigh’s Sound, Vol. II, p. 99. 
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For, when this power-series is substituted in the differential equation, we obtain 
the relations 
4,2 A 

and a recurrence formula by which the coefficients A,, A,,.... may be cal- 
culated in a unique manner from the first coefficient A), which is equal to 
F(x, 4). 

Now, both W, and W, are equal to F'(2,, a, x3, %,) when p=0; hence, 
since they both satisfy the differential equation, we must have W, = W,. 
This gives the formula 


(a1, % + iu)du = J + p sin 6 cos@, 
+ psind sing, pcos6, 
To derive Poisson’s integral from this formula, we express the integral from —p 
to p+ 2¢ by means of an integral taken over a consecutive sphere, thus: 


p+2e 20 
F(a, Xe, Xp, m+ iu)du= J F(x, +p 
%+p+ecosd, sinddbdg. 


Subtracting, we get 
(a1, X3, % + tp) = F (a, + p sin cos @, 


+ psinOsing, x3+pcosd, x) sinddid@ 


tip O 7? 
J F (x, +p sin@ cos, x, + p sin sin ¢, 


+p cos0, a,) dé 


F(x, y, %, 0) = f (x, y, 2); 
E y, % = 9 (x,y; 2); 
we obtain the equation 


= f (a, + sin cos 
x, +t sin sing, cos6) sind 


tact g(x, +t cos@, x, + sin 6 sing, 


x3 cos 6) sin6 
This is Poisson’s formula. 
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THeorEM IV. If V= F(a, xe, xg, ts a solution of 


dat + Oat + + 
the mean value of V round a cirele in S, ts equal to % times the mean value of V 
round the focal circle. 


As before, we can transform the axes so that the equations of the two 
circles take a simple form such as 


2 
2 2 

x3 + — xr, 


We now have to establish the identity of the two integrals 


1 
= J F[a,+ cosa, sina, 23, da, 


Fla, 2», a; ip cosd, 2, + ip sind] dé. 


These integrals both satisfy the differential equations 

and reduce to x2, x3, %) when p=0. 


Now, if F is a regular function of x; and x, in circles of radii Kk >p 
surrounding the points #3; and a,, in their complex planes, it may be shown 
as before that there is only one solution of the last differential equation which 
reduces to F'(x,, %, when p=0. Hence, we must have U,=U, and so 


Flat cosa, % +p sina, x%, da 
0 
Qr 
F[a, %2, % cos0, sind] dé. 
0 


We now proceed to some applications of this result. 


(1) Let F have the same value at all points of a circle 
(X, — + (X, = X,=0, *,=0; 


0, | 
0, | 
i 
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then this value F' {x,, x2, x3, 2, p} is given by the formula 
F 40, 0, x3, 2%, pt =. F [v, 0, x3 + tp cos0, sin dé. 


If, then, we know the value of F at points of the plane X,;=2,, X,= 2, its 
value at other points of space can be derived from the formula. The formula 
may be written in the more convenient form 


1 
V= %, pt} = + cos6, x, sin dé, 
where f (a3, 2,) is the value of V when p=0. If V is independent of a,, and 
therefore a solution of Laplace’s equation 


0x3 + daz — % 


the general formula becomes 
J F[a,+pcosa, 2. +psina, F [x,, %2, 23+ %p cos 6] dd. 


This equation expresses that the mean value of V round a circle is equal to the 
integral of V multiplied by a certain function along the line joining the foci of 
the circle. The formula may be used to obtain the well-known formula 


1 
| F + tp cos 0] d6 


for a solution which is symmetrical about the axis of 7;. A more general result 
may be obtained by using the integrals along a pair of focal circles situated 
arbitrarily in §,. Thus we have the relation 


FG tp cosa cosa, & +psina, &;+pcosasina, &)da 
=f F(E,—tp cos@ sina, cosa, & + ip siné) dé, 


when V= F'(&,, &, &3, &) is a suitable solution of 


eV eV av. av. 


0. 


When V is independent of £, and consequently a solution of 


av _ 


: 
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this equation becomes 
27 
f F(x+psina, cosa sina, z)da 
0 
F(x, y+ tp cosa, z+ tp sin @) dé, 
0 


where a, y, 2 are written in place of &, &, a. 
This equation indicates that an integral of a solution of 
taken round the ellipse 


2 
( 


is equal to an integral of V taken over a portion of the focal conic 


2 
(¥ 


2 — 
If we take an imaginary value of w so that sin?« >1, cos*@< 0, the focal conic 
is the focal hyperbola of the ellipse. 

The theorem may be used in potential theory in the following way: If a 
solution of Laplace’s equation is known to be constant at all real and imaginary 
points of an ellipse or hyperbola, then its value on this conic may be found 
when the values of the function at points on a focal conic are known. The 
theorem may be regarded as an analogue of Theorem I. 


§ 3. 


We have already remarked that a sphere in the space 2, =0 may be used 
to represent a point in S, whose coordinate x, is imaginary. This representation 
has been used with great success by Darboux* in investigating properties of 
systems of spheres. We shall use it here in connection with a second represen- 
tation, in which a particle which is at the point (a, y, z) at time ¢ is represented 
by a point in S, whose coordinates are (2,, 2, 23, x), where 


and ¢ is the velocity of light. 


* Annales de l’ Ecole Normale, t. 1 (1872), 2nd ser., p. 323. The points on a hypersphere in S, correspond 
to spheres which cut a fixed sphere at a constant angle, the points on a sphere in S, to a system of spheres 
touching two fixed spheres and the points on a circle in S, to spheres touching three fixed spheres. 


| 
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This transformation arises naturally in the reduction of the equation of 

wave motion, ‘ete 
ry. 4 

to the symmetrical form 

F&F 

It has been used recently by Minkowski* in connection with the equations of 
electrodynamics and the transformations which form the basis of the theory of 
relativity. The transformation reduces the equations of electrodynamics to a 
symmetrical form, and so enables us to use mathematical symmetry as a guide 
to further investigations. 

When we combine the representations of Darboux and Minkowski, we are 
led to a representation of a space-time point (7. e., the instantaneous position of 
a particle at a given time) by means of a sphere with a definite sign attached to 
its radius. It is convenient to regard the sphere as a spherical wave; the sign 
of its radius is then indicated by the direction in which the wave is moving. 
A space-time point (a, y, z, ¢) is represented by a spherical wave whose centre 
is at the point (x, y, 2) and whose radius is equal to ct, the wave being a con- 
vergent wave, if ¢ is positive, and a divergent wave when ¢ is negative. The 
wave may be regarded as the position at time ¢ = 0 of a disturbance which will 
be absorbed by (or has been emitted by) a particle which is at (a, y, z) at time ¢. 

We shall call the wave the representative wave of the particle at time ¢. 
It is clear that the career of a particle may be studied very conveniently with 
the aid of its representative waves at different times. If the particle is moving 
with a velocity less than that of light, no two of the convergent representative 
waves can intersect and similarly no two of the divergent representative waves 
can intersect. 

It follows from this result and the principle of Huyghens that there is only 
one position of the particle in which it can create a disturbance which will arrive 
at the point (x, y,z) at time ¢. For, if a disturbance issuing from a point 
(Xo, Yo) %) at time f is propagated in the form of a spherical wave with this point 
as centre, then the wave will only reach the point (a, y, z) at time ¢, if 


— a)? + (y — Yo)? + (2 — = (¢ —&)?. 


* Gottinger Nachrichten (1908). 
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The geometrical interpretation of this equation is that the representative wave 
of (x, y,Z,¢) is touched internally by the representative wave of (a, Y, 20, %); 
if both waves are convergent (or divergent), and touched externally by it, if one 
wave is convergent and the other one divergent. 

Now, since no two convergent waves associated with the particle intersect, 
there is only one wave of the system which has the proper type of contact with 
the representative wave of the point (a, y, 2, ¢). 

This theorem, which is proved analytically by Prof. A. W. Conway,* is of 
considerable importance in the mathematical theory of the motion of an electron. 
If the electron be treated as a simple singularity of an electromagnetic field, 
Liénard and Wiechert have shown that an appropriate electromagnetic field for 
an electron moving in an arbitrary manner may be obtained in the following way: 

Let the motion of the electron or singularity be specified by the equations 


E=E(t) n=n(t), 
then there is one value of t< ¢ which satisfies the equation 
[x —&(r)]? + + =e? — 7). 
If, with this value of ¢, 
M = 2c? — 2! (x) [w — (zt) [y —n — [2 
the components (£,, E,,, E,), (H,, H,, H,) of the electric and magnetic forces 
at the point (a, y, z) at time ¢ are given by the equations 


104, _a4, dA, 


where 
'(¢ '(¢ ec 
These potentials A,, A,, A,, ® are all solutions of the equation of wave motion, 


Oat + ay? + ant 


and in fact this equation is satisfied by any function of the form 
1 
V= 7, f 


These expressions for the components of the electric and magnetic forces 
show that the field at (a, y, z, ) depends only on the position t of the moving 


*'Proc. London Math. Soc., Vol. I (1903), Ser. 2, p. 154. 
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singularity. Lorentz* calls this position of the electron the effective position. 
Minkowski f calls it the “‘light point” of (a, y, z,¢). It is convenient, however, 
to have a term which will apply to an electron irrespective of its path, and so 
we shall say that an electron (or particle) P(&, 7, f, 7) is active relative to 
Q (x, y, 2, t) when the conditions 


+ (y—n)? + =e*(t—7)’, toe (1) 
are satisfied. Thus P is active relative to Q whenever a convergent represen- 
tative wave of @ is touched internally by a convergent representative wave of 
P, or in fact, whenever the two representative waves touch in the proper way. 

If we represent P, Q by points &3, &4), (a1, x3, 2%) in S,, where 
then the condition (1) takes the form 
(a — £1)? + (a2 — + (%3 — + (a — &)? = 0, 


and this implies that the line joining the two representative points in S, is an 
isotropic line. 

Hence, if P is active relative to Q (or vice-versa), the representative points 
in S, lie on an isotropic line. In studying different configurations of electrons 
we may either consider the positions of the different electrons at a given time, 
or we may consider the positions in which they are active relative to one another, 
The second method is preferable for some purposes, for the relation between the 
electrons is unaltered by changing the axes from a system at rest to a system 
in uniform motion. We shall therefore proceed to investigate some properties 
of isotropic lines in S,, for the properties of systems of electrons which are 
actively related to one another can be expressed in terms of these. 


§ 4. 


Since the equation of an isotropic line is of the form 
(a — + — + (xs — + (a — = 9, 
it is clear that an isotropic line is transformed into an isotropic line by any 


transformation which leaves this condition unaltered in form. The group of 
conformal transformations of the space S, satisfies this requirement and will be 


* «The Theory of Electrons,’ Leipzig (1909), p. 251. 
+t Physikalische Zeitschrift (1909). 
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referred to as the group G,,.* The equivalent group of transformations in the 


variables (x, y, 2, ¢) leaves the equation 
(2 — &)? + (y + (2 =o? — 2)? 
unaltered in form and so transforms a spherical wave into a spherical wave. + 
The transformations of the group have on this account been called spherical wave 
transformations ; they are characterized by a relation of the form 
da’? + dy" +dz2"—edt® [da’? + dy’? + dz? —c' 

It has been proved elsewheref{ that the fundamental equations of the theory 
of electrons are covariant for transformations of this type. The equation of 


* It is a fifteen-parameter group. The group of Lorentzian transformations, considered by Poincaré, 
Rend. Palermo (1906), and Minkowski, Gott. Nachr. (1908), is a subgroup of G,,; it is only a six-parameter 
group and is included in the ten-parameter group of transformations of rectangular axes in S,. 


+t Einstein’s postulate of the constancy of the velocity of light (Ann. d. Physik, Vol. XVII, 1905) is really 
equivalent to the assumption that there is a group of transformations for which the equations 

(x —&)? + (y—n)? + =e? (¢ — 7)? t>r (1) 
are covariant. If we regard these as the conditions of observation or for the action of one particle on another, 
then the corresponding group of transformations, for which these conditions are covariant may be regarded 
as the principal group underlying all physical phenomena. According to the general principles of group- 
theory, the quantities and relations which are invariant with regard to the principal group should represent 
true physical quantities and relations. Some of these invariants for the group G,; have been found by Ein- 
stein, Poincaré, Minkowski, Planck, Cunningham and the author. It is desirable that all the principal 
invariants and covariants for the group should be found, for then we shall perhaps be able to decide whether 
Einstein’s conditions of observation are the right ones or not. 

At first sight it would look as if these conditions of observation were only valid for the free ether, since 
light and other disturbances travel with different velocities in different material media. If, however, we 
adopt Lorentz’s hypothesis that the fundamental equations of electromagnetism for ponderable bodies can be 
derived from the electron equations by a process of averaging, then we may assume that the condition of 
observation holds for two neighboring particles, when there is only free xther in between. The conditions 
of action of two neighboring particles are then 
dt>0. (2) 


Now, it is a remarkable fact that the group of transformations for which these conditions are covariant is 
exactly the same as that for which the more general conditions 

(z — + (y — 9)? + (2 — = (¢ — 1)? (1) 
are covariant. Hence, if we may assume that (2) is the condition for contact action and define the principal 
group by means of this condition, then we may conclude that the condition for action at a distance is 
covariant for the principal group whenever the condition can be expressed in the form (1). This result may 
be expressed in another way by saying that any transformation of the group @ transforms free ether into 


free ether. 
The conditions of contact action expressed by equations (2) are the most suitable for the discussion of 


wave theory in isotropic media, but it is useful to know what difference it would make in the general 
equations of the electromagnetic field if the condition of contact action were of a more general character. 
This question has been considered by the author, Proc. London Math. Soc., Vol. VIII (1910), Ser. 2, p. 255. 


t Proc. London Math. Soc., Vol. VIII (1910), Ser. 2, p. 223. 
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wave motion is also covariant in the sense that if V is a solution of 
V V 10? V 
and 
¥de = 
where 
ds? = dz? 
then V’ is a solution of 


gv 
+ Oy + = 
The last theorem* shows that /Vds taken along any curve in & is an 
invariant for transformations of the group G. On this account there is reason 
to suppose that, when V is properly chosen, the integral represents an important 
physical quantity. The integral evidently vanishes along an isotropic line, since 
ds =0, and this again brings isotropic lines into prominence. It is interesting 
to consider the integral to be taken round a closed path, and so we shall consider 
the properties of closed polygons formed of isotropic lines. 


THeorEM V. Jf a skew quadrilateral in S, is formed of isotropic lines, the 
four lines lie on a sphere. 


Let PQP'Q' be the corners of the quadrilateral, PQ, QP’, P'Q', UP 
the isotropic lines. It is clear that P is one of the anti- Q 
points of Q, Q’ for the plane PQQ’; hence, if C is the 
middle point of QQ’, PC will be perpendicular to QQ’ ! 
and CP=iCQ. Similarly, CP’ is perpendicular to QQ’ 
and CP'=1CQ=CP. Now since this is the case, it is P Ci 
possible to draw a sphere to touch the planes QPQ', 
Q P'Q' at P and P’, and this sphere will contain the or 
isotropic lines PQ, YP’, P’'Q', Q'P, because a sphere 
which touches a plane at a point P has for generators the two isotropic lines 
through P which lie in this plane. 


* This theorem may be derived immediately from the analysis given in « paper ‘‘On the Conformal Trans- 
formations of a Space of Four Dimensions,’’ Proc. London Math. Soc., Vol. VII (1909), Ser. 2, p. 70. There is 
a more general invariant of type ( Vds cos «, where « is the angle between the path and a member of a given 
family of space-time curves, 
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Now let #, R’ be the two foci of this sphere, then the lines RP, RP’, RQ, 
RQ, R'P, k'P', R'Q, R'Q!' are isotropic lines, and we have a remarkable 
figure formed of three pairs of points, PP’, QQ’, RR’, in which the twelve lines 
joining points belonging to different pairs are all isotropic. The twelve lines 
also lie by fours on three spheres. 

The figure which is derived from this by Darboux’s transformation is very 
interesting. The points PP’, QQ’, RR’ correspond to pairs of waves pp’, gq’, 
r7, such that the waves of one pair are in contact with the waves of another 
pair. The point of contact of the waves p,q is the point in which the space 
2%, = 0 is met by the line PQ, and similarly for the points of contact of the 
other sphere. Since the lines PQ, QP’, P'Q', Q'P lie on a sphere, it follows 
that the four points of contact of the spheres pp’ with the spheres qq’ lie ona 
circle. Similarly, the points of contact of gq’ with rr’ lie on a circle, and the 
points of contact of r and 7’ with p and p’ lie on a circle. 

If the waves p, p’, etc., are representative waves of particles (p), (p’), etc., 
at their centres, the relations between the particles may be expressed as follows: 


(g), (r), (q’), are active relative to (p), 
(7), (7’), “@, 


(q’), (p') 6 66 (7’), 
(p') is 66 6 (q’). 


An interesting extension of this theorem occurs in Steiner’s porism relating 
to a ring of spheres touching two fixed spheres and having their centres in one 
plane. This theorem is so well-known that it will not be necessary to give an 
account of it here.* 

Another extension of the theorem may be made in connection with spaces 
of a higher number of dimensions. | 

If the sides of a skew hexagon in a space of five dimensions S; are isotropic 
lines, the six sides lie on a hyperspherical locus A,. 

To prove this we consider the section of the figure by any linear space S,. 
Any corner of the hexagon and its image in S, may be regarded as the foci of a 
hypersphere in S,._ The hyperspheres which correspond to two corners A,, A, 


* The following references may prove useful: Steiner, Werke, Bd.1, pp. 135, 455; Geiser, Hinleitung in die 
synthet. Geometrie (1869); W. Fiedler, Cyklographie (1882), p. 238; Holzmiiller, Hlem. d. Stereometrie, Bd. 1, 
p. 279; A. Schumann, Berlin, Askanisches Gymn. (1883); Maennchen, Grunert’s Archiv (3), 7, p. 232; 
J. Finsterbusch, Atti del. IV Congress dei Matematici, Vol. I, p. 285. 
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of the hexagon will touch at the point B,, in which the line A, A, meets S,. 
Now, if six hyperspheres in S, touch one another in succession and the contacts 
are of the proper kind, the six points of contact lie on a hypersphere.* Hence, 
the six sides of the hexagon are met by any linear space S, in six points lying 
in a hypersphere K;, and so the six sides must lie on a hypersphere Ky. 

To prove the theorem relating to the six hyperspheres in §, we invert the 
space S, into a hypersphere S,. The points of contact of the hyperspheres then 
invert into the points of contact of the sides of a skew hexagon whose sides all 
touch >,, and the hyperspheres in S, invert into the hyperspheres cut out on >, 
by the polars of the vertices of the hexagon. Now the points of contact of the 
sides of the hexagon lie on a linear space Z,, for if A,, A,, A;, A,, As, A, are 
the corners of the hexagon, B,,, B.3, By, Bys, Bs, Bg, the points of contact of 
the sides, we have relations of the type 

A, By = A, By 
which lead to the equation 
+ A, By. A, By. Az By. Ay Ag Beg . Ag Bor (2) 
== A, By, . As Bu. A, By . As By. Ag Bg. Ay Bu, 
and when the positive sign is taken, this is the condition that the six points of 
contact should lie in a linear space J. 

This linear space Z, will cut >, in a hypersphere K; containing the six 
points of contact, and this inverts into a hypersphere A, in &, containing the 
six points of contact of the hyperspheres. It should be remarked that the 
contacts between the hyperspheres which correspond to the corners of a skew 
hexagon of isotropic lines, are of such a nature that the sign to be taken in 
equation (2) is always positive ; hence, we have the theorem: 

TueorEeM VI. Ifa skew hexagon in 8S; ts formed of tsotropic lines, its sides lie 
on a hypersphere K,. 

There is a corresponding theorem for a polygon of n +1 sides in a space of 
n dimensions (n >2). The case of a skew pentagon in a space of four dimensions 
may be deduced from Theorem VI by making two of the corners of the hexagon 
coincident. Since a linear space S, can be drawn through five arbitrary points, 
the sides A,, A,, A;, A,, A; will lie in a liner space S,, and if A, is coincident 
with A,, the line A, A, can be taken to be an arbitrary generator of the isotropic 


* Educational Times (2), 11, Question 16009, pp. 57-61. A solution different from the above was given by 
D. M. Y. Sommerville. 
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cone having its vertex at A,. The theorem then tells us that there are an 
infinite number of hyperspheres AK, containing the five lines A,.A,, A, A;, A; 
A, A;, for these lines and an arbitrary isotropic line through A, lie on a hyper- 
sphere K,. Consequently, the five lines A, A,, A,A;, .... must lie on a 
hypersphere K3. 

TueorEM VII. Jf a skew pentagon in S, is formed of isotropic lines, its sides 
lie on a hypersphere K;. 

If we apply Darboux’s transformation to the corners of this pentagon, we 
get five spherical waves touching one another in succession, and the theorem tells 
us that their points of contact lie on a sphere. It should be remarked that, if 
five spheres touch one another in succession, the five points of contact do not 
necessarily lie on a sphere; it is only when an even number of the contacts are 
external contacts that the theorem is true. 


§ 5. 
A very interesting application of Theorem III may be made to a solution of 
which is a periodic function of ¢ with the period 27, and is regular for some 
domain of values of (2, y, 2, t). The integral* 


2 2 2 
is then a solution of = + ae + ao = 0, for 


t+T V _ 
on account of the periodicity of OE" 
t+T 
Now, Theorem III enables us to express f Vdit as an integral taken 
—T 


over the surface of a sphere of radius c 7. Hence, we have the theorem that 


* A similar theorem is given by Prof. Lamb for the case in which the limits are —o and +a, Proc. 
London Math. Soc., Vol. VIII, Ser. 2, p. 437. 


t+T 
U= f Vdi : 
t—T 
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the mean value of V over a sphere of radius c7’ is a solution of Laplace’s 
equation, when regarded as a function of the coordinates of the centre of the 
sphere. It is thought that this theorem may be of fundamental importance in 
a mathematical theory of gravitation, and that the sphere of radius ¢ T represents 
the surface of an electron. At present, however, our knowledge is not sufficient 
to enable us to form any definite theory, and the only use we can make of the 
theorem is to derive a number of ideas from it and use them as working hypo- 
theses. The ideas which the theorem suggests are : 


(1) That the surface of an electron in motion can be represented by a sphere 
in S,. In the theorem the sphere of integration is situated in a space ¢= const., 
and this sphere may be supposed to represent the surface of an electron at rest. 
The general form of Theorem III then leads us to consider the mean value of V 
over an arbitrary sphere in S, and a corresponding integral along the line joining 
the foci. 

Let (a, 21» (a2, UClo), (x, y, 2%, ict) be the coordinates of 
the foci and of an arbitrary point on the sphere, and consider the points 
F, (1, Fe (Xe, Yo, %), P(x, y, 2), which are the centres of the represen- 
tative waves of these points. 

The locus of P is a prolate spheroid having the points F, and F, as foci. 
We shall regard P as the position at time ¢ of some point on the surface of an 
electron. The spheroid then represents a particular view of the surface of the 
electron; it is in fact the view which would be obtained by an observer at one of 
the foci, e.g., F,. It should be noticed that different points on the surface of 
the spheroid have different times associated with them, but this is just what is 
required in order that disturbances issuing from them should all arrive at F, at 
the same instant. The points of the spheroid will also receive disturbances from 
F, at the same instant. 

We shall regard F, and F, as two positions of the singularity of the electro- 
magnetic field associated with the electron, 7. e., of the electromagnetic field 
considered in §3. In the case when the spheroid is a sphere, the points /, and 
F,, coincide and we have supposed that the electron is momentarily at rest. 
It is possible, however, for the surface to be a sphere when the singularity is 
describing a periodic orbit with period 27. This brings us to the second idea 
which is suggested by the theorem. 


(2) We must look for interpretations of our geometrical theorems in con- 


4 
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nection with periodic motions. An attempt has already been made to obtain 
in this way a physical interpretation of Steiner’s porisms.* 


§ 6. 


We shall now prove some fundamental theorems relating to spheres and 
hyperspheres in S&, which have a direct bearing upon the kinematics of an 
electron. According to an idea developed by Minkowski,} Bornf and Herglotz,§ 
the motion of a connected system of particles may be represented by equations 


of the form x = f,(X, Y, Z, 
=fe (x, Y, Z, u), 
= fs (x, Y, 4, w), 
t =f (x, Y, u), 
where (X, Y, Z) are parameters which enable us to identify a particular particle; 
they vary from particle to particle, but remain constant during the motion. The 
different values of u determine different views of the connected system, a view 
being obtained when a time ¢ is associated with a point (x, y, z) according 
to the law 


(1) 


u (x, y, 2, t) = const. 

We shall now investigate the motion which corresponds to the case in which 
the loci w= const. are represented in S, by hyperspheres and the equations (1) 
represent the orthogonal trajectories of these hyperspheres. 

Using (x,, x2, %3, x4) in place of the quantities a, y, z, ict, the equation of 
a singly infinite system of hyperspheres in S, may be written in the form 

f (w) [ai + 23 + + + 2a, (wu) + x, 
+ 2 a3 + 2 ay (U) + (u) = 0, 

the case of a family of hyperplanes being obtained by putting f(u)=0. 


* Phys. Zeitschr. (1910), pp. 318-320. It should be remarked in support of this theory that there are good 
reasons for supposing that the problem of finding a stable configuration of electrons is poristic, i. e., a con- 
figuration will not be stable unless certain conditions (perhaps a single condition) are satistied, and when these 
conditions are satisfied an infinite number of configurations will exist. These configurations may be classified 
into types according to the different ways in which the conditions can be satisfied. Now for each type there 
will be a gronp of transformations enabling us to pass from one possible configuration to another, and we 
should expect this transformation to leave the fundamental equations of electromagnetism unaltered in form. 
This condition is fulfilled in the case of Steiner’s porisms, and in fact in the case of any porism relating to 
spherical waves in contact, for the conditions of the porism are unaltered by any spherical wave trans- 
formation which transforms the fixed spherical waves into themselves. 

+ Gott. Nachr. (1908). Phys. Zeitschr. (1909). 

t Ann. d. Physik, Vol. XXX (1909). Gott. Nachr. (1909). 

§ Ann. d. Physik, Vol. XXXI (1910). 
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Differentiating with regard to a, a, 23, 2,, we obtain 


fa tots" M=0, 5% =0, etc., 


M = 3 f'(u) [eit + + + (wu) xy + (u) 

+ a3 xg + a4 ay + 

du ou du du 

normal to the hypersphere «= const., and so the differential equations of the 

orthogonal trajectories are 

dx, dis dx, 
du _ du _ du du 


fata” fata, fata 


) are proportional to the direction cosines of the _ 


Since 
(fa +a) a2) 5 + (fim +04) 5 “+ M=0, 


it follows that each of the above ratios is equal to 


M 
+ a4)? + (ft + + (f + a5)? + (fy + a4)” 
M 

where x is some function of w. 

The infinitesimal transformation by which we may pass from a point 
(2, %_, #3, on the hypersphere w to the point (aj, x, 23, in which the 
orthogonal trajectory through (2,, x2, x3, x,) meets the consecutive hypersphere, 
is given by 


d 


dx, dx, dx, 
Substituting the values of obtain the relations 


2x du (fay + ay) [( fal —f! a) + (fas ay) a 
+ (fas — ag) + (fay — flay) + fo'— f' 9], 
where U has been simplified by means of equation (1). 
Subtracting the expressions of type 
x Su(fal—f'a,) [f (a? +a} + 
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from these equations, we obtain the relations 
a = a+ xdulf(fa;— f! a) (aj — x3 — 
+ 2f (fag az) + 2f (fag — ag) 
+ 2f a4) xx, + 2f(fo' —f'>) x, 
+ 2f (a, a3 — ay aj) + 2f (a, a3 — ag a4) 
+ 2f (a,a{ — a, + 2f (a,¢' — aj), ete. 
Comparing these with the general equations* of an infinitesimal conformal 
transformation of S,, viz.: 
=a, + e[p — — — at) + 2g aim + t+ 
+ um tha+guy+lay+a), 
= + e[g (x3 aj) + 2p Wr + 28 
—ha+ ur +fx3+ ma, + 
x3 = + e [7 (x3 — — aj — + 2p + %3 + 25 
+nay+ ec], 
—lax,— Ma,—naz—uu+ da], 
we see that the transformation from one hypersphere to the next can be effected 
by means of an infinitesimal conformal transformation of S,.+ 
This result is important because we know that a conformal transformation 
of S, transforms a sphere into a sphere and a circle into a circle. Hence: 


TueorEM VIII. Jf a tube of orthogonal trajectories of the hyperspheres 
u = const. cuts one hypersphere in a sphere, tt will cut every hypersphere in a 
sphere; tf it cuts one hypersphere in a circle, wt will cut every hypersphere in a 
circle; if ut cuts one hypersphere in an isotropic line, tt will cut every hypersphere 
in an isotropic line. f 

It follows from this theorem that, if the points of a material system move 
in such a way that their paths are represented in S, by the orthogonal trajec- 
tories of the hyperspheres w= const., then, if the view determined by one 
constant value of w is such that the material system is represented by spheres 
or circles in S,, then the material system is represented by spheres or circles 
in S, in any other view given by an equation w= const. 


* See p. 243 of my paper on the transformation of the electrodynamical equations, Proc. London Math. 
Soc., Vol. VIII (1910), Ser. 2, Part 4. 

+t This theorem is practically proved in Darboux’s Legons sur les systémes orthogonaux, t. I (1898), Ch. II. 
¢ There is a similar theorem for spheres, circles and isotropic lines in a space of three dimensions. 


_| 
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In the particular case when the loci w= const. are hyperplanes, the figures 
which are cut out on each by a family of orthogonal trajectories may be derived 
from one another by displacements in S,. This is the case considered by Born 
and Herglotz. 

The case when the loci u = const. are isotropic cones (7. e., hyperspheres of 
zero radius) is particularly interesting, for then the tangent to an orthogonal 
trajectory at a point P is also a generator to the isotropic cone through P. 
For, if the isotropic cones are 


[a — (u)]? + [x2 — (u)]* + [as — &s(u)]? + — & (u)]? =0, 


the orthogonal trajectories are 


dx, ada, dx; day, 
Putting SY, = tet, 


we obtain the equations 
[w— + + =e 
The first equation shows that a particle at (a, y, z) at time ¢ is active relative 
to (£, 7, ¢, 7), or vice versa, and the second equation shows that it is moving 
with the velocity of light along the line joining the two particle. 

Theorem VIII may be generalized by considering the orthogonal trajectories 
of a singly infinite family of spheres in §,. We shall show that the orthogonal 
trajectories map the spheres on one another in such a way that the transition 
from a figure on one sphere to the corresponding figure on another may be 
effected by means of a conformal transformation of the space S,. 

Let the axes of coordinates be chosen so that the equations of one of the 
spheres are 

Let a consecutive point on the orthogonal trajectory through the point 
(al,, al,, als) be given by the equations 

=1(a+ du), x3 = 1,(a + du), 
x, = 1,(a + du), a= 
and let the equations of the consecutive sphere be 


(a + 6a)? + (x2 + a2)” + (x3 + a3)” + (a+ ?=(a da)’, 
+ ad & + + (1 + dp) = dp. 


a 

| 
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Since these equations are satisfied by (a, x3, %3, 24), we have 


1, (du + + ly + dag) + 1; (135 u + das) = da, 
+255, +1583] +05u= dp, 
where quantities of the first order only are retained. Since [+ 23+4+1;=1, 
the first equation gives 


The equations of transformation may now be written in the form 


ah = + 1, (8a — 1, — ay — as) + 22+ 03 + 


= + 1, (Sa— 1, da, — a, — ag) + 5 q? + 23+ 23—<a’], 


where multiples of the zero quantities xj + 23+ aj—a’, a, have been 


added. 
Putting a], =2,, a= we have 


ds 


6 


a3 


Now, 6a), dae, 0&,, 0&, 6&3, da depend only on the two spheres and 
not on the coordinates of a particular point (x, 22, x3, %,) on the first sphere ; 
hence they may be regarded as constants as far as the transformation is con- 
cerned. This being the case, it is easy to see that the above equations represent 
an infinitesimal conformal transformation of the space S,, and since such a trans- 
formation transforms a circle into a circle, we have the following theorem : 
TuHrorEM IX. The orthogonal trajectories of a family of «' spheres in a 
space S, map the spheres conformally on one another in such a way that a circle 
is always mapped on a circle and an isotropic line on an isotropic line. 
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These theorems are of considerable interest in connection with the problem 
of finding solutions of 
Ler 
having the general form 
WFC, FY, 
where F is any solution of a partial differential equation of the second order 
in the independent variables X, Y, Z. 
I have shown elsewhere* that this problem can be reduced to that of 
determining a transformation 

X= fi (U1, Xe, Y = fo Xe, Xs, Xs), Z= fg (a1, Xa, Xe, 

such that there is an identical relation of the form 
(pit pi + ps + pi) (dai + day + dag + dai) 

— da, + peda, + (1) 
where J, m,n are functions of X, Y, Z only, and 2%, x2, 2, x are written 
instead of a, y, 2, ict. 

I have also shown that the necessary and sufficient conditions for the exis- 
tence of a relation of this type are that the following set of equations should be 
satisfied. 


O ps Op, _ 


O ps Op, Op Op, 


Op O Ops 
Om O2, ] 


where &£,, &, &, si are certain functions defined shia the last four equations. 


* Cambr. Phil. Trans., Vol. XXI (1910), pp. 257-280. 
4+ 
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It should be remarked that these equations give the solution of the more 
general problem of finding solutions of 


which have the required form. It does not follow that, when the conditions are 
satisfied, the equation 


2 2 2 2 

possesses solutions of the required type, but if it does possess solutions of the 
required type, the conditions must be satisfied, and so in searching for these 
solutions we must obtain the general solution of the differential equations (2). 
It should be remarked that the equation (3) possesses the same characteristics 
as (4), and so also corresponds to a type of wave motion in which disturbances 
are propagated with the velocity of light. 

We shall now obtain the solution of the equations (2) in two cases, first 
when p,dax, + p.da, + p3dx3+ pyda, can be reduced to the form Udu, and 
secondly, when it can be reduced to the form Udu-+ Vdv. These are the only 
cases which need be considered. 

Using suffixes to denote differentiations with regard to the variables 2,, x2, 
%3, %,, we have in the first case 


po=Um, pp=Uwy, 
The equations (2) may be written in the form 


2 Ue; = (UE, — U3) + (UE, — Uz) us, 
U (ty — — Ugg — Uy) = 2(UE,—U,)uy+ (O, + UO, u,+ U3 Ug + U, wu), 


and imply that there is an identical relation of the form 


+ day + da, + A a, + x, | 
+ (U, + + + + 2[(UE,— day 
+ (UE, — U,) da, + (U&;— U;)da;,+ (UE,— U,) dx] 
[ey + Ug d + + Uday]. 
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Regarding (dx,, dx,, dx;, dx,) as current coordinates in the neighborhood of a 
point (2, %, #3, 2,) on the manifold «=const., we see from the above equation 
that the indicatrix (7. e., the section by a hyperplane parallel to u,dz,+ u.da, 
+ uzdx3 + uda,=0) is a sphere at all points of the hypersurface. Now this 
property is characteristic of a hypersphere and also of a type of isotropic 
developable. The latter need not be taken into consideration, because it is 
specified by an equation of the type 


ui uj 
and this would give pj + p3 + p} + pi=0. Hence we may conclude that the 
hypersurfaces w=const. are hyperspheres. Conversely, it may be shown that 


if the manifolds «= const. are hyperspheres, there is an identical relation of 
the form 


(pit pi + ps + pi) + daz + daz + dai) 
— (pi, da, + podx, + + = 1dX?+ md Y*?+ndZ?. 


For, it is known that any family of hyperspheres forms part of a quadruply 

infinite system of manifolds.* Let these be w=const., XY =const., Y= const., 

Z=const.; then there will be a relation of the form 


Since, moreover, the orthogonal trajectories map the manifolds «= const. con- 
formally on one another, we can choose u so that J, m, n are independent of wu. 
Dividing out by uw, the equation takes the form 


=1dX*+mdY*+ndZ’, 


and since the Jacobian of the quadratic form on the left is zero, the quantity on 
the left-hand side must be expressible in the form 
(Pit p+ ps + pi) (dai t+ daz + 
— (pda, + xs + pyday)’. 
This proves the theorem. 
In the second case, when 


pdx, + pod + + = Udu+Vdv, 


* Cf. Darboux, Lecons sur les systémes orthogonaux, Ch, II. 
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the equations (2) become 
2 + 2V = — U5) + (UE, — us + (VEs— V5) v2 + (VEo— Vo) vs, 
(ty — Ung — Ug3 — Uy) + V (041 — — — 
= 2(UE,—U,)u, + 2(VE— 
+ + + U3 us + Uy my) + + + Vir), 
and these imply that there is an identical relation of the form 


20 [uy + ....] 
= [dai + daz t+ + (uy + + Uy) + V (041 + +055 + 
+ + + U3 us + Up uy) +( V+ Vor, + + Virx4)] 

+ dx, +( UE, — U;,) da, +(UE,— U;) day + (UE, — dx] 

+ Uy day + Ugd xs + ud 
+ 2[(VE,— Vj) da, +(VE,— V2) da, + (VEs— V3) da,+(VE,— Vi) da,] 

[v, day + Ax, + day + 
Regarding (da,, dx,, dx3, da,) as current coordinates of a point in the neighbor- 
hood of the point (x,, 2, #3, %,) on the surface w=const., »v=const., we see 
that the indicatrix of this surface, 2. ¢., the section by a plane parallel to the 


tangent plane © 
U, AX, + + Ugdx; + = 0, 


+ + x3 + = 0, 
is a circle at every point of the surface. Hence, we may conclude that the 
surface is a sphere. This gives the following theorem: 


If there is an identical relation of the form (1), where 
+ poday + pyda,= Udu+ Vado, 
the manifolds u = const., v = const. intersect in a sphere or a number of spheres. 

In the motion represented by the orthogonal trajectories of a family of 
hyperspheres or spheres in S,, the component velocities (w,, w,, w,) of the 
particle which is at the point (a, y, z) at time ¢ and is represented by (2, a, 
2X3, %) in S,, are given by the equations 

_ We __ 
Pi Ps’ 
and so the relation 


Pit pit pi + 


. 
\ 
. 


Laplace’s Equation and the Equation of Wave Motion. 355 


implies that w? + wj + w? +c’, or that the velocity of the particle is not equal 
to the velocity of light. It was shown in my former paper that there is an 
integral invariant of the form 


(pit ps + + pi) ders da, + + 
= imndXdY dZ, 


or [w,dydzdt + w,dedadt+ w,dadydt—dzdydz] 


The interpretation of this equation is that the electric charge* associated with a 
number of particles remains constant during the motion, 7. e., as we pass from 
one view to another. In particular, if an electron is represented by a sphere 
in S,, the electric charge associated with the electron will remain constant. 


Again, the equation 
[pi(pi + ps + ps + pi)) + [pe(pi + p+ 
+ [ps(pit pst pi)] + [pulpit pit pst pi)] =, 
which was obtained on p. 269 of my former paper, takes the form 
(p + (p w,) + (pw.) + = 0, 
and implies that the equation of continuity is satisfied. 


§ 7. 


It should be remarked that there is a similar set of theorems connected 
with Laplace’s equation 


av av _ 
da? + ay? 


and the more general equation 


* See p. 229 of my paper on the transformation of the electrodynamical equations, Proc. London Math. Soc., 
Vol. VIII (1910). 
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If we seek a set of solutions of the form* 
V=Wwf(%, YX), 
we find that there must be an identical relation of the form 
(p> +q?+7°) (dx? + dy’ + dz’) —(pdat+gqdy+rdz)’ 
=adX*®+ bdY*® + 2hdXAY, 


where a, 6, A are functions of X and Y. The functions p, g, r are determined 
by differential ae of the form 


0Q 0Q 


0Q oR aP 


aR 
where 


and £,7,¢ are certain functions which may be defined by means of three of 
these equations. 

Since any quadratic form in two variables, whose discriminant is not zero, 
may be reduced to the form 2[dX?+4+dY*], we see that the above equations 
represent the necessary and sufficient conditions that there should be an identity 
of the form 

(p? + q? + 7°) (da? + dy? + dz”) — (pdx +qdy+rdz)? 

It can now be shown in the same way as in §6 that, if pda+qdy+4+rdz 
can be reduced to the form Udu, the surfaces u = const. are spheres, and if it 
can be reduced to the form Udu-+ Vdv, the surfaces u =const., v = const. 
intersect in circles. Also we have the following theorems, both of which are 
well-known : 

The orthogonal trajectories of a family of «1 spheres map the spheres con- 
formally on one another, a circle being mapped into a circle and an isotropic line 
into an isotropic line. 


* These solutions have been considered from a different point of view by U. Amaldi, Rend. Palermo, 
Vol. XVI (1902), p. 1, and less generally by Levi Civita, Mem. dell’ Acc. di Torino, s. II, t. XLIX (1899). 
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The orthogonal trajectories of a family of «' circles map the circles con- 
formally on one another ; i. e., the cross-ratio of four points on one circle is equal 
to the cross-ratio of four corresponding points on another. 

The last theorem occurs in the theory of cyclic systems, and the present 
theory shows that the theory of cyclic systems should be connected with that of 
Laplace’s equation. We shall not investigate this relation in the present paper, 
but it may be useful to state the theorem corresponding to the case when 
pdx+qdy+rdz=Udu, and w=const. represents a family of spheres. 


TueorEM. Jf u is defined by the equation 
+2? + 2a(u)a +28 (uy t+ 2y(u)z+ 29(u) =0, 


then 


+ Gp) + Gay aay — 


can be reduced to the form 2(dX*+dY"*), and any function F which satisfies 
the equation 


ox? 


is a solution of the two a 


Ou + (KS 7) +3; (KS =0 
OudF dudF , dudF 
Ox Ox ay Oe 
zal (u) + yBl(u) + 2y 
and y (u) is an arbitrary function. If x (u) can be chosen so that VK is a 


solution of + = 0, then V=~7 K. F(X, Y) will also be a 


_ 


= 0, 


where 


solution of this equation. 


§ 8. 


The group Gs, of conformal transformations of the space §,, which is 
equivalent to the group of spherical wave transformations, is composed of dis- 
placements, reflexions and inversions in the space S, and of transformations 


— 
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which may be obtained by compounding these. Thus magnifications and rota- 
tions enter as particular transformations of the group. The rotations are of 


great importance, because, as Minkowski has shown, Lorentz’s transformation * 


1 —-, 


corresponds to a rotation 


x] = 2, COSH + Sina, = 


in the four-dimensional space S,. 


When we use Darboux’s representation of a point in S, by a spherical wave 
in §;, the group G,; becomes the group of spherical wave transformations 
which transform a spherical wave into a spherical wave. This group of trans- 
formations has been discussed by 8. Lie; it is the group of transformations 
which transform lines of curvature on a surface enveloped by spherical waves 
into lines of curvature on the surface enveloped by the corresponding spherical 
waves. 

An inversion of one set of spherical waves into another is a particular 
instance of a spherical wave transformation, and this corresponds to an inversion 
in S,. A dilatation in which the radii of all the spherical waves are increased 
or diminished by the same amount is another example, and this corresponds to 
a displacement parallel to the axis of a, in the space 4. 


Ribaucour’s transformation, which transforms lines of curvature into lines 
of curvature, is easily seen to correspond to Lorentz’s transformation, for, if we 
take the equations given on p. 254 of Darboux’s ‘‘Théorie des Surfaces,” t. 1, viz., 


* Amsterdam Proceedings, 1903-04. 
¢ Gott. Nachr. (1871). ‘*Transformationsgruppen,” Bd. 3, p. 351. ‘+Infinitesimale Beriihrungstransfor- 
mationen der Optik.’’ Leipziger Berichte, Math.-Phys. Classe, Bd. 48 (1896), pp. 131-133. See also papers 
by E. O. Lovett, «‘Contact Transformations and Optics,’’ Cambdr. Phil. Soc., Commemoration Volume (1900), 
p. 256, and P. F. Smith, Trans. Amer. Math. Soc., Vol. 1 (1900), p. 371. 


aes 
1+ kh? 2kR 
of 
| 1+ 2? 
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and write ct, ct’ in place of R and #’, and = in place of = we obtain 


at once a form of Lorentz’s transformation which is appropriate for the case of 
a uniform motion parallel to the axis of z. 

On account of the importance of the transformation theory in electro- 
dynamics, it is desirable to study the group G, of spherical wave transformations 
in full detail. This may be done very conveniently by means of the following 
theorem, which is due to Klein: * 

The general conformal group in four dimensions is simply isomorphic with the 
general projective group in three. 


This theorem depends on Lie’s correspondence between a line and a spherical 
wave. A projective transformation which transforms a line into a line corre- 
sponds to a spherical wave transformation which transforms a spherical wave 
into a spherical wave. 

Spherical wave transformations may thus be studied in connection with 
projective transformations in 8;. The following examples will illustrate this: 

(1) In the general projective transformation in §; there are four points 
and six lines joining them which are transformed into themselves. Now a point 
in S83 corresponds to a minimal line. Hence, in the general spherical wave 
transformation there are four isotropic lines which are transformed into them- 
selves; the six spheres containing these lines in pairs are also transformed into 
themselves. Kach of these spheres touches four of the others. 

(2) In a homology in & there is a point (the centre of homology) and a 
plane (the plane of homology) such that every line through the point and every 
line in the plane is transformed into itself. In the corresponding spherical wave 
transformation there are two isotropic lines such that any spherical wave through 
one of them is transformed into itself. 

(3) In a skew reflexion the line joining two corresponding points P, Q 
meets two fixed lines r, s, and is divided harmonically by them. The line PQ 
is clearly transformed into itself. In the corresponding spherical wave trans- 
formation there are two spherical waves 2, S which are transformed into them- 
selves, and every wave touchig 7 and S is transformed into itself. 

(4) If a,b,c,d are four non-intersecting straight lines, a projective trans- 
formation which will interchange a and c, 6 and d may be obtained in the 


* Hohere Geometrie, Vol. 1, p. 487, sqq. See also a paper by J. E. Wright, Trans. Amer. Math. Soc. (1906). 
45 
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following way: Draw lines PAB, PCD through an arbitrary point P to meet 
a,b; c,d in A,B; C,D respectively. Let AD, BC meet in Q; then Q is the 
point corresponding to P. It is clear that when P is ona, Q will be on c, and 
when FP is on d, QY will be ond. If the common transversals of the four lines 
a, b,c,d meet them ina, y, 3; a’, y’, and points X, Y; Z, W are taken 
on (a B y 4), (a! y' 5’) respectively, so that (ay XY), (GS XY); (a'y’ ZW), 
(8'3' ZW) are harmonic ranges, then X, Y, Z, W are the fixed points of this 
projective transformation. 

The corresponding spherical wave transformation is such that a spherical 
wave a is transformed into c and another wave } intod. This transformation 
shows that when we are dealing with the geometrical properties of four spherical 
waves, the waves may be interchanged in pairs and a corresponding property 
will still be possessed by the system, provided the property is covariantive for 
the group of spherical wave transformations. 


BrYN Mawr, December 24, 1910. 


Simple Groups from Order 2001 to Order 3640. 


By L. P. SIcetorr. 


1. The groups of prime order, the alternating groups, and other infinite 
systems * of finite simple groups include most, but not all, of the known finite 
simple groups. All of the simple groups having orders less than 2001 have 
been determined ;+ but beyond this very limited range a problem of funda- 
mental importance still presents itself: to determine precisely for what orders 
simple groups exist, and to determine every type of simple group for each such 
order. 

In the field here covered, from order 2001 to order 3640, it turns out that 
the only possible orders of simple groups are the well-known cases, viz., there is 
one and only one { simple group of each of the orders 2448, 3420, and there is 
one of order 2520=7!-+2. Whether there is more than one of order 2520 
has not been determined. 

2. In giving a brief account of the methods employed in this paper, it is to 
be observed at the outset that the procedure is, in general, negative in character: 
to determine whether there is a simple group of a given order, the initial attack 
is an attempt to determine whether every group of this order must be composite. 
This is, of course, due to the fact that the simple group is defined by exclusion: 
it must not have an invariant subgroup. 

In considering whether every group G@ of given order g=p"gq".... 


(p, q, +--+, distinct primes) must have an invariant subgroup, we turn our 
attention to the subgroups that are known to exist for every group of that 
order. And since the groups of orders p”, q", ...-, with their subgroups, are 


the only subgroups of G whose existence is independent of the type of G, 


*For a list, Bull. Am. Math. Soc., 5 (2 ser.), p. 470. 

+To order 200 by Holder, Math. Annalen, XL, 55-58; to 660 by Cole, Am. Jour. MaTH., 14, 378-388, and 
15, 303-315 ; to 1092 by Burnside, Proc. Lon. Math. Soc., 26, 333-338 ; to 2001, by Ling and Miller, Am. Jour. 
MATH., 22, 13-26. 

t Frobenius, Berliner Sitzgsb., 1902, 359; Burnside, ‘* Theory of Groups,” 317-335. 
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‘Sylow’s theorems are indispensable for this purpose. In connection with these 
theorems frequent use is made of the important equation * of Maillet, 


in which kp +1 is the number of subgroups of order p” in G, and z,p" is the 
number of these subgroups having in commom with a specified one of them pre- 
cisely p™-" elements. Note, in particular, that if & is not divisible by p, then 
x, $0; t.e, some of the subgroups of order p” have a common subgroup of 
order p”. Of considerable importance also, in this problem, is the well-known 
isomorphism between a simple group and a group of substitutions on a conjugate 
set of its subgroups or elements. 

Certain other methods and theorems, useful under special conditions, will 
be explained in connection with their application. In the following section is 
proven a theorem which considerably simplifies the preliminary reduction of 
the list of orders in section 4. 

3. THEOREM. A stmple group G of order g=(p+1)p, where p is 
prime and is not a factor of n, can not contain a conjugate set of p+ 1 subgroups 
of order p, unless a= 1 and nis a factor of p—1. 

For if there are (p + 1) H,« in G, G is simply isomorphic with a transitive 
Gt, Then p* must divide (p+1)!,anda=1. Nowif G, of order (p+1)pn, 
has (p+ 1) H,, each H, is invariant in an #,,; and this affects p symbols when 
G is expressed as a group of substitutions on p+ 1 symbols.t But the sym- 
metric G?” contains precisely p( p — 1) substitutions that transform a substitution 
of order p into its own powers. Then pn must divide p(p — 1). 

4. We proceed now to examine the list of orders between 2001 and 3640. 
If the order of a group belongs to any of the following classes of numbers,{ the 
group is composite. 

I. Odd composite numbers § less than 40,000. 

II. Numbers with fewer than six prime factors, || with four exceptions. 
III. Even numbers {J not divisible by one of the numbers 12, 16, 56. 
IV. Numbers** p”, pq", p'gr, p’q’?”. 


* Ann. Fac. Sci., Toulouse, 9 (1895), D7. See Burnside, ‘‘ Theory of Groups,’’ 94. 

+ For several theorems on groups of degree p or p + 1, consult the memoir referred to in note ({) p. 361. 
See also note (§) p. 364. 

} For a fuller list of such classes, see Easton’s ‘‘ Constructive Group Theory” (Ginn & Co., 1902), 82, 83. 
See also Hncyclopédie des Sci. Math., t. 1, v. 1, fas. 4, p. 590. 

§ Burnside, Proc. Lon. Math. Soc., 33, 268. || Burnside, ‘*‘ Theory of Groups’’, 367. { Jbid., 365. 

** On pg”, see Burnside, Proc. Lon. Math. Soc., 2 (2 ser.), 4382; on ptgr, Frobenius, Berl. Sitzgsb., 1901, 
1329; on p’9?r2, Maillet, Quar. Jour. P. and Appl. Math., 29, 263. 
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V. Orders which, for some p and every corresponding &, do not divide 


(kp + 1)!, &p-+1 being the number of subgroups of order p”. 


is an immediate consequence of the isomorphism between the abstract 
group and a substitution group of degree kp + 1. 


All such numbers being excluded, there remain between 2001 and 3640 the 
following 45 cases requiring special examination : 


*2016 = 253°7 


*2040 = 2°3°5°17 


2080 = 255° 13 


*2100 = 5°7 


**2112 = 2°3-11 
*2160 = 243°5 


*2184 = 2°3°7°13 


**k2208 = 253 23 
*2240 = 2°5°7 
2268 = 2°3'7 


*2280 = 2°3°5°19 


**2376 233911 
*2400 = 253° 5? 


2448 one simple 


*2464 = 2°7°-11 


2520 = -7 
**2640 = 943°5° 11 
*2688 = 9'3°7 
*2700 = 2735? 
**2760 = 2°3° 5° 23 
== 9°3°7 + 11 
*2800 = 
*2808 == 2°3°13 
2880 = 
+2940 = 5° 7° 
2976 = 9°3- 31 
3034 == 
*k3040 = 255-19 
**3060 = 27375 °17 
*3080 = 2°5°7:°11 


$120 == 5-13 
3168 = 253711 
*3240 = 2°3*5 
13 
*3300 = 278 ° 5711 
443319 <= 
$360 6-7 
3420 one simple 
#3439 <= 11°13 
*3480 = 293° 5° 29 
*3520 = 11 
*3538 == 9°3*7* 
**3564 = 273411 
*3600 = 2375? 
$640 <2 13 


363 


This 


A. Orders Easily Rejected. 


5. The orders marked with stars are easily shown to belong only to com- 
posite groups. In particular, a direct application of the theorem of section 3 to 
each of the orders marked with a double star removes these 11 numbers from 
our list of possibilities. Thus, a simple group of order 2112 must contain 
12 H'!.,,; but this is impossible, since 16 is not a factor of 10. 

We turn then to the examination of the 25 orders marked with a single star. 

2016. A simple Gia, must have 9, 21 or 63 H,; and if 63, the Hj, common 
to 2k + 1 of them is invariant in a subgroup of order 32(24 + 1)m, and has then 
21, 9, 7, or fewer conjugates. 7! is not divisible by 32. Thus a simple Go, 
must be expressible as a transitive group of degree 9 or 21. 

There are 8, 36 or 288 H;. The theorem of section 3 excludes the 8; 36 H,.. 
contain elements of order 14, and these are odd, both in the G® and in the G*. 
Then there must be 288 H;. These furnish 6-288 elements of order 7, and the 
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number n of elements whose orders* divide 7°32 is m= 224% > 6° 288; 
whence x can only be 8, and n=1792. This leaves only 1792—6° 288 = 64 
elements whose orders divide 32. But 3 H, with a common H,, furnish 64 
different elements, and it is easily seen that the remaining subgroups of order 
32 must contain elements other than these 64. 

2040. <A simple group of this order would contain 120 H,, and 51 or 
more H,;. But these furnish more than 2040 elements. 

2100. A simple Gi must have 21 H,. An H;is common to 6 or 21 of 
these; and if to 21, the group is obviously composite. And if 6 H,, have a 
common H,, this is invariant in a subgroup of order 6° 25m = 300 at least 
(m = 1 is excluded because the Aj with its invariant H; gives a factor group 
Ty), which leads to an invariant H,,; in Hj), and has therefore at most 7 conju- 
gates. But 25 does not divide 7!. 

2160. There must be 10, 16 or 40 H,,; there is, however,f no transitive 
Gi. If there are 16 H35.,, each has an invariant H,; but this is impossible, 
since 5: 27 is not a divisor of the order 5°4- 3! of the normaliser of H; in the 
symmetric 

Thus, there are 40 H,,, and the H, common to 4 (or more) of them has 20 
conjugates (or too few), each invariant in Hyg. But an Ay, with 4 H,, hast an 
invariant H,, which, being invariant also in an J,, is invariant in A2,,,,, and 
has 10/m conjugates. Clearly m=1; and even this fails, since there is no 


transitive Gio. 
2184, There are 14 H}§.,.; but these are metacyclic,§ and therefore 


half-odd. 
2240. The Hy, common to 2k +1 of the 35 Hy, has at most 7 conjugates. 


But 7! += 64m. 
2280. There are 20 H}}.,. But the metacyclic H}}.,,, in which our A,,., 


is contained, is half-odd ; and since 6 is not a factor of 9, our Ajyy., is half-odd. 
2400. The H; common to 54+ 1 of the 16 or 96 H,, has at most (see 
method for order 2100) 8 conjugates. But 8! + 25m. 


* In a group of order g, the number of elements whose orders divide a factor r of g is a multiple of r. 
Frobenius, Berl. Sitzgsb., 1895, 984, 

+ Cole, Quar. Jour., 27, 39. All primitive substitution groups as far as degree 20 have been determined. 
In most cases where the results of these determinations are applicable to the work of this paper, however, 
independent proofs are presented, chiefly for the sake of whatever light such independent procedure may 
throw on the problem here studied. 

See p. 63 of M. O. Tripp’s dissertation on groups of order p?g? (Columbia sibel 1909). 

§ The only transitive substitution groups of prime degree p and order less than p? are metacyclic. Every 
transitive group of degree p is either metacyclic or doubly transitive. See Burnside, Quar. Jour., 37, 215. 
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2464. The greatest subgroup, of order either 16 or 8, common to 7, 11 or 
77 of the (24+ 1) Ay has 22, 14, 11, or too few, conjugates. But there are 
56 Hy,.,4, with elements of order 22; and these are either odd or non-construct- 
ible when G is expressed as transitive in 22, 14 or 11 symbols. 

2688. If some of the 21 H,,, have a common Hy, this has at most 7 con- 
jugates ; but 7!3:128m. Then the greatest subgroup common to 24+ 1 of the 
21 Hy, is of order 32, and has 14 conjugates (t= 1 being the only case that 
calls for examination). But no simply transitive G™ exists, of any order what- 
soever.* 

2700. The H; common to 6 or more of the 36 H,, has at most 9 conjugates. 
But 9! 25m. 

2800. A common 4H, has at most 7 conjugates. 

2808. There are 27 H,;.,, in each of which any H, transforms 4,3 into 
itself. But since 1*=1 (mod 13) has only the four solutions of 7#=1 (mod 18), 
viz., 1 = + 1, + 5, some two elements, s, ¢, of H, transform any element wu of 
H,; into the same power, u'. Then st! is permutable with w, and A,,., contains 
elements of order 26; these will appear as odd substitutions when G is expressed 
as a transitive G™, 

2940. An H, is common to all of the 15 Hy. Then G is composite. 

3080. There are 22 H;..; each has one H;. Then G-has 11 (or 1) A, 
each invariant in H}. 4; but this can not be, since 5°56 does not divide the 
order 5°2° 4, of the normaliser of H; in the symmetric G™. 

3240. The number of 4,, is 10 or 40; and if 40, the H,, common to 4 (or 
10 or 40) of them has 10 (or 4 or 1) conjugates. Then a simple G4. can be 
expressed as a transitive G™®. But there is nof transitive GQ. 

3300. By the theorem of section 3 there can not be 12 Aj,. Then there 

-must be 100 Aj,.3; they furnish 3000 elements of orders 11, 33. But then the 
number of elements of odd order in G is 3° 57114 > 3000, whence k= 4; i. 
all the elements of G are of odd order. This is impossible. 

3360. The theorem of section 3 excludes 8 H;. If there are 15 H,, there 
are substitutions of order 14, odd in the 15 symbols; then there are 120 Hyg 
and these furnish 720 elements of order 7 and at least 720 of order 14. 

There are 16, 21, 56, 96 or 336 H;. 16 H,.g yield only 1 or 8 H;. The 
case for 21 H, fails because the substitutions of 14 would be odd in the G”. 
The fifth power of a substitution of order 15 in one of the 56 H,.. is a substi- 


* Miller, Quar. Jour., 29, 242. t Cole, Quar. Jour., 27, 39. 
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tution of order 3, omitting n= 11, 26, or 41 of the 56 symbols; and H;, with 
1 or 4 conjugates in the Hy, has in G 56m/n (m = 1 or 4) conjugates, which is 
impossible. Again, 96 H;., yield only 1 or 8 H;. Thus a simple G36) must 
have 336 H;, giving 1344 elements of order 5. But then the number of elements 
whose orders divide 5°7:32 is 35 * 32a > 1344+ 1440; whence «= 3, and 
the group has no elements of order 3. This is impossible. 

3432. Each of the 78 H,,., has an invariant H,, which therefore omits 34 
(S99 must be an even substitution, and has then 2 cycles of 22 symbols with 
3 cycles of 11) of the 78 symbols, and has 784/34 conjugates. But this is im- 
possible, since /, the number of conjugates which H, has, under G, in Hy, 
must be either 3 or of the form 11m + 1 (m< 3). 

3480. There are 30 H,.,; and these, being metacyclic, are half-odd, since 
4 does not divide 14. 

3520. There are 320 H,,. Then the number of elements whose orders 
divide 11°64 is 11° 64x%>3200; whence «= 5, and there are no elements of 
order 5. This can not be.* 

3528. The H, common to 8 or more of the 36 Ay has at most} 9 con- 
jugates. But 9! 49m. 

3600. The 4; common to 6 or more of the 16 or 36 H,, is invariant in a 
subgroup of order 300 or more; and if more than 300, the 4; has at most 9 con- 
jugates. But 9!—~ 25m. If the A, is invariant in yy, it has 12 conjugates. 
But there is no transitive G'gg on 12 symbols ft 

3640. The theorem of section 3 excludes 14 H,;. Then there must be 
40 H,;.;, and each has an invariant H;. The total number of H; in G@ can 
only be 1 or 8. But 13m. 


B. Orders Requiring more Detailed Examination. 


6. Apart from the orders 2448, 2520 and 3420, for éach of which there is 
a simple group, there remain in our list seven orders to be examined. That 
none of these numbers is the order of a simple group appears as follows. 

2080. If there are 16 H;..,, they contain elements of order 65 ; but these 
are not expressible in 15 symbols. 416 H; would furnish, with 40 H,;, too many 


*Attention is called to the fact that this and a few others of our orders could have been rejected by an 
important theorem of Frobenius: Every transitive G” of class » — 1 has a characteristic H,,. Berl. Sitzgsb., 
1901, 1226. 

+ In Maillet’s great memoir referred to in note (*), p. 362, above, is proven the following theorem, which 
applies to orders 2100, 2940, 3528. If, in Maillet’s equation (section 2), for every i> 1 2; = 0, all the Hm have 
a common Hym-1) and the group is simple. See Vol. 10, A 5, of the Annales. 


¢ Miller, Quar. Jour., 28, 219. 
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elements. Then there must be 26 H;.,,. Hach Hy has 5 H,,, since only one 
IT, in Hy, being invariant also in H;, would be invariant in Ayg,,, and would 
have 13 conjugates (m= 1); the 13 Ay contain each an Hy with 1 HA;; then 
each Hj has an invariant H;, and G has not its necessary 26 H,. These 5 A, 
have in common an J, or only an ,. 

If the 5 H,, have a common H#,, they furnish 48 different elements of 
order 2’. But observe the 40 Hj,.,4: since an 8, would be odd in the transitive 
G*, each H;, has 13 cyclical H,, with only identity incommon. Each X, effects 
38 symbols in G*, since s, must be even and its square must not transform 8), 
into itself. Then H, hasin G 40°13/2= 260 conjugates. But in the G”, s, 
affects 24 symbols, since its square must transform s,; into sj!. Let & be the 
number of these 260 H, ineach Hy. 264/2= 260, k=20. These 20 cyclical H, 
furnish 40 s, and 10 s, in each Hy. But this can not be, since the 5 A, with a 
common H, yield only 48 elements of order 2’. 

Then the 5 H,, have only a common 4. Let J denote this A, and a, d, ec, 
its elements of order 2 (the H, can not be cyclical, since there would then be 
substitutions of order 20, odd in the G*). a, b, c, being permutable with the 
elements of H,, affect 20 symbols in the G**. Then a has 26m/6 conjugates in 
G, m being the number of conjugates which a has, under G, in Hy. Observe 
that m must be a multiple of 3. Now a can not be conjugate with an s, of the 
20 cyclical H, in Hy, since such an s, affects 24 symbols. But these 20 H,, with 
J, furnish 53 of the 63 elements of order 2‘ in Hy. Then we must find the con- 
jugates of a among the remaining 10 elements of the 5 H,,. These 10 elements 
must form, under H,,, two conjugate sets of 5 each, or else one set of 10. Thus, 
a may have in Hy, m = 5n + (1, 2, or 3) =3, 6, or 12 conjugates. Ifm=3, G 
is a doubly transitive * G. This can not be, for 12 does not divide 2080. If 
m=6 or 12, then either 6 or c has only one conjugate in Hy, and 26/6 conju- 
gates in G. This is impossible. 

2268. In the equation 

28 = 1 + 9y + 272, 
if x0, an Hy, common to 4, 7, or 28 H,, has at most 7 conjugates; but 
7! 81m. Therefore x=0, and the only solutions for the equation are 
(a) e=2=0, y=3, and (b) e=y=0, z=1. 

Under the solution (b), each H,, has in common with each other H,, pre- 
cisely 3 elements. A common 4H; belongs in 4, 7,or 28 H,. Thus each Hy has 


* See foot-note (§), p. 364. 
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at least 62 elements not in any other H,,; and the 28 H,, furnish more than 
28°62 =1736 elements. But then the number of elements whose orders divide 
7°81 is 567 7 >1736, whence 7 = 4, and there are no elements of order 2. 
This is impossible. 

Under solution (a), each H,, has an H, in common with each other Hy. 
Denote by N such an Hj. If Nis invariant in an H,,, it is invariant in an 
with &> 4, and has at most 7 conjugates. Thiscan not be. Thus MN is invariant 
in only an #,, from each of the 4 or 7 H;, in which it lies. If N is common to 
7 Hj, the 12 Hy,., yield only 1 H,. Therefore N is common to precisely 
4 Hy, is invariant in an Hy,.4,, and has 21/g conjugates, Obviously, g=1, NV 
has 21 conjugates, each invariant in an Hy. If N has, under G, n conjugates 
in each H;,,28n/4—=21, n= 3. Moreover,a single H,, of an H,, contains the 3 
conjugates of N that lie in that H,,; for an H,,, being invariant in an H,,, has 
28 conjugates, and 28h/4=—=21 givesh=3. Denote by P, Q the other two con- 
jugates of Nin T=H,,._ Nis common to the first Hj, and three other H;,; P is 
common to the first H,, and a second set of three others; and similarly for Q. 
Now if 7 is abelian, the H; common to N and P is invariant in 2 Hy, and has 
12, 7, or fewer conjugates. These possibilities have already been rejected. 
Therefore 7 is not abelian; it has 4 H, with a common 4; which, being the only 
Hy; invariant in 7, is the central H; of the first H,). 

The arrangement outlined above exhibits the first H,, as belonging to three 
sets of 4 H;,, each set having acommon Hj. This arrangement involves only 
10 H,,, and must be accompanied by two other such arrangements, in order 
that the first H,, may appear as having an H, in common with every H,,, as 
required in the case (a) under discussion. It follows that the first H,, has 9 H, 
lying in sets of three in three non-abelian H,,. But observe that any two of 
these 3 H,, have a common J, which contains the central H; of each. Both of 
these centrals are invariant in H,,, and therefore coincide, since the H, common 
to the 2 H,, has only 1 H; that is invariant in either H,,. Then this central H, 
is common to all the 9 H,, and is thus common to all the 28 H,,. Similarly, 
the central of each H,, must be common to all the 28 H,,. But since 2 H,, must 
not have more than an H, in common, the central of one H,, must coincide with 
the central of another H,,; and this central is invariant in an H,,, where 75 4. 
Then it has at most 7 conjugates, which is impossible. | 

2880. There are 16, 36, 96, or 576 H;. And there can not be 16 H,.5, 
since 5°36 does not divide the order 5°4°3! of the normaliser of H; in the 


symmetric 
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If there are 96 H,.,, an s; permutable with an s, omits k= 6, 21, 36, ...., 
of the 96 symbols, and has 96/% conjugates. Then 4=6; {s,} has 16 conjugates, 
each invariant in an Hig. If the corresponding factor-group I) has only 1 A,, 
Hy» has only 1 H;, and G has fewer than 96 H;. Thus, I must have 6 F,, 
and Hig has 6 His... Then each 4H; affects 15 symbols in the transitive G, 
and s,, is a circular substitution. 8,, is not permutable with s, in Hy, since the 
resulting ss, would not be expressible in the 15 symbols. Therefore s, consists 
of seven transpositions and is odd, since it transforms s,, into sj). 

There can not be 576 H;, since the transitive G™ would be of class 575, 
and would therefore contain * a characteristic Hy,.. 

Thus, if there is a simple Gg, it must have 36 H,, each invariant in an Hy. 
Each Hy has 5 H,,; for if it had only 1 H,,, this would be invariant in an Ay. xm 
containing our Hy», and the 36/m conjugates of the Hig, would not yield 36 Hj. 
Now the greatest subgroup S common to the 5 H,, of Hy is of order 4 or 8. 
S contains a substitution s, permutable with each s, of H;; this s, affects 20 of 
the 36 symbols, and has then 36/16 conjugates. To determine n, consider any 
element ¢ of order 2 in the H, but not in S; ¢ must transform each s, into 851. 
Then ¢ affects 28 symbols at least, and can not be conjugate with our s,. Thus 
S contains all the conjugates of our s, which are in the Hy, when the s, is trans- 
formed by all the elements of G. Therefore there is in S an s, for which - 
n= 1, 3, 5, or 7, and the number, 36n/16, of its conjugates in G is not an 
integer. This is impossible. 

2976. The 32 H3,.3 obviously can not be cyclic. Then in our transitive 
G*, each s, affects 30 symbols, and G has 32° 31/2 = 496 H;. 

There are 31 or 93 Hz. Buta transitive G* must be doubly transitive or 
metacyclic, both of which are impossible here. Thus there are 93 Hy; and if 3 
(or 31) of these have a common A, this has 31 (or 3 or 1) conjugates. This 
can not be, since there is no transitive G3\.,. Then there must be an H, common 
to 3 (or 31) of the 93 H,. This H, is invariant in an Hj. 4,; and if m >1, the 
H, has 31, 3, or 1 conjugate. Thus, m=1; there are 62 H,,, and since G has’ 
496 H;, each H,, has 16 H; and therefore only 1 H,, which, being invariant 
also in an Hj, is invariant in an Hy, and has 1 or 31 conjugates. Every Gags 
is therefore composite. 

3024. Ina simple Go, there must be 36 H,... In one of these an s, can 
not be permutable with an s,, since }s;{, affecting 21 symbols in G®, would 
then have 364/15 conjugates, where & = 1 or 4. 


47 *See foot-note (*), p. 366. 
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The solutions of 74=1 (mod 7) are also the solutions of ?=1 (mod 7), viz., +1. 
Therefore any H, in an Hy has an s, permutable with every element of the H,, 
and the elements permutable with H, form a group S of order 14 or 28 in Ay. 
S is invariant in Hy. 

If S is of order 28, it has an H, which is invariant in H,, and also in an H,. 
H, is then invariant in an Hig,. If m>2, H, has too few conjugates. And if 
m=1, 2, then Ay, has only 1 H;, so that G has fewer than its required 36 H,. 

Thus, S must be of order 14. The subgroup 7 of order 2 in S is invariant 
in Hy. T affects 28 of the 36 symbols. TJ has, under G, only one conjugate in 
Hy, since any other H, in Hy transforms an s, into its inverse and therefore, 
affecting at least 30 symbols, can not be conjugate with 7. Then S has in 
G 36/8 conjugates, which is impossible. 

3120. There must be 16, 26 or 156 H;. 16 H;.g would yield only 1 Aj. 
If there are 26 H,, each is invariant in Hj, in which an s; permutable with an s, 
affects 15 of the 26 symbols; and }s8;} therefore has 264/11 conjugates, with 
k=1 or 4 since an Hy with an invariant H,; has 1 or 4 Hj. This can not be. 
Thus there can only be 156 H;. 

There are 40 ,,.,. An #,, contains elements of one or more of the orders 
6, 26, 39. An 5. would be odd in our G, and if there is an 3 in H;,, then Hy. 
has an s, which consists of 19 transpositions and is odd, since it transforms the 
circular 83, into its inverse. Thus H,, has an s,. This affects 36 or 39 of the 40 
symbols, and generates a cyclical A, with 40 -13/(1, 4) = 520 or 130 conjugates. 
The case for 520 cyclical H, fails, since these, with the 40 H,,; and the 156 Z,, 
would furnish too many elements. 

Therefore, there can only be 130 cyclical H,, 180 H;, 130 H,, each invariant 
inan Hy. Each H; in Hy affects an even number of the 130 symbols and there- 
fore occurs in 2 of the 130 Hy. If each Hy has only 1 H,, this is invariant in 2 Hy, 
and therefore in a group S which contains several H;, each invariant in an H,, in S. 
Then the order of S is 240 or more; and if more than 240, S has too few conju- 
gates; while if S is of order 240, its 13 conjugates yield fewer than the required 
156 H; in G. It follows that each H,, must have 3 H,; these have a common 
Hi, invariant in Hy. An H, of Ay, being in 2 of the 1380 A,,, contributes an 
invariant H, to each. If these 2 H, are the same H,, this is invariant in a group 
Sas described and rejected above. And again, if the 2 H, are different, their 
common #,, being invariant under an H, and an #H; in each of the 2 Ay, 
is invariant in each of the 2 Hy and therefore in a group S as described and 
rejected above. Every Gz: is composite. 
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3168. A simple Gg, must have 12 or 144 H,. The theorem of section 3 
excludes the 12. 

There can not be 16 H,, for 16 Hj.» yield only 1 H;, in G. Then there are 
22, 88, or 352 H,; and if 22 or 88, two of these have a common H;. Moreover, 
if no two of 352 H, had acommon 4s, these with 144 H,, would furnish too 
many elements. Hence in all cases a subgroup Z of order 3 is common to 
3k + 1= 4, 16, 22 or more A). 

If Z is common to more than 22 Hj, it has too few conjugates; and if to 
22 the 16 (4 =1) yield only 1 Ay. 

If Lis common to 16 Aj, it is invariant in an H,,.9,,4=1. The factor 
group I, has 16 H; and therefore 1 H,, whence A,, has an invariant A. If 
this H,, hasan invariant Aj,, it is invariant in H,, and also in an Hy, and has too 
few conjugates. Hence the 7, has an invariant H,, which is invariant in Ayy. 
Fyy/ H, =T 13 has 1 H,; then Hy, has an Hj, and only 4 H,. This can not be. 

Thus Z is common to only 4 Aj, and is invariant in an 1.4, k=1, 2, or 4. 

(a) k=1. Each of the 88 H;, has an invariant H,, which is invariant in 
Him, M=1, 2. If m=1, ZL is invariant in Ay,; this can not be. If m= 2, 
/ H, =T 35 has an invariant H, or H,; Hy, has an invariant Hy, or Hy. In 
the former case, Z is invariant in /,,,; in the latter, H,, is invariant in Ayg,,. 
Both are impossible. 

Observe that the case for 352 H, is here disposed of, since for them k= 1. 

(b) k= 2. JL has 44 conjugates, each invariant inan H,. If ZL has m con- 
jugates in each H,, then for 22 H, 22m/4=44, m=8; this is impossible. 
There must be 88 Hj. 88m/4= 44, m=2; each H, has 2 conjugates of L. 
Hy» has 5 of them, and they affect 39 symbols in G. 

If H,, has only 1 H,, this is invariant in H,,, which contains Z invariantly. 
This can not be. Hence H;. has 3 or 9 H, with* a common quadratic H, which 
is invariant in H,. An H, in A occurs in 2 H,, and contributes to each an 
invariant H,. If these 2 H, are the same A, this is invariant in 2 H,., and 
therefore in Aj, m =1; but then Z is invariant in Hyy, which is impossible. 
Hence the 2 A, are different; they contain 5 H,, and the H, is dihedral or 
(1, 1,1). The element s of order 2 common to the 2 H, is invariant in an H,, 
from each of the 2 Hy, and therefore in a subgroup J which has several H;, each 
invariant in an H7,, of J. J must be of order 96; s has 33 conjugates in G. 

Let ¢ denote an s, of Z. Denote by wu an s; of L’s conjugate in an H, 


* See p. 57 of loe. cit. in note (}), p. 364. 
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of H;,. ¢ is not invariant in Hj. For if it were, w would be conjugate 
(under H,.) only with its first power. Then in the H,, of Hj, under which the 
chosen H, is invariant, an H, would be invariant under H, and an H,, and 
therefore under Hy or Hy. In both cases Hj, would have only 1 Hj. This is 
impossible. It follows that ¢ is invariant in Hy of Hyp. 

If the H, in Hy, are dihedral, there are nine of them. For an H, of the 
invariant H, is invariant in an H,, containing Z, and Z does not transform H, 
into itself; H, has 3 H,. Buta dihedral H, does not transform into itself a 
second H, of the invariant H,. Hence, the 3 H, furnish 9 H,. These yield 
9°2-+3= 21 (or more) H, conjugate under G. The 44 Hy give 44°21/m 
= 33, m = 28; each H, of the set omits 28 symbols. But there is in H,. an s3, 
affecting 39 symbols, which is transformed into its square by such an H,, and 
this H, can not omit more than 18 symbols. 

Hence the H, are (1, 1,1). But there is* no H,, with 4 non-cyclic H, and 
3 abelian 

(c) k= 4. LZ has 22 conjugates, each invariant in with 4 H,. If there 
are 22 H,in G, 22m/4= 22, m=4; LZ has 4 conjugates in each has 
13 of these 22 H;, and L affects 9 symbols. But the 3 H; other than Z in an 
H,=N of Hy affect the other 9 H;, other than Z, in Hy. Then WN affects only 
these 9 symbols, But 22° 4/n=22,n=4; each H, must affect 18 symbols. 

Thus there are 88 H, in G. JZ has only one conjugate in each H,, and 
affects 21 symbols. If ¢(= an s, of Z) is invariant in Hj, this has 3 H,,; each 
of these is invariant in Ay.,; m1, for Z is not invariant in Ay; and clearly 
misnot > 1. Hence, ¢ is invariant in only H, of My. Every H, of this Hp, 
being even and permutable with ¢, affects just 12 symbols. Hence each H, of 
our H,, occurs in 10 Hy. Moreover, the H, is permutable with the elements of 
the 10 conjugates of Z in the 10 H,y4, since an s, which transforms into its square 
an s; of a conjugate of L affects at least 14 symbols. Thus, the H, under obser- 
vation is invariant in a subgroup which contains precisely 10 conjugates of L. 
No such subgroup can be constructed. 


CoLUMBIA UNIVERSITY, NEW YORK. 


*See p. 60 of loc. cit. in note (f), p. 364. 
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Problem of Determining Surfaces 
Referred to Them.* 


By ArcHer Everett YounGc. 


§1. Introduction. 


On Certain Orthogonal Systems of Lines and the 


Bonnet has shown that the problem of determining surfaces referred to 
orthogonal lines can be reduced to the solution of the following systems of 


equations : + 
OM ON 
aa 
oP _ as 
Ov du 


OR , OQ = 


+ MQ+ NR=0, 


R S 

1 OWE 

Av 
VE Ou ’ 


(1) 


(2) 


where R?+ P? =e, PS— QR=/, S°+ Q@ = g, and where the first and third 


quadratic forms for the corresponding surface are respectively : 
I. ds = Edu? + Gdv’*, 
Ill. do = edu? + 2fdudv + gdv*. 


* Read before the American Mathematical Society, Chicago Section, April 28, 1911. 
t Journal de U Ecole Polytechnique, Vol. XLII, pp. 182-151. 
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To every set of values of the functions P, Q, R, S, M, N, E, and G satis- 
fying (1) and (2) there corresponds a surface S, uniquely determined as Bonnet 
has shown, * whose cartesian coordinates can be obtained in the usual way as 
functions of w and v. 

In the application of the general method, Bonnet, in every instance, limited 
himself to the case where the lines of reference were lines of curvature on the 
surface, and even then he considered the problem only in very particular cases.* 

The general problem of determining surfaces referred to lines of curvature 
has been treated by us in a previous paper + from the standpoint of the Bonnet 
equations. 

The present paper has to do with the problem of determining surfaces re- 
ferred to any set of orthogonal lines. Assuming the general results obtained by 
Bonnet, we have sought to determine those systems of orthogonal lines whose 
choice as lines of reference would either simplify the general problem of deter- 
mining surfaces, or else enable us to obtain by algebraic operations from every 
surface found, another, which is, it appears, an associate of the former. 

In § 2 the problem of solving the systems of equations (1) and (2) is shown 
to hinge on the solution of a Laplace equation, if we consider Mand Nas known, 
whose invariants involve these latter functions and their derivatives. This 
result suggests the choice of such lines as lines of reference as will cause an 
invariant of this Laplace equation, or of one obtained from it by the method of 
Laplace, to vanish. For then and only then, in general, can the Laplace 
equation be solved. The lines thus defined we have called invariant lines. 
There are n sets of such lines on every surface where n is arbitrarily large. 
If, in particular, the invariant lines are also lines of curvature, the surfaces 
corresponding compose the general class obtained by the solution of the problem 
of the spherical representation, the problem discussed in our previous paper. § 

In §3 we have determined the equation which defines those orthogonal 
systems of lines on a surface S which correspond to orthogonal systems on the 
associates of S. Such lines we have called principal orthogonal lines, or more 
briefly, principal lines. Their choice as lines of reference makes possible the 
determination by algebraic operations of the associates of S, and hence its in- 
finitesimal deformations. 


* See reference above. +See reference below. 


tSee Darboux, Théorie des Surfaces, Vol. IV, p. 169. § See reference below. 
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In § 4 we have obtained a new method for determining whether a given 
surface is isothermic, which is applicable whenever the lines of reference are 
orthogonal. We have also extended the Bour-Darboux theorem for finding a 
sequence of isothermic surfaces from a given isothermic surface so that, while 
before it was applicable only when the lines of reference on the known surface 
were lines of curvature, it is now applicable when the lines of reference are any 
set of orthogonal lines. 


2. Invariant Lines. 


Eliminating # and G from (2) we have 


log 


which, with (1), gives four equations for the determination of the functions J, 
N, P, Q, &, and 8. 

The problem of determining surfaces referred to orthogonal lines reduces, 
therefore, to the simultaneous solution of (1) and (3), the functions # and @ of 
the first quadratic form being obtained then by quadrature from the following: 


= — log ($)- w(4 ) 
/G=— 


In (1) and (3) we have six functions involved in four equations. If we add 
to this system a fifth equation involving one or more of the functions and their 
derivatives, we shall not, in general, Jimit the result so far as surfaces are con- 
cerned,* but shall limit the choice of orthogonal lines as lines of reference on 
them. 


M 
* An exception to the rule would arise if we should use the equation ons 


Ou 
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For example, if we associate with (1) and (3) the equation 
(1°) M=0, 


we limit the choice of lines of reference to geodesics and geodesic parallels. We 
say that this equation defines such lines. Again, if we associate with these 


equations the following, 


o» OM , ON 
(2) 5, +3, =% 


we limit our choice of lines to a class which includes isothermal lines as a par- 
ticular case. 

In the preceding examples we have used an equation involving the functions 
Mand N in defining lines of reference. If in either case we had used also 
another equation involving the same functions, we might have said that the last 
equation added, defined a certain class of surfaces referred to the lines defined 
by the first. For example, if we had used with (1) and (3) the following, - 

(i) M=0, 

(ii) V=/(u), 
we might have said that (i) defined as lines of reference geodesics and geodesic 
parallels, and that (ii) defined a certain class of surfaces referred to such lines, 
namely surfaces of revolution and surfaces applicable to them. 

Moreover, it appears from (2) that the determination of the functions J/ and 
N by two equations, as in the preceding examples, amounts to the determination 
of # and G, and hence of the first fundamental form for the surfaces sought. 

We proceed to point out certain systems of lines whose choice as lines of 
reference simplifies the problem of solving (1) and (3), if and N are assumed 
to be known, and hence that of determining the corresponding surfaces. 

The equation offering the greatest difficulties of solution seemingly is (3). 


But this can be replaced by 


M deb 
* MN> = 0, (5) 


making use of the substitution 


where V is an arbitrary function of integration. 


| 
(—S Modu + v), 
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This is a Laplace equation, and the conditions under which its general 
solution can be obtained are known.* 

Starting with (5) and forming the sequence of Laplace equations in the one 
way, we have as the invariants of this equation, and the principal invariants of 
the others written in order, the following: 


| 


The general solution of (5) can be obtained as a function of M and N, and 
arbitrary functions of integration when and only when, in general, some one of 
these invariants vanish. 

We take, therefore, as the defining equations f for our lines of reference, 


h=0, or 
| (6) 


;= 0, where 7 has the values 0, 1, 2, 3, ..... 


The problem of solving (1) and (3) is now reduced to the solution of three 
equations in P, Q, and R, two of which are linear in these, expressing S in 
terms of known functions and #, the other being an algebraic equation. 

The lines defined by (6) we shall call invariant lines, as they arise from 
equating the invariants of Laplace equations to zero. 

These lines appear upon all surfaces and are related in this way.{ The 
lines defined by M = 0 invert into lines included in the class defined by k= 0; 
and, in general, the lines defined by &,=0 are either lines obtained by inver- 
sion from lines defined by = 0, or &,,,; = 0. 


*Darboux, Théorie des Surfaces, Vol. II, pp. 22-30. 
¢ See previous reference, p. 30. 
tSee work of paper referred to just below. The relation between the systems of lines is the same, 


whether they are lines of curvature or not. 
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If, in order to particularize the surfaces referred to any set of invariant 
lines, we use as the added condition, that the lines of reference (invariant lines) 
shall be lines of curvature on the surface, we obtain some very interesting 
surfaces. They are in fact the very surfaces which arise from the solution of the 
problem of the spherical representation proper. The general class, as we have 
shown,* can be obtained by quadrature and algebraic operations from a par- 
ticular set having one set of their lines of curvature plane, geodesic lines. 


§3. Principal Lines. 


If the functions M, N, P, Q, #, and S satisfy (1) and (3), then likewise the 
functions ete., defined as follows: 


M, = — 
N= —N, 
P= 

(7 
8, 
k= P, 
S = — Q, J 


will also satisfy (1). For evidently the first equation is satisfied and the second 
and third interchange when these values are substituted. If, therefore, the ratio 
of §, over R, satisfies (3) when Mand WN are replaced by their negatives, or, in 
other words, if the ratio of Q over P satisfies (3), M and N retaining their 
original values, then, to the surface S corresponding to the first solution, there 
will be another S, corresponding to the second, and this last surface will have 
the same spherical representation of its lines of reference as the first, since they 
will both have the same third form. Moreover, it is easily shown that the 
asymptotic lines on one surface correspond to a conjugate system on the other, 
and vice versa. Hence S and & are associate surfaces, and the orthogonal lines 
of reference on S correspond to orthogonal lines on &. 

Such lines we have called principal orthogonal lines, or, for brevity, 
principal lines. 


*#A. E. Young, ‘“‘On the Problem of the Spherical Representation, etc.,’?> AMERICAN JOURNAL OF 
MaTHEMATICS, Vol. XXXII, pp. 37-51. 
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In view of the preceding work we may take as the defining equation of 


principal lines 
2” log G 


which, of course, is nothing but (3) with S over R replaced by Q over P. 


There are an infinity of principal lines on every surface, corresponding 
respectively to the infinity of associates which the surface has. For every set of 
associate surfaces has one (and in general only one) set of orthogonal lines 
corresponding, and these, as we shall show in the next article, are always 
defined by an equation similar to (8), when they are chosen for lines of reference, 
unless the surfaces are isothermic, and related according to the Bour-Darboux 
theorem. 

As soon as a set of principal lines are chosen for lines of reference on a 
given surface, an associate of it can be found by quadrature, and hence:* 

The problem of determining the associates of a surface S is the same as that of 
determining all the systems of principal lines on NS. 

In closing this article, we may remark that should we use (8) with (1) and 
(3) in determining surfaces, we would obtain them in pairs, one being the 
associate of the other, and the lines of reference on both being principal lines. 


§ 4. Isothermic Surfaces and Their Determination. 


It remains for us to determine whether there are ways, other than the one 
noted in the previous article, in which two associate surfaces referred to orthog- 
onal lines can be related, that is in regard to their fundamental functions. 

Suppose that & is an associate of S referred to orthogonal lines, and that 
its fundamental functions are I/, N, P, ete. 

If it is to have the same third formy as S, then 

Pot Fo — = PS— Qk, + 8’, (9) 


* Or, since the determination of an associate carries with it the infinitesimal deformation of the original 
surface, we have the following: ‘The infinitesimal deformation of a surface S is the same problem as the 
determination of the principal systems on S. See the Theorem of Cosserat, Eisenhart, Differential Geometry, 
p. 380. 
+See relations given just below system of equations (2). 
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and if the asymptotic lines on one are to correspond to a conjugate system on 


the other,* then 
PRQ So + 2RSRy Sy + QSPy Ry = 0. (10) 


Considering the first set of functions as given, we have in (9) and (10) four 
algebraic equations for the determination of four functions, Py, Q, Ry and ). 
The work of this simple algebraic problem, which is quite long, will be omitted. 
Eliminating} three of the functions we have a quadratic equation in Pj. Solv- 
ing this and writing down the corresponding possible values for the other func- 
tions, we have, if we omit the solution of the preceding article, 


[P(QR + PS) + 
(QR + PS) + ’ 


[Q(QR + PS) + 2RS*} 
(QR + PSP + 


R= 


11 
ma PS! 
+ PS! + 
“(OR+ PS) + 


If we take the ratio of S) over R, we find that it is the same as S§ over R, 
and it follows from the relation of these ratios to those of Z, over G, and F over 
G, that every set of orthogonal lines on the original surface would correspond 
to a similar set on any other surface whose functions are related to the former 
in this way. 

It easily follows that the lines of curvature on one correspond to similar 
lines on the other, and, as one maps conformally on the other, the surfaces are 
isothermic surfaces related according to the Bour-Darboux theorem. 

We conclude, therefore, that if two associate surfaces are referred to orthogonal 
lines which correspond, their fundamental functions (the parameters being properly 
chosen) are related as in (7) unless they are both isothermic surfaces related accord- 
ing to the Bour-Darboux theorem, in which case their functions are related as in 
(11), provided the lines of reference are not lines of curvature. 


*This is Bianchi’s equation D/’D,+ DD,!’ + 2D'D,! =0, in our notation. (Bianchi, Lukat’s edition, 
p. 293.) 

+ We exclude the case where the surfaces are developable, and likewise the case where the lines of 
reference are lines of curvature. 

¢ Darboux, loc. cit., Vol. II, p. 243, 
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This result gives us a new method of determining whether a surface is 
isothermic without any consideration of the form which the linear element takes 
when the lines of reference are lines of curvature. Its advantage lies in the fact 
that it is applicable whenever the lines of reference are any set of orthogonal 
lines. 

Suppose we are given any surface S referred to orthogonal lines and wish 
to determine whether it is isothermic or not. We have merely to form the 
functions Py, Q, Ry, and S) in terms of the corresponding functions of the 
given surface according to (11). We can then determine the corresponding 
values of M, and ™ algebraically from the last two equations of (1), where of 
course P, etc., have been replaced by P,, etc. If the new set of values of the six 
functions, M,, No, etc., satisfy (3) and the first equation of (1), the given surface 
has a conformal associate and hence is an isothermic surface.* 

There are few classes of surfaces which have received more attention from 
geometers, in respect to their determination, than those which have isothermal 
lines of curvature (or isothermic surfaces, as they have been named by Darboux.t}) 
The theorem due to Bour and extended in application by Darboux, whereby 
from a given isothermic surface referred to lines of curvature an infinite 
sequence of such surfaces can be obtained by algebraic operations and quadrature, 
has yielded the most valuable results. The limitation of the theorem, that it 
was applicable only when the lines of reference were lines of curvature, was not 
in evidence before, as no test{ existed for determining whether a given surface 
was isothermic except reference to lines of curvature. 

In view of this new test, which is applicable whenever the lines of reference 
are any orthogonal lines, it would be advantageous to remove the limitation. 
For although the equation defining the lines of curvature is generally known, 
in general it is impossible to find the integrating factor which would enable one 
to change to them as lines of reference. This can be done, and the application 
of the theorem, extended, may be described as follows: 


*QOn an isothermic surface any orthogonal system of lines corresponds to orthogonal lines on an associate, 
but certain systems correspond to orthogonal lines on two associates (one of which is an isothermic surface 
of course), and these are the principal orthogonal lines in this case. 

¢ Darboux, loc. cit., Vol. IV, p. 217. 

t That is, no test which could be applied to the fundamental functions for a surface in their usual 


forms, 
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Being given the cartesian coordinates and fundamental functions J/, N, etc., 
for a surface S referred to any set of orthogonal lines, we may apply our test, 
and if it is found to be isothermic, write out the corresponding functions for its 
isothermic associate, which we will refer to as S). Obtaining the cartesian 
coordinates for this last surface in the usual way by quadrature, and applying 
the principle of inversion to it and the original surface, we have two new ones, Sj 
and §’ respectively. As before, by algebraic operations and quadrature we can 
obtain the fundamental functions and cartesian coordinates of the isothermic 
associates of these last two surfaces. Inversion applied to the surfaces last 
obtained gives two other isothermic surfaces, etc., etc. 
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Wallace’s Theorem Concerning Plane Polygons 
of the Same Area. 


By W. H. Jackson. 


The object of this paper is to draw attention to Wallace’s theorem that 
two plane polygons of the same area can in all cases be divided into respectively 
congruent portions ; they are congruent by dissection. Hvery student of elementary 
geometry ought to know this fact, not only on account of its intrinsic interest 
but also on account of the stimulus it affords towards getting an experimental 
knowledge of the subject. 

This theorem was stated by William Wallace about the year 1807 in the 
new series of Leybourne’s Mathematical Repository, Vol. III. Later, in 1831, it 
appeared in the form of an addition to Playfair’s edition of Euclid’s Elements.* 
It is there proved that each construction in Euclid’s chain yields figures which 
are congruent by dissection as well as of the same area. No mention of 
Theorem I of the present paper is made, though it is necessary for a complete 
proof. 

The present writer was led to the final result by exactly the same steps as 
those exhibited in Wallace’s note. But Wallace adds a corollary that two plane 
polygons of equal area can in all cases be divided intu the same number of 
respectively congruent triangles. The rest of this paper remains as it was before 
a hint given by Dr. F. Morley led to the discovery of Wallace’s work. Only 
the proofs of Theorems IV and VI appear to be novel, but conciseness is gained 
by seeking as direct a proof of Wallace’s theorem as may be possible. 


* «Blements of Geometry’’; containing the first six books of Euclid; by John Playfair, with additions 
by William Wallace: eighth edition, Edinburgh, 1831. 
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The fundamental theorems concerning areas may be divided into three 
groups: 

(1) The theorems leading to the determination of a square of the same area 

as any given polygon. 

(2) The theorem of Pythagoras. 

(3) The theorems corresponding to the distributive law in algebra. 

In the usual American and English text-books the proofs of these theorems 
are probably intended to be based, so far as-area is concerned, on the following 
axioms : 

(1) The area of a geometrical figure is a number. 

(2) Congruent figures have the same area. 

(3) The area of a figure is the sum of the areas of its parts. 

(4) If equal areas be added to equal areas, the wholes are of equal area. 

(5) If equal areas be taken from equal areas, the remainders are of equal 

area. 

(6) The halves of equal areas are of equal area. 

The first three axioms are not always specifically stated. They are of 
themselves quite sufficient for the basis of the theory of area, for the last three 
readily follow. 

If we turn to Weber and Wellstein’s Encyclopsedia* of elementary mathe- 
matics, we find a quite different treatment. In the first place the algebraic 
theory of number is dispensed with by means of the purely geometrical method 
of comparing ratios of straight-line segments. In the second place no use of the 
axiom of Archimedes is made, so far as area is concerned. 

With regard to the first point, if in the propositions briefly indicated above 
we everywhere replace the phrases ‘‘equal in area” or ‘‘of the same area” by 
‘congruent by dissection,” there is then no occasion for the introduction of a 
numerical measure of area. 

With regard to the second point, Hilbert has shown that it is impossible 
to prove that two triangles on the same base and of the same height are 
necessarily congruent by dissection without assuming the axiom of Archimedes. 


* Encyklopidie der Elementar-Mathematik, Vol. II, p. 254, 2nd edition, Leipzig, 1907. 
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Any theory of area which omits this axiom is therefore necessarily incomplete. 
Though Weber and Wellstein prove, assuming the axiom of Archimedes, that 
triangles on the same base and of the same height are congruent by dissection, 
they do not state that it follows from this that all polygons of the same area 
are necessarily congruent by dissection. Incidentally, it may be noted that the 
role played by the axiom of Archimedes in the works last quoted, where it 
follows the axioms of congruence, is nothing more or less than to exclude 
null segments. 


DEFINITION. Two figures are congruent by dissection when either can be divided 
into parts which are respectively congruent with the corresponding parts of the other. 

TuHeorEM I. Two figures each congruent by dissection with a third are con- 
gruent by dissection with each other. 

Suppose that figures A and B are each congruent by dissection with C. 
Accordingly let C’ be composed of portions A} (r= 1, 2,....,m) each congruent 
with the corresponding member of the series of parts A, (r= 1, 2,...., m) 
which compose A. Similarly let C be composed of portions B/ (r= 1, 2,....,n) 
congruent with the corresponding portions B,(r=1, 2,....,) which com- 
pose B. 

Let [A; Bj] denote the portion common both to Aj and Bi. Since A, is 
congruent with A; it can be dissected into portions respectively congruent 


with > [.A) Bi], and A is therefore composed of portions respectively congruent 
s=1 


with the parts of C denoted by =s [ A; B;]. But B can in the same way 


r=1 s=1 
be divided into portions congruent respectively with these same parts. 

That is, A and B are congruent by dissection. 

This mode of proof is clearly not confined to polygons. It is not even 
confined to surfaces, but applies equally to volume spaces. 

THEoREM II. A parallelogram can be found congruent by dissection with any 
given triangle. 

Choose as base the longest side of the triangle and make one adjacent side 
of the parallelogram just half an adjacent side of the triangle, so that the triangle 
and the parallelogram have an acute angle incommon. [The details are arranged 
so that by means of Theorems II and III a triangle can in every case be divided 
into three parts congruent with corresponding parts of a rectangle. | 
49 
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THEOREM III. A rectangle can be determined congruent by dissection with any 


given parallelogram. 
Choose as base a side of the parallelogram which is not less than either 


adjacent side. 
THEOREM IV. A rectangle can be found on any given base congruent by dissec- 
tion with any given rectangle. (Fig. 1.) 


Cr 


R 
1. 


Let ABB’ A!’ be the given rectangle and let PQ be the given base. One 
of three cases must arise: 

(i) AB>2PQ, 

(ii) 2PQSAB>PQ, 

(iii) PQ>AB. 


In case (i) let CDD'C' be the first rectangle congruent by dissection 
with ABB’ A! and such that 2 PQ>CD, obtained by successively halving the 
base and consequently doubling the height. By hypothesis 2 CD does not 
satisfy the first inequality; that is, CD > PQ, and conditions (ii) are satisfied 
by the new base CD. 

Similarly, by successively doubling the base and consequently halving the 
height we can also reduce the consideration of case (iii) to that of case (ii). 

In case (ii) the theorem can be proved as follows: If on CD, C'D!' we 
choose lengths CR, SD! each equal to PQ, the straight line through & parallel 
to CC’ necessarily meets SD in some point 7 within the rectangle when condi- 
tions (ii) are satisfied. Let DS, CC’ when produced meet in C”’. Then if 
CRR"C" bea rectangle, it is the rectangle required, congruent by dissection 
with the given rectangle ABB’ A’. 


D 


Plane Polygons of the Same Area. 


First, the rectangle CR R” C" exists in all cases. 


Secondly, CRR"C" and CDD'C' are congruent by dissection because 
the part CRTSC' is common to both, C’SC” and RDT are congruent, 
C"TR" and SDD’ are congruent. 


Lastly, by Theorem I CRR"C" is also congruent by dissection with 
ABB'A'. 

THEOREM V. WALLAce’s THEOREM. Two plane polygons of the same area are 
congruent by dissection. 

First, any polygon can be divided into triangles, and by Theorems I-IV 
rectangles can be found on a given base respectively congruent by dissection 
with all these triangles; these rectangles can be so placed as to form a single 
rectangle on the given base congruent by dissection with the given polygon. 

Secondly, if two polygons of the same area are given, there are two 
rectangles on any given base respectively congruent by dissection with the 
two polygons, and therefore the two rectangles also have the same area by 
_ axiom (3). They must also be congruent; for, if not, one would have an area 
less than that of the other. It now follows from Theorem I that the two given 
polygons are congruent by dissection. 

Cor. I. If two polygons congruent by dissection are taken from polygons 
congruent by dissection, the remainders are congruent by dissection. 

Cor. II. The halves of polygons congruent by dissection are congruent 
by dissection. 

TurorEM VI. A square can be found congruent by dissection with any given 
rectangle. (Fig. 2.) 

Let be the given rectangle, where AB > AA’. Two cases arise 
according as: 


(i) AB>4AA/, 
(ii) 4AA'SABDAA’. 
As in the last theorem, the consideration of case (i) can easily be led back 


to case (ii) by halving the base of the rectangle and doubling its height, and 
repeating the process as often as may be necessary. 


387 


388 JACKSON: Wallace’s Theorem Concerning 


Let CDD'C’ be a rectangle congruent by dissection with ABB!’ A’ satis- 
fying conditions (ii). From C’C produced suppose C# taken congruent with 
CD and let O be the center of C’ EH. The circle with center O and radius OC’ 
meets CD in some point R, lying in CD and not in CD produced, because 
CR<CO+OR, and therefore CR< CD. With the same construction as in 
Theorem IV, let SD’ in C'D!' be congruent with CR and let DS, CC’ produced 
meet in C” and let CR R"C" be a rectangle. 


Fia. 2. 


It is easily proved (if desired, without depending on the similarity of 
triangles) that, by virtue of conditions (ii), 2CR=>CD. Therefore kk” meets 
SD in some point 7, and the rectangle CR R" C" is congruent by dissection 
with the given rectangle exactly as in the last theorem. 

Finally, since the angles CDC", REC' are congruent, it follows that 
CC", CR are congruent. The desired square has therefore been found. 

TurorEmM VII. A square can always be found congruent by dissection with 


any given polygon. 


“ted R’ 
| 
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As in Theorem V a rectangle can be found on any given base congruent by 
dissection with a given polygon. By Theorem VI a square can be found con- 
gruent by dissection with this rectangle, and by Theorem I this square is 
congruent by dissection with the given polygon. 


In conclusion, two questions naturally arise : 

(i) How many subdivisions are in general necessary to exhibit the congruence 
of two polygons of the same area containing given numbers of sides ? 

That it is impossible to fix an upper limit to the number of subdivisions 
necessary to exhibit the congruence by dissection of two polygons, merely being 
given the number of sides each contains, will be clear from a simple example. 

A rectangle 100 by .01 is congruent by dissection with a unit square. The 
straightforward way to exhibit this congruence is to divide the longer side of 
the rectangle into 10 equal parts, placing the 10 rectangles so obtained together 
so as to form a rectangle 10 by .1, and then to repeat the process in order to 
obtain the unit square. This method involves 18 cuts dividing the rectangle 
into 100 parts. If the construction of Theorem VI be followed, the longer side 
of the rectangle would be halved 6 times and the construction would be com- 
pleted by 2 more cuts. This method involves 8 cuts dividing the rectangle 
into 164 parts. In either method the number of parts depends on the shape of 
the rectangle. 

The maximum number of cuts necessary to transform a triangle into a 
rectangle is 2, dividing it into 3 parts; at least 2 more cuts are necessary to 
obtain a rectangle on any given base, and the least number of resulting parts is 5. 


(ii) Why should the results obtained with regard to polygons not be capable of 
extension to curved plane figures or to polyhedra ? 

A necessary condition that a polygon should be congruent by dissection 
with a rectangle is that the sum of its angles must be an integral multiple of a 
straight angle. This condition is, of course, always satisfied, but the analogous 
condition is not satisfied for curved plane figures or for polyhedra. 

The analogous condition that a curved figure may be congruent by dissection 
with a rectangle is that the sum of all its angles is an integral multiple of a 
straight angle and that all its curved arcs should fall into pairs of congruent 
portions only differing as to the side on which the interior of the figure lies. 
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The corresponding necessary, but not necessarily sufficient, condition that a 
polyhedron may be congruent by dissection with a rectangular block is that such 
of its dihedral angles as bear incommensurable ratios to a straight angle must 
fall into groups such that their sum, when multiplied by integers respectively 
inversely proportional to the lengths of their edges, bears a commensurable ratio 
to a straight angle. 

For example, a tetrahedron containing three intersecting edges mutually 
perpendicular and of lengths 1, / 2, /2 is congruent by dissection with a cube. 
Its dihedral angles all bear commensurable ratios to a straight angle. Similarly, 
two polyhedra symmetric with respect to a point or to a plane are congruent by 
dissection. 
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On Harmonic Functions.* 


By R. A. Harris. 


§ 1. 


This paper constitutes an elementary study in harmonic functions, V, and 
what might be called quasi-harmonic functions, V, where 


av, av 
Dat =0, or VN, =O, (1) 
and 
V 
Dat =o or V?V, =0, (2) 


denoting the number of independent variables. While its object is to show 
that many solutions of (1) and (2) can be found by elementary methods and to 
point out some of the connections which exist between various solutions, the 
fact that many, and perhaps all, of the solutions may, in a sense, be regarded 
us an outgrowth or extension of those harmonic functions, X, Y, with which the 
theory of functions has to deal, will not be lost sight of. 

The partial differential equations (1) and (2) will not be transformed into 
their equivalents in spherical or cylindrical codrdinates even when solutions 
involving Legendre’s coefficients, Bessel’s functions, etc., are contemplated. In 
adapting equation (2) or any of its solutions to physical problems, the quantities 
x, y, 2 are generally to be replaced by xt, x, and y, respectively. 


§ 2. 

The lemmas or propositions given below are, with few exceptions, self- 
evident or nearly so. But inasmuch as their wording may not always be exact 
and such as to cause their meaning to be readily apprehended, brief demon- 
strations and qualifying statements are added. 


* An abstract of the principal parts of this paper was read before Section A of the American Association 
for the Advancement of Science, 1898. See Bull. Am. Math. Soc., Vol. V (1898), pp. 96-98. 
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(i) If a solution of any linear partial differential equation having constant 
coefficients, but not a term of order zero, be differentiated (or integrated) with 
respect to one or several of its variables, the result is a solution of the given 
equation. 


For, when several operators like = ert Jans are applied to any 
quantity or solution the order of application is immaterial; the result of any 
number of such operations on the given differential equation is, of course, a 
new differential equation. So ifa partial derivative of the function constituting 
the given solution be made, by transposing the operators, to occupy the same 
position in the new differential equation as did the given solution in the original 
equation, the result must still be a true equation. 

Similarly for partial integration; but it is understood that in this case the 
number of terms in the power-series representing the given solution developed 
in powers of the variable in question, is generally infinite. 

(ii) If in any solution of an equation of the kind just referred to, any two 
of the variables be replaced by their equivalents in circular codrdinates, the 
result of differentiating (or integrating) the solution with respect to either circular 
codrdinate is a solution of the given equation. 


For, suppose y=>y+V—1z, and so 
y=2(n+%), 
Ody ,0dz_, 
"On Gada 
and so, by lemma (i), these indicated differentiations yield solutions. Similarly 
for coérdinates such that, say, y+2—=y7,, y—2z=(,, which may be called 
hyperbolic codrdinates. 

The same is evidently true if any other linear substitutions be made for 
the variables. 

(iii) If in any solution of (1) the letters x, y, z,.... be interchanged at 
will, the result is a solution. The same is true for all variables after the first 
in a solution of (2). 

For, the operators in (1) are symmetrical in all variables, and in (2), in all 
but the first variable. 


& 
¥ 
i 
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(iv) If in any solution, V,, of (1), y,z,.--- be replaced by + VW—1y, 
+ /—1z,...., the result is a solution, V,, of (2); and conversely. 

For, equation (1) must still be a true equation provided the substitution 
be made in the operators as well as in the original function V,. But the 
e ¢ 
function must satisfy (2). 

(v) Given any solution of (1) or (2) in the form 


fo(y, (x) + holy, (a) (3) 


operators become — and so the transformed 


and such that the entire coefficients of y" (a), v(x), .-.-- in (1) or (2) are 
severally zero, then is 


a solution, Y being an arbitrary function. 

This means that the given solution when substituted in (1) or (2) satisfies 
the same irrespective of the nature of y, and so y may be replaced by ¥. 
To say that the coefficient of y® in (1) or (2) shall be zero, is equivalent 
to saying that 


Of course this is likewise true for the alternate terms; that is, for the terms 


having odd subscripts and indices. 
(vi) If in any solution of (1) or (2) referred to in lemma (Vv), 2, y, ... 


be replaced by +a, y+y’,...-, where a’, y’,...- are constants, the result 
is also a solution of the given differential equation. 

For, let =y+y’, ..--; the solution will be the same 
function of x,, y,, -.-- a8 it originally was of a, y, ..... The operators 
= - may be written ..... But expression (5) being 
identically zero, it will remain so when z,, y,, .--- replace a, y, ..-- 
throughout. 


(vii) If for the variables in equation (1) we make an orthogonal sub- 
stitution, the result is still a true equation. 

For, in V, replacing x, y, .... by their equivalents in a second set of 
50 


- 
a 
| 
t 
3 
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variables x,, y,, ..--, the form of V will generally be altered, but its value 
will, of course, remain the same as before. Consequently the operator 

0? 0? 
applied to this new expression will still give a result equal to zero. But the 
effect of the operator 


a. 2? 


upon either form of V is not zero unless the two operators are equal or propor- 
tional. The first operator when expressed in terms of 2,, y,,..-- by aid of the 
matrix of transformation shows that for any orthogonal substitution the two 
operators are equivalent, ignoring a constant factor, the modulus of the sub- 
stitution. For suppose 


Y= 4,%,+ by, + .---, y, 


eee 


| 


then 
and finally, 
2 
wherein 


Similarly, if only a part or group of the variables of (1) be transformed 
into a group of corresponding variables by means of a uni-modular orthogonal 
substitution, the equation will still hold true. This remark is evidently appli- 
cable to the second part of equation (2). 

(viii) Equation (1) is satisfied by making V equal to 


(6) 


where p denotes the number of variables in V and where 


ai +..... 


d?-* lo 1 
\ 
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For, substituting 1/p”~* in (1) we have the sum of p quantities like 


(p—2)(—p” + 
except that x is replaced by y’, z’,.... in succession; and this sum is zero. 


Similarly, or by lemma (iii), 
1 
(7) 


is a solution of equation (2). 
(ix) If H, denote an homogeneous solution of (1) of degree n, then is 


A, 
(8) 


likewise a solution, being general. 


For, operating upon H,,/p’"*?—* with = we have 
1 OH, 2x(2n+p—2)0H, 2n+pt+2 
Og? — Oa 
(2n — 2)(2n 
+ 


2 
Replacing x by y, we have the result of the operation sas ; and soon. But H, 


2 
being a solution, the result of adding together the terms involving i ; 


sum of the second terms is —2” (n+p 9) H,,. The sum of the third terms 


is H,,; the sum of the fourth terms, since p? = 2? +y’+...., 


must be zero. Because H,, is homogeneous and of degree n, the 


(2u +p — 2)(2n + p) 


p 


H,,. Hence the total is zero. 


Conversely, if (8) be a solution and H, an homogeneous function, H,, must 
be a solution. 
Similarly, or by lemma (iii), if H, denote an homogeneous solution of (2), 


| (9) 


—2) 
2 


where 


o=V —(y? +27 +...--), 


is a solution. 


| 
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§3. Application of the Foregoing Lemmas to Spherical Harmonic Functions. 


If the solutions (6), (7) be differentiated » times with respect to x, we 
obtain solutions of the forms 
x 


(10) 


n 
2 2 2 2 


where denote algebraic integral functions of the n-th degree 


in «/p, x/o. 
The truth of this statement becomes evident upon performing a few differen- 
tiations and referring to lemma (i). The converse of (ix) shows that the 


homogeneous functions 
wns), 


are also solutions of equations (1) and (2). These solutions evidently have 
circular symmetry about the x-axis; they are termed zonal harmonics of the 
n-th order while (10) are zonal harmonics of order — — p + 2. 

If the solution 1/p”~? be differentiated with respect to a circular codrdinate, 


where y and ¢ are conjugate imaginaries. 
Similarly, if the solution of (2), 1/o”—*, be thus differentiated, we have 


1 


n 


(13) 


If denote hyperbolic coérdinates such that 


= a2—y(orzorw,....), 


the n-th derivative with respect to ¢, is 


1 


gn oP * 


¢, we have : 
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In all of the above cases 7 and ¢ (or y, and @,) can be interchanged at will. 
By (ii) and (vii), the expressions involving p are solutions of (1), and those 
involving o, solutions of (2). 

If the solutions 


where = be integrated one or more times with respect to 
we obtain solutions of (1) and (2). 
ior p=8 and performing one integration, we obtain from the solutions 


+, —, the solutions 

tet 

5 log 72, (15) 
The former may be written 

1 
where 2/r. Another integration gives the solutions 

The former may be written 

1 


Solutions like these are zonal harmonics of the second kind. 
Zonal Harmonics, p= 3. By lemma (viii) or by direct substitution, we 
see that 


1 


satisfies equation (1). Moreover it is a solution of the form referred to in (v), 
% (x) being 1/x. Therefore, by (vi), 


1.3.5 


1 
(x — + (y—y')* + (2 — 2)? 
satisfies equation (1), as can be directly verified. The first radical denotes the 


distance of a variable point from the origin; the second, the distance of this 
point from a fixed point whose codrdinates are x’, y', 2, both points being 


(20) 


|| 
1 1 
——, and ——., or 
p~2 —2) p—2) 
| p a” (a? + 
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referred to the same codrdinate axes. Suppose the fixed point to lie upon the 
x- (or axis; 7. e, suppose y/=z'=0. The distance of a, y, z from 
z’,0,0 is + y? +2? or + where 7? 4+ + 2%, 
= ol? +0? 4 0? =2/%, Hxpanding by the binomial theorem and arranging 
the result in powers of r/r’ or r'/r, we have | 


1 = 1 = _ - (21) 
1 r q 
(22) 
1 y! 
=F [P+ a+... |- (23) 


In these developments it is evident that P denotes a rational integral 
algebraic function of x/r. But (22) or (23) satisfies Laplace’s equation (1), 
regardless of the value assigned to the constant 7’ or to the ratio 7’/r. Conse- 
quently since (22) and (23) are arranged in powers of this arbitrary magnitude, 
each of their terms is likewise a solution. In other words, 


where n=0,1,2,...., isa solution. [Cf. lemma (ix).] 


We may write r” P,, (=) in the form 


A, 2" + B, r? + ot (25) 

or + + + ...., (26) 

or > (27) 
v=0, 2, 4, .... 

Expressions for A,, B,, C,,...- may be obtained from the expansion of (21) 


in powers of 7/7’, by picking out the entire coefficient of the n-th power. The 
sum of the coefficients entering this entire coefficient may be shown to be unity. 
Laplace’s Coefficients. Returning to solution (20), in which 2’, y’, 2’ may 
refer to any fixed point in space, we have, since 7’? = a!? + y!? + 2!?, 
1 
(a—a!)? + (y—y') + (@—2')? 
1 1 (28) 


2 


+ yy! 4 wae! + yy' + 22! 


rr! rr! 7 


f 
‘ 
— 
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These expanded by the binomial theorem and arranged in powers of 7/7’ 
or 7//r may be written 


1 2 
(29) 


(30) 
It is evident that Y denotes the same rational integral function of 

/ 
+ 22) that P (Legendre’s coefficient) denotes of z/r. The Y’s are 


cx! + yy! + 22! 
rr’ 

at the origin between the point 2, y, z and the point 2’, y’, 2’. Since the value 

of 7’/r is arbitrary, each term of the above expressions is a solution of (1). 

Tesseral Harmonics, Associated Forms. Any unimodular orthogonal sub- 
stitution does not alter the value of 7, and the result is by lemma (vii) a solution 
of equation (1). 

In the solutions 7" P,, and r-""!P,,, r and so r” and 7~""! are unaltered 
in value if we put «=—1,2,+m,y,+,2,, where J, m,, m, are quantities 
subject to no other condition than /j+mj+nj=1. Therefore, if 4 =1, 
then m?+n?=0 or Let m=a,; then n, = —1a, and 
x= a,+a,(y,+¥—1z,). In substituting this value for a in expression (25), 
we have to consider only the explicit x since r remains unchanged. The result 
of the substitution arranged in powers of a,(y, + “ — 1z,) will be a series of 
expressions of the form 

ai(y+V7 —12)*[n(n—1)....(n—s+1) A, 

+ (n — 2)(n—3).... (n—s—1)B, a" *? (31) 

+ (n— 4)(n—5)....(n—s—3)C, x" **rt+....], 
wherein all subscripts have been omitted from the variables. Hach expression 
of the above form is a solution of the equation (1); for, the entire expression (25) 
is still a solution after the above transformation has been made, whatever be the 
value of a,. Consequently, a, being arbitrary, the entire coefficient of any 
power of a, must be a solution. Further, the real part will be one solution, 
the imaginary part another. 

By writing x=rcos#, =ru, z=rsinO sing, expression 
(31) when divided by aj becomes 


r™ sin’ (coss@ + — 1sins¢@) (32) 


which may be written 


Laplace’s coefficients. The expression is the cosine of the angle 


(coss@ + 7 — 1 sins®g) (33) 


| 
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Expression (27) may have its y?+ 2” replaced by the equivalent, 77, in 
circular coérdinates and, by lemma (ii), the result of one or more differentiations 


with respect to ¢ will be a solution. 


By making s = 1 in (31), the latter becomes, to a factor, 
(35) 
v=0, 2, 4, 


Upon replacing by n—1, v by 2, this becomes 
n (36) 


Here are two solutions (34), (36) of equation (1), both of which are identical 
so far as the variables are concerned. Consequently, the coefficients of like 
powers of the variables must have a constant ratio to each other. 
as any special case will show. This furnishes a ready means of deriving P,, 


from P,,_,; for 


= constant, = : (37) 


9” 


n—v-+l 
n—1)—(vy—2 
( ) ( ) (39) 
Example. Given P, = = or u, to determine P,, P;, P,, ..... Here 
2—2+41 
1 
The sum of all coefficients in a P function is to be taken equal to unity. 
Similarly, 
5a® 
35 86302? , 8 
A= 


Other matters concerning spherical harmonics will.be found in §§ 4 and 6. 


a 
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§ 4. Applications of Lemma (v). 


The solutions 1/p”~*, 1/o”-* of equations and become when expanded 
in powers of « and c,, where c? =y?+2?+. 


— 2) p(; 2 2yv—4) 1 
1) (p P(pt+ v (40) 
In particular, if p= 3, 
ly? +2 1.38 (y?+2?)? 1.8.5 (y? +2")? 
If =-, then y" (a) = 5, 
Let P(x) = sinha; then (x) = sinha; (x) =sinha,....; 
sinh 1— +2") + (y+ |, (43) 
or 
sinh x Jy (a), (44) 


where w* = y? + 2” and J, denotes Bessel’s function of order zero, is a solution 
of Laplace’s equation (1). 
If p(x) =x", then (x) =n(n—1) 2", 


2? a* 


is also a solution, Putting «=r, this may be written 


Pa(u), 


since, by writing r?— a’ for y’+ 2’, (45) is of the form (25) and r” P, (u) 
satisfies equation (1). 

[It may be well to note that the general expression (45) for a solid zonal 
harmonic can be obtained by starting with the solution x? — ; (y? +2"), where 


x(x) =x’, proceeding to one of the third degree by making (x)= <x’, and 
then to a solution of the fourth degree by making ~(x)= a‘, and so on. 
51 
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The coefficient of the added term in the solution of the fourth degree, viz., 
K,(y? + 2)? J (x), is found by substituting the solution in equation (1). In 
general, it will be found, upon equating to zero the entire coefficient of x"~’ y’~* 


in (1), that »? K,=—,_,. Hence, any solid zonal harmonic may be written 
27 Oa? ~ "°°"? 


which agrees with (45). ] 
Replacing n by —n—1, we obtain the solution 


1 (n+1)(n+2)1—yp? 
geri gets 92 
2? 4? ut 
which, by lemma (ix), must be equivalent to P,,/r"t?. 


Since (y+ /“ —1z2)” is a solution of equation (1) of the n-th degree and 
homogeneous, we have by lemma (ix) as another solution this expression divided 
by 

2 2 2 3! af 


which may, by putting v(x) =1/a2*"*!, be written 


tac 2 2 2 
(y+ —12z)” E x" (a) + +3) (a) 
+ 
(n+ 1)(n + 2)(n +3) * 
Putting (2) = sinha, we have as a solution 


sinh «(y+ — 12) ste 1) (nm + 1)(n + 2) 


+ 1)(n + 2)(n +3) 


Since (y + —12)" = (cosn@ + 7 — 1 sin (y? + this solution may 
be written 


c, sinh x (cosnd + — 1 sinn®@) J, (51) 


where c, denotes a constant dependent upon n. 
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If then (49) becomes 


(y+vV—1 +2 


2°(s + 1) a" 
es —s—] ( —s—2 n—s— 8) ( +s 
=(y + ¥ —12)* (ru) 41) 
— 8) (n —s — 1) (n—s8— 2)(n—s— 83) 


Since y? + 2? =r? — x’, (52) can be broken up into terms containing the same 
powers of the variables as do the terms of (31); therefore their coefficients are 
proportional and so (53) may be written 


V7 —1 sins) T, (54) 
where c,,, denotes a constant dependent upon n and s. 
It is obvious that if in (46) divided by r”, or 


we put 6=a/n, and then cause n to become infinite, we shall have 


2 4 
P, (cos) + = (a). (56) 


Similarly, if in (53) or 


(y + / —12)* cos"-*0 E 1) tan? 6 
(n —s) (n—s —1)(n—s — 2)(n—s —38) = 


we put 9=a/s, and then cause s to become infinite in the part which is multi- 
plied by (cos@ + — 1 sin@)*, we shall have for this part 


where c; denotes a constant dependent upon s. 
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According to lemma (ix), «/r® is a solution; it is, in fact, the velocity- 
potential defining the motion of a sphere in an infinite mass of water. «/r® is 
the kind of solution satisfying condition (5). If in 


x 1 1.3 y?+2? 1.8.51 (y? +27)? 
we then x" (a) = ..++, we have 
2 " 3 i 2\2 


which, being of the same form as (42), leads to no solution additional to those 
which might have been obtained from 1/7. 

In studying Bessel’s functions, it is more natural to begin with solutions 
of (2) than with solutions of (1). We have as an illustration the physical problem 
of the vibration of a circular drumhead, or of wave-motion in a circular sheet of 
water, the periodicity of the phenomenon suggesting circular time-functions. 

By lemma — we have as a solution of (2) 


1 1y?+2? 1.3(y?+27)? 1.3.5 (y? +27)? 
Putting y = this becomes 
1.3 1 9 


Suppose, now, that a, y, 2 are replaced by ¢, x, y in this expression and in 
equation (2). Let = cost; then = —cost, =cos?,...., 
and we have as a solution of (2) thus altered 


cost] 1— + y’)?— | = 008 tJ, (0), (63) 

where 
If (x) =a” we have o” P,, (®) as a solution of (2), o? denoting «? — 
(y*+ 27). This solution could have been obtained from r” P,, (7) by lemma (iv). 


By lemma (viii), 
1 1 


(64) 


— (a? + + 2”) or #2 — r? 
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is a solution of (2) when a, y, z, w are replaced by ¢, x, y, z. In 


1 
put =1/¢? and it becomes 
1 


Let Y(t) = sin ¢; we then have as a solution of (2) 
V, = sint (67) 


The solutions obtained in the next section are also of the kind specified in 
lemma (v), as will be shown presently. 


§5. Solutions Obtained by an Application of Taylor’s Theorem. 


Suppose ¢(ax+ By+yz+....) to be expanded in powers of By +yz 
+ .... thus, 


lla 2! a? 


2+....) 
the accent denoting differentiation with respect to w. (If the accent denote 
differentiation with respect to ax, then, of course, a would not appear in the 
denominator.) 
Equation (1) will be satisfied by this expression if 


a? + +y?+....=0; (69) 
and equation (2) if 
a? —(B? +y?+....)=0. (70) 
For, differentiating the coefficient of @” (ax) twice with respect to each of 
the variables y, z,.... and adding the results together, we have 
(vy — 2)! a” (v—2)!a" 


The term 


twice differentiated with respect to x becomes 


3 v—2 
9° (a2). 


405 
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Thus it is seen that if p(ax+ BPyt+yz2+....) be substituted in (1) or (2) 
the coefficient of the resulting @ (ax) will be zero, and so (1) or (2) will be 
satisfied when the relation (69) or (70) obtains. Or what amounts to the 


same thing, the given (y, z, .---)-coefficient of o°~-* (ax), added to the 
2 
+ +. )-derivative of (aa), is zero, and so this comes under 
Oy 02 
lemma (v). 
[It may be noted here that (68) is a solution of the equations 
+ + = 0, (71) 
provided that, in the etm equations, 
a*+ B*+y*+.... =0, (73) 
a" $y" +...) (74) 


This can be shown by differentiating the coefficient of @® (ax) nm times with 
respect to y,z,...-, and adding the results together, and by differentiating 
the term 


(a a) 


n times with respect to x.] 
The whole of the expression ¢?(ax+ @By+yz+...-) satisfies (1) or (2). 
Consequently, if it can be thrown into parts linearly independent of one another, 


each such part must be a solution. 
For separating the solutions of (1) just referred to, it is convenient to make 


use of a complex variable ax +tby+jcez+kdw+.... of p dimensions, 
where the original units are 


l, i= V/—1, fow/—1, b= ...., (75) 
and where 
a’ +c? +d'?4+..... (76) 
Let p denote the dimension of the complex or the number of original units; 
then the total number of units in the (1, ¢, 7, ....)-algebra is 
p+ (p—1) + 6(p—1) + (p—1). (77) 


Here c,(p— 1) means the number of combinations of p— 1 things taken two 
at a time. 


| 
| 
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Similarly, for separating the solutions of (2) it is convenient to make use 


of a complex variable aw+iby+jez+kdw+ .... of p dimensions, where 
the original units are 
1 i=v4+1, j=vti, +1, (78) 
and where 


The parts of (68) thus separated may in the first instance be denoted by the 
Italic symbols 


h,, vh,, j (79) 
and in the second by the Roman symbols 
R,, iR;, jR;, ijRiy, ----- (80) 


If p=2, the two solutions of (1) are the ordinary X, Y of the function- 
theory; the two solutions of equation (2) are somewhat analogous functions 
which may be denoted by Roman X, Y. 

In the case p= 8, we have as solutions of (1) 


R,+ik, + + ij hij =o(ae (81) 


2 


bt y* + + 


Bay = (an) — (an 
2 + be? ya! (85) 


In all these cases the accent denotes differentiations with respect to x. 


By + V—1(R+ B) (—1) 


1 
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For the corresponding solutions of equation (2) we have 
R, +iR, +jR,+ijR, =o ax t iby + jez) =9[(az+iby +ijez)]. (87) 
The R’s may be obtained from the preceding expressions by changing each 


minus sign into a plus. 


If 
R, + R,; = cos E= (a2), (88) 
R,+ B, =sin 9 (a2), (90) 
R, — = sin ES (az). (91) 


For corresponding combinations of the R’s, replace the symbols cos, sin 
by cosh, sinh. 

As already stated, (68) is a solution of (1) or (2) of the form referred to in 
lemma (v), and so the linearly independent parts R;, are 
severally solutions of that form. 

A lemma similar to (v) is applicable to solutions of (71) and (72); the 2’s 
throughout equation (5) must then be changed to n’s. 


§ 6. Applications of Complex Variables of Two or More Dimensions. 

Instances of the use of the ordinary two-dimensional variable x + iy, or 
x —ty, and the variable log r +70 (where tan! for 
finding or expressing solutions of equation (1) need not here be given, since 
they frequently occur in cartography, in works on hydrodynamics, electricity 
and magnetism, and other branches of mathematical physics. 

A few examples of such solutions of (1) and (2) will now be given as may 
be expressed by aid of the other complex variables mentioned in the preceding 
section. The examples show that solutions of this kind, or aggregates of them, 
may have physical applications; also, that they are in many ways analogous to 
solutions made up of the ordinary X- and Y-functions. The conception of these 
complex quantities may not be of great importance in the obtaining of solutions 
satisfying prescribed conditions; but when solutions have been once obtained, 
this idea often facilitates their inspection. 
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Example (1). Any function @ of the variable x+iy, where i=vV7 +1, 
gives two solutions of equation (2); that is 


=R,+iR, (92) 


gives R,, R, as solutions. 
If for x we put x¢, and for y, a, then R,, R, are solutions of 


a3 0, or ae — x’ (93) 


For a vibrating string, the a -aiae V = be periodic with respect to ¢. 


@ may be put equal to A, cos + or A, sin + , where / denotes the length of the 


cord. Suppose ¢= A, sin +3 then 


R, +iR, = Asin 7 (xt + ia), (94) 
and so 
R, =A, sin R, = A, cos sin (95) 


The displacement R, becomes zero when x=0, x=1; and oR, when 


Ot 


#=0. The problem of having the string initially at rest, and conforming to a 
prescribed curve whose equation is 


y or Ri = f(z), 
generally requires for its solution an infinite number of terms like R,. That is, 


when ¢=0, y is of the form 


y= A, sin™* + A, sin + Assi i (96) 


In this case the function ¢ is really 


+iR,= (xt + ia) + Aysin (xt + iz) 
+ Aysin ia) +...-. (97) 


Example (2). Using the variable ax+iby+jez, where i=V +1, 
+1 and, of course, a? = 6? any function 
p(ax+iby+jez)=R, +iR, +jR,+ijR,; (98) 
gives four solutions of (2). If for ~ we put xt, for y, x, and for z, y, the R’s 
are solutions of the equation 
oy 


ae —* oat oy 


52 
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Giving to c, the values and so to a the value +35 %, 

1 2 : 2 
and making @ = cosine, we have 


2 2 
Ry, = — cos nxt +%, in ™™® sin 
2 2 * 
R, = cos™™ cos 


Functions like these are suitable for representing the free vibrations of a 
rectangular or square drum-head, or for representing the motion of long 
stationary waves (2. e¢., oscillations) in a rectangular or square tank of uniform 
depth. See example (12) below. 

Example (3). Taking as variable ax+iby+jcz, where i= / —1, 
—1, a’ =)? +c’, and letting 


we have 
= e—* sin by sin cz. (102) 
If for b,c we write 
(2m + 1) (2n + 1) 
and so for a, 


2m-+ 1)? 2n+1)? 
we have 


(Q2m+1)? (2n+1)? 


This solution of equation (1) is applicable to the potential at points within 
an infinitely long rectangular prism, where the potential at the sides is zero, 
and that at the base is a given constant.} 
Example (4). Taking x+tycos@6+jzsin@ as the variable, and e~‘ 
as the function, we have 


which may be written 


ev 8108 Cog — sin x; 


tR, + 7 R, =— tev sin’ gin 


* See Byerly, ‘‘Fourier’s Series, etc.,” pp. 126-134. 


+ Byerly, pp. 138, 139. 


410 
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are solutions of equation (1). If we do not care to distinguish between the 
1-terms and the 7j-terms, or the i-terms and the j-terms, we may put 77 = + 1 
and 7= +7 in the above results. Multiplying by suitable time-factors and 
combining, we obtain as a solution of (1) 


eng (a — x2). (106) 
This denotes the velocity-potential for a train of ‘‘edge’’ waves advancing 


in the x-direction, the shore sloping at an angle ~. 
This solution is due to Stokes. * 


Example (5). If a? =1, and @ = cosine, we have 
g(ax+iby + jez) =cos(x+ Soy + (107) 
*, R, = cos x cosh cosh —— (108) 


2 
This expression, when multiplied by the time-factor, denotes the velocity-potential 
of a standing wave in a V-shaped canal whose sides make angles of 45° with the 
vertical. This type was discovered by Kelland.+ 


— R,, = cos x sinh - cosh —*.. 


2 2 
denotes the velocity-potential of an asymmetrical mode, noticed by ae t 


Example (6). Considering now two variables ia, «+2 2, 


whose coefficients evidently satisfy the relation a* = 6? + c*, the R's of 
/3 2) 


A cos (a + iz) y +55 (109) 


and of 


/3 


B sin (x + i2)-+ Dsin(@+i%, y +5 5%) (110) 


are evidently solutions of equation (1); so will be the R, of the former added to 
the R#, of the latter. The result is 


Cos [4 cosh z + B sinhz + z+ Dsinh — |. (111) 


* Lamb, ‘‘ Hydrodynamics,” 2d Ed. (1895), p. 431; 3d Ed. (1905), p. 424. 
¢ Ibid., 2d Ed., p. 432; 3d Ed., p. 424. 
Ibid., 3d Ed., p. 425. 
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This expression, when multiplied by the time-factor, is the velocity-potential for 
a type of standing waves in a canal whose sides are inclined to the vertical at 
an angle of 60°. A, B, C, D are determined by the boundary and surface con- 
ditions. This comprehensive type was discovered by Macdonald.* 

Example (7). If 


o(ax+iby+jez) =log(ax+iby+ cz), (112) 
then 
R,— = tan-! (113) 


must be a solution of equation (1), provided, of course, that a? = b? + c’. 
Example (8). If in 
=(ax+iby+ Jez)’ (114) 
we make a=V2, b=1, c=1, then 


R, = 20? — vy? — 2?, R, =2V 2xy, } 


Ri, =2V 222, = 2yz. 
If we make c= 0, andso a=1, 6=1, then 
R, = a? — y’, R, = 2ay. (116) 


These are rational integral functions of degree 2 satisfying equation (1), and so 
are harmonic functions. 

Replacing the exponent 2 by 3, 4, ...., rational functions of those degrees 
are obtained which satisfy equation (1). This fact has been noted by Laurent.+ 


For the exponent 3 we have 
R,+ik, +7 R + ij Ry = 322°) 
+ +7 y?2z—2°) + (117) 
But 


R, = 2 [225 — 3a (y? + 2?)], (118) 
having circular symmetry about the z-axis, is, like 2”?— y*—2z*, a zonal 
harmonic. 


* See Lamb, ‘‘ Hydrodynamics,’ 2d Ed., p. 484; 3d Ed., p. 426. 
t ‘‘I] est bon d’observer que, si 
a?+B?+1=0, (ax+ By + z2)™ 
satisfait A,u 0 et (a cosy + siné sin + cos6)™ est une fonction sphérique du degré m. Une 
somme de 2m + 1 semblables fonctions sera la fonction sphérique la plus générale.’’ H. Laurent, Traité 
d@’ Analyse, Tome VI, pp. 297, 298. 
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If we raise /2x2-+iy+ jz to the fourth power, the harmonic function R, 
thus obtained no longer possesses circular symmetry about the a-axis, although 
symmetrical in y’ and 2’; for then 

R, = 4a* — 12a? y? — 12072? + 6y?2? + y* + at (119) 

Suppose we raise the variable y+ 7%z to the fourth power; its R, or R; 

must satisfy (1). [Cf. lemma (iii) ]. 


Adding its R,, =— 6y’z?+ y* + 2, to twice the preceding R,, we have 
a zonal harmonic of the fourth order 
8 at — 24a7(y? + 27) + 3(y? + 2?)’. (120) 


Were it desirable to do so, it seems probable that the zonal harmonic of any 
order could be obtained by combining the ,’s of this power of variables of two 
and three dimensions. 

Example (9). Still considering the case where p= 3, it will be noticed 
that the complex quantity ax +iby+jcz contains one effective variable 
parameter. Let a=1; then by (76), the quantity may be written a+iby 
+ j»/1—b*z. Hence, whenever in the expansion of 9 (x + iby /1—b?2z) 
it is possible to pick out the entire coefficient of any power of b, that coefficient 
is a solution of (1). This can be easily done for 


(a+ iby +j/71— 672)", (121) 
where isa positive integer. The solutions thus obtained are 2m + 1 in number, 


as may be seen upon considering the four kinds (82)—(85), the first containing 
no odd powers of y or 2: 


n odd nm even 

From R,, 14+ 
n ] n 
R,, 

(122) 

n—1 n 
2 2 
Total, 2n+1 2n+1 


The coefficients of the various powers of 6 (including those of 6°) in the 
several kinds of terms may therefore be taken as the 2n+1 independent 
solutions of (1) of the n-th degree. 


J 
| 
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Now since the solution r” P, is an homogeneous polynomial of degree n 
where y and z enter by even powers only, and which satisfies (1), it follows that 
it can be made up of linear combinations of the solutions of the first kind 
obtained by the expansion of (121). Hence, the surmise made at the end of 
example (8) turns out to be correct. 

We can assume that if any solution V be a regular function of a, y, z within 
a finite domain surrounding 2’, y’, 2’, it can be expanded in powers of X, Y, Z, 
where x= 2’ + X, etc., and the series will there be absolutely and uniformly 
convergent. The various powers of the variables 2, y, z will give rise to homo- 
geneous polynomials of all degrees (not exceeding m) in X, Y, Z. Hach is a 
solution of (1) because, by hypothesis, the whole series is a solution and because 
of the homogeneous character of (1). From what has just been shown, it fol- 
lows that for any such polynomial of degree nm there are at most 2n +1 inde- 
pendent solutions. Hence, if the expansion be carried to the n-th powers of 
X, Y, Z, we obtain at most Z 2y +1 or (n+ 1)’ solutions.* 


v=0 
Example (10). Taken in connection with the foregoing section, it seems 
highly probable that , can be expressed in a similar manner by using the R, of 


an infinite number of terms of the form 


1 
ax+iby+ jez 


We have 


1 1 1 2 

2 2 2 2\2 2 2\3 

[1-}" 1.3 (y + 27)" 1.3.5 (y | 


2 a? 2.4 2.4.6 


which agrees with the value of 1/r (41) to the number of terms here given. 

It may be noted that a term of the form (123) becomes infinite only when 
the variable becomes zero or lies upon one of the two lines in the yz-plane 
whose equations are 


e=0, by=+cz. (125) 


* Taken mainly from an important paper (g. v.) by Professor E. T. Whittaker, entitled ‘‘On the Partial 
Differential Equations of Mathematical Physics,’’ Mathematische Annalen, Vol. LVII. He appears to have 
been the first to show that (121) gives the general homogeneous polynomial solution of (1). 
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For, (123) when rationalized in denominator gives 
ax—tby—jez 
+ b? + c? 217 bcyz 


(a? x? + + 72")? — y’ 
The denominator of this expression vanishes whenever 
(ax)? + (by Fez)? =0. 
Example (11). Consider the #, terms of (123) or (126). They are 
ax (a? x? + y? + 27) (127) 


Putting a=1 and eliminating c by means of the equation —a?+ 6? +c?= 
the fraction becomes 
(x? + + 26? (x? z*) + bt (y? + 


and may, for brevity, be written 


a + + (y? — 2”) b?] 


a development in descending powers of (a? + 2”)’. 
The coefficient of 5° is 


x 


(130) 


the coefficient of 6” is 
2 
= 2+ 4 
either is a solution of equation (1). 
Example (12). For phenomena periodic in time and involving the differen- 
tial relation 


(131) 


0? 
@ should consist of a number of sine or cosine terms or of both. Here suppose @ 
to consist of terms of the form 


cos(xat+iba+jcy). 


(132) 


(133) 
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If the phenomena be simply harmonic in time, then the square of the a of 
each term of the function will be the same. The R’s become 


R, = cosxat cos bx coscy + cosxat cosb'/x cosc’y+...., 
—R, =sinxat sin bx coscy + sinxat sind/x coscy+ ...., (134) 
—R, =sinxatcosbx sincy + 
—R,; = cos xat sin ba sincy + cosxat sin 
where = 4+? ..... 
As already noted, functions of the form cos xat sin ba sincy or cosxat 
cos ba coscy are suitable for representing the vibration of a rectangular drum- 


head or the oscillation of a shallow rectangular body of water. It remains to 
suggest here that by taking a sufficient number of similar terms it would probably 
be possible to thereby represent these phenomena in triangular, circular, or any 
other shaped areas. For instance, the solution given by Lamé* for the vibration 
of a membrane whose form is that of an equilateral triangle will be seen to 
consist of terms of the form (134) as soon as his trilinear codrdinates are replaced 
by Cartesian codrdinates conveniently chosen. We shall here confine ourselves 
to the oscillations of shallow bodies of water. 

One mode of oscillation for a 45° triangle is shown in Fig. 1. The vertical 


displacement, ¢, is proportional to 


uxt muy 
cos ( cos->~ cos (135) 


* «Lecons sur la théorie mathématique de l’élasticité des corps solides,’’ p. 182. 


y 
x 
— 
= 
= 
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¢ 
= 
= 
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which is of the form 
cos xat [cos bax coscy + cos cosc' y], 

where c? = 6’? =0, and x*=g depth of water. 

Had the codrdinate axes been taken along the legs of the triangle, the 
above displacement would have been written as one term, viz., 

uxt Mx ny 
2 cos cos —~—— cos 136 
h VS 2h’ 

which is of the form 


2 cos xat cos bx cos cy, 


Fig. 2. 


where 6?=c? = 5a (Cf. Example 5, above.) 


If the above expressions for vertical displacement be expanded in powers 
of x and y, the results are the same to two terms, viz., 
+ 

9? 


2 cos xat (1—a (137) 


Considering now a square composed of four triangles, arranged as in the 
figure, we see that for this mode of oscillation there is a single nodal line con- 
sisting of four straight lines in the form of a square. Upon differentiating 
normally to any boundary of any of these triangles, or to the lines bisecting 


their right angles, it is easily seen that = == 0. 
53 
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One mode of oscillation for an equilateral triangle is shown in Fig. 2. 
Here ¢ is proportional to 


nxt ny * 
cos E cos cos (138) 
which is of the form 

cos xat [2 cos ba cos cy + cos cos 


3 5 » 1 2 2 
where 6? = ce? =a*, (Cf. Example 6, above.) 


Fig, 3. 


This, if expanded, gives for the first three terms 


2 2 2 2\2 
cos xat E ty +a! |. (139) 


Considering now a hexagon composed of equilateral triangles as in the 
figure, we see that for this mode of oscillation there is a single nodal line 
resembling the circumference of a circle much more nearly than did the nodal 
line in the preceding case. Upon differentiating normally to any boundary of 
any of these triangles or to lines bisecting their angles at the center of the 


hexagon, it is easily seen that or 


* Coast and Geodetic Survey Report for 1900, p. 589; also Poincaré, ‘«‘Lecons de Mécanique Céleste,”’ 
Tome III, p. 371. 
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The vertical displacement for the slowest symmetrical mode for a circle 


is proportional to cos xat Jy (aa), 


or 
2 2 2 2\2 2 2\3 
cos xat E +a! |. (140) 

That this satisfies the differential relation (132), has been shown under the 
heading ‘‘Application of Lemma (v)”’. 

At the circumference where 7 =a,, 0J(aw)/dm must be zero. Such 
a value of aw is da, = 1.22”, or a= 1.22 2/m,; that is, being given, 
a becomes fixed, and conversely. If aw= 0.7655 2, Jy(aw) becomes zero 
and so does the displacement (¢. 


1.22 7 = 0.7655; and so w= 0.628 a 


wy 
is the radius of the nodal circle. Since the motion is symmetrical about the 
center, the vectorial angle @ is not involved; consequently, = = 0 everywhere. 


Here the ‘“‘speed” e., 27 + period) is xa or 1.22x%2/m,, while the 
“‘speed” for a rectangular trough whose length is a is x2a/w,, x denoting, 
as usual, the velocity of advance dependent upon the depth. The period for 
the circle is, therefore, 1/1.22 = 0.820 times the period for a rectangular 
trough a, in length. 

Certain ratios for square, hexagonal and circular areas are given here: 


Height (¢) Virtual 
Area enclosed 
at center + length + 
Average height ditioroiapmin Apothem of 
Area of polygon 
along perimeter polygon 
Square (Fig. 1) — 2.000 0.500 1.000 
Hexagon (Fig. 2) — 2.418 0.399 0.866 
Circle (Fig. 3) — 2.483 0.394 0.820 


Comparing expressions (135), (139) and (140), we are led to believe that 
the R, of a sufficient number of terms of the form cos (xat +ibx+jcy) 
could be made to represent this oscillation of a circular sheet of water, just 
as in the preceding example we were led to believe that the solution, 1/7, of 
Laplace’s equation could be regarded as the Ff, of an infinite number of terms 
of the form 


1 
ax+iby+ Jez 
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Moreover, it has been shown that any zonal harmonic of order n can be regarded 
as the R, of a suitable number of terms of the form 


(ax +itby + jez)". 

§ 7. Differential Relations Connecting the R-Functions. 

If + 7th, + jh; + ij (141) 
d(ax+tby + Jez) 

has a unique value at a given point, it must be free from the variable quantities 


dx,dy,dz. Whenever the numerator contains the denominator as a factor, 
we have the relations 


OR, 72 


a R,, 
dy 


aR,, 


J 
are therefore the nine conditions for a monogenic function of the three-dimen- 
sional variable ax + iby+Jcz. 
When the Roman R’s and i, j are used, all signs are positive in these 
relations. 
If the variable have more than three dimensions, the additional relations 
can be readily determined. 
For two-demensional variables we have, of course, 
Ox” Oy’ Oy 
ax aX_ay 
Ox Oy’ Oy Oza’ 


(144) 


_ aR, aR, _ aR, 
cdz’ 
_ oR _ oh, 
boy cdz’ (143) 
OR, __ oh; 
adx Obdy’ 
_ OR, _ 


Curves on Quintic Scrolls. 


By Frank B. 


INTRODUCTION. 


The chief aim of this paper is to prove, for scrolls of order 5, Professor 
Story’s formula for the number of intersections of any two curves lying on the 
same ruled surface, which may be stated as follows: If a curve of order a lies 
entirely on a ruled surface of order u, say R,, and meets each generator of #, in 
the same number of points, say a, this curve will be designated by the symbol 
C,,. and a may be called the rank of the curve; then the number of inter- 
sections* of C,,, with any other curve on R,, say C,,,, of order 6 and rank @, 
is given by the formula 

Co, 2] =aB + ba — ua 


In 1883+ Professor Story proved this formula for ~.=2 and n»=3. In 
1900 I proved it for 1 = 4 and gave, in that paper, { Professor Story’s three 
theorems which must be proved before the formula can be established, viz.: 

THEOREM I. If a be the number of points of C, on an arbitrary generator, 
then there are a points of C, on each generator. 

TueEoreEM II. If C,,, is the complete intersection of #, and S, (S, being any 
surface of order v) and C,,, is any curve on &, that has no component in com- 
mon with C,,,, then [C,,. C,,.] = a8 + ba — 

Tueorem III. If C,,, is irreducible and the partial intersection of R, and 
S,, Cy, being the residual intersection, and if the formula holds for each 
irreducible component of C,, ,, with an arbitrary curve C,,, on #,, it also holds 
for C,,, with ». 


*It is to be understood here that if two curves pass through the same point on a multiple line or multiple 
curve they are not to be regarded as intersecting there unless they lie on the same sheet. 

+ On the Number of Intersections of Curves ‘Traced on a Scroll of Any Order. Johns Hopkins University 
Circulars, August, 1883. 


¢Geometry on Ruled Quartic Surfaces. Proc. Amer. Acad. of Arts and Sciences, Vol. XXXVI, No. 3. 
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The proofs of Theorems II and III are given in the paper cited, and Dr. 
Story has recently succeeded in proving Theorem I (called the fundamental 
theorem) for all ruled surfaces, and in also proving his formula for ruled 
surfaces of any order, uw, that have a multiple linear director of order ~«— 1 or 
— 2, and these cases include seven of the fifteen cases of quintic scrolls 
enumerated by Schwarz.* These cases, however, as well as the proof of 
Theorem I in many cases, will be given here since these proofs are, in general, 
somewhat different. 

The formula holds for each generator (which is a C, , since it does not meet 
an arbitrary generator) with any curve C,,, for [C,,. G,.]=0+a—0=a, 
and since every plane curve is either the complete intersection of the scroll and 
the plane or the partial intersection by a plane that cuts out otherwise one or 
more generators, by Theorems II and III the formula holds for all plane curves 
on an irreducible scroll of any order. It is not possible for a plane to cut an 
irreducible scroll in two distinct proper curves and, as Schwarz has pointed out, 
no scroll of order higher than four can have more than one simple conic, since 
two conics not in the same plane which correspond, point for point, determine a 
scroll of the fourth order. 

The necessary multiple curve, or aggregate of multiple curves and recti- 
linear directors, on &, (which determine the scroll) will be called the frame and 
designated by the symbol F(C.",, Ci',, ----), where m,n, .... denote the mul- 
tiplicities of the curves or linear directors and are omitted if the curves or linear 
directors are simple. The order of the curve must be multiplied by the multi- 
plicity in reckoning the number of intersections, 7. e., 


Cr] + nba — 


It will be well to remember that this formula may not give all the actual 
intersection of two curves in space; if « be chosen large enough so that the two 
curves lie on the same scroll, it may happen that both curves pass through the 
same point on a multiple curve but lie on different sheets there, and this point, 
which is a point of actual intersection in space, is not one of the points of inter- 
section on the scroll as given by the formula, in accordance with the foot-note 
on page 421. It may, in like manner, happen that the number of intersections 


* Uber die geradlinigen Flichen fiinften Grades. J. fiir Math. von Crelle, B. 67. 
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of any two curves considered as lying on one scroll, may be different from the 
number of their intersections when regarded as lying on another scroll. 

If S, is a surface of order v used to cut, from the scroll, any desired curve, 
the number of points that determine S, is + 1)(v + 2)(v + 8) — 1; but if 
v>5 we must be sure that S, does not break up in the given scrol], R;, and a 
surface S,_;, and to do this we take 1(y— 4) (vy — 3) (» — 2) points of S, off the 
scroll #;, 7. e., one more than enough to determine the surface S,_,; as this 
number vanishes for v = 2, 3, or 4, we have for v5 2 


+ 1) + 8)—1] — [5 (»— 4) —2)] = 1) +4 
arbitrary points available. 


For simplicity the scrolls of order 5 will be considered in the order given 
by Schwarz. 


(A) Scrotts or Dericrency Zero. (p= 0.) 
I. Quintie Scroll with a Quadruple Linear Director. F(C},). 


1. Only one scroll with a quadruple line is given by Schwarz, but there 
are two distinct species, viz., (J;) without a simple director and (/,) with a simple 
director, the equations in homogeneous coordinates 2, y, z and s being of the 
form 


+ Vis + W;=0 for (J) 
and 
Vis =0 for (J), 


where U, V, and W are homogeneous polynomials in «x and y of degrees indi- 
cated by the subscripts, the quadruple line being x=0, y=0 and the simple 
director in (J,) being z= 0, s= 0. 

2. Proof of Theorem I. In either case, a plane through the quadruple line, 
Ci ,, cuts out otherwise one generator from the scroll and any curve, C,, on the 
scroll is met by this plane in a certain number of points, say @, on the generator 
and in b— @ points on C},; as the plane is revolved about Cj, it cuts out, in 
succession, each generator of the scroll, and since there are always b — @ points 
of C, on C}, there are @ points of C, on each generator. 

8. The formula holds for the frame, since C,,,] = 48 + b— 56 
= b — 8, and we have just seen that C,,, has b— @ points on Cj). 

Now if a cone of order 4, with its vertex at an arbitrary point on C},, be 
passed through any curve C,,,, the complete intersection of the scroll and the 
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cone will be C,,,, the four generators through the vertex, each of which is a 
8-tuple edge of the cone, and C},, which is a (6— @)-tuple edge of the cone and 
counts for 4(6— lines in the intersection; for this gives 4(,—() +40 + 
the order of complete intersection. Since the formula holds for every generator 
and for Ci,, by Theorem III it holds for every curve C,,,, plane or twisted. 

4. Plane Curves. On the species (J,) neither a plane cubic nor a conic can | 
exist, since a plane through two generators must contain also the simple director 
and consequently also the other two generators through the point where the 
plane cuts the quadruple line; in other words, a plane through the simple 
director cuts out, otherwise, the four generators, one on each sheet, that pass 
through the point where the plane cuts the quadruple line. One and only one 
conic may exist on species (J,) if, at some point of the quadruple line, three 
generators lie in the same plane; the plane of this conic will therefore be a triple 
tangent plane to the scroll and the conic will pass through the three points of 
tangency—these being the points where the conic meets the three generators 
in distinct points, and the other point of common intersection being on the 
quadruple line at which the conic lies on the sheet not having a generator 
in this plane. A plane through two generators on (/,) will cut out a plane cubic 
C;,, having a double point where the plane cuts the quadruple line, and no other 
kind of a plane cubic exists on this scroll. 

The only kind of a plane quartic that exists on either species is a C,, 
having a triple point on C{,, whose plane cuts out one generator, and the only 
kind of a plane quintic that exists is a C,, having a quadruple point on Cj), 
whose plane does not contain any line on the scroll. The line of intersection of 
the plane of a quartic and the plane of a quintic pierces the scroll five times; 
once where the generator in the plane of the quartic meets the quintic, and four 
times where the curves intersect, [C,; C,;] =5+4—5= 4. 

On species (J,;) a plane quartic and plane cubic intersect in [C,, C3,] 
= 4+ 3 —5 = 2 points; the other three points where the line common to their 
. planes pierces the scroll being the one where the generator in the plane of the 
quartic meets the cubic and the two where the two generators in the plane 
of the cubic meet the quartic. Ifa conic exists on the scroll (J), it meets every 
plane quintic in two points, every quartic in one point, and does not meet a 
cubic at all, [C,, =2+3—5=0. 

5. Twisted Curves. Every curve on the scroll must meet the quadruple 
line; for we have seen that every curve, C, ,, meets the quadruple line in s—@ 
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points and 6—@51 since for species (J,) two generators lie in a plane and 
B22, and for species (/,) four generators lie in a plane and (@ oe . More- 


over, in the equation of species (J,) there are only 5+ 5+ 6=16 terms or 15 
arbitrary parameters, and in species (J,) only nine arbitrary parameters, and in 
order to make a quintic scroll contain even the cubic we must have 3X 5+1=16 
arbitrary parameters, unless the quadruple line bears some relation to the 
curve, %. ¢., an arbitrary line can not be chosen to be the quadruple line of the 
scroll and the scroll be made to pass through an arbitrary curve, even of the 
lowest order. 

On species (J,), no cubic can exist, since there are four generators in a 
plane and each generator must meet every curve at least once, but there can be 
a C,, meeting the quadruple line, C},, in three points, a C,, meeting Cf, four 
times, etc., up to curves of order 8, of which we may havea (,, meeting C}, 
seven times, or a C,, meeting C}', six times; so that the curves on species (J) 
are arranged in groups of four, according to their ranks. 

On species (J;) every cubic is a C;,, and if there is no conic on the scroll 
only two generators lie in a plane, so that there may be a C,, as well asa C,,, 
whereas if the conic exists there are three generators in one plane and no C,, 


can exist. Accordingly, on this species (J,) B < be. if the conic exists and 8 = 2 


if the conic does not exist (2. ¢., if the scroll does or does not have a triple 
tangent plane, respectively). 

The number of intersections of any curve C,, with a C,, is equal to the 
order of the curve, 7. e. 5@—5@8=b. The number of inter- 
sections of any two curves C,,, and C;,,, on either species (J,) or (J,), is equal to 
the order of the residual curve of intersection of the two cones, of orders a and } 
respectively, through these two curves from an arbitrary point on the quadruple 
line as a vertex: for, the cones intersect in a curve of order ab; each of the four 
generators through the vertex counts as an a-tuple edge on one cone and a 
B-tuple edge on the other, while the quadruple line counts for an (a— a)-tuple 
edge on one and a (b— @)-tuple edge on the other, so that the residual curve is 
of order 


ab — [4a8 + (a —a)(b— 8)] = a8 + ba — 508 =[C,,. Ch, 


This theorem is true for a scroll of any order, #,, having a director line of 
54 
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multiplicity (u— 1), for there are « — 1 generators through the common vertex 
of the cones and the residual curve is of order 


ab — [(u— 1) aB + (a—a)(b— B)] =a8 + ba — 
which is [C,. G,, ¢]- 


II. Quintice Scroll with a Double Sextic Curve having a Triple Point. F(C;). 


Every generator meets the double sextic three times; for, an arbitrary 
plane through one generator cuts out otherwise a plane quartic which is met 
four times by the generator, once at the point of tangency of the plane and 
three times on the double curve. The double sextic is therefore a Cj. 

1. Proof of Theorem I. Pass a cubic surface, §;, through the double sextic 

és. Lhis we can do by taking the triple point and 16 other points of Cf; as 
17 of the 19 points necessary to determine S,; C7, will then meet S; three times 
at the triple point and therefore 19 times in all, and consequently will lie 
entirely on S;. As we have two more points for the determination of 8; that 
can be arbitrarily chosen, a double infinity of cubic surfaces can be passed 
through C?;. Now, every generator meets S; three times on Cs, so that if we 
choose our two points, one on each of two generators, these generators must 
lie entirely on S; and the residual intersection of S; and the scroll will be 
15 — (12+ 2) =1, i.e, another generator; moreover, it is easy to see that any 
point of the intersection of §; and the scroll that is not a point of Cz, lies on 
some generator of the scroll, which generator therefore meets S; four times, 7. ¢., 
lies entirely on §;, so that the residual intersection of S; that passes through 
Cg, consists always of three generators, two of which may be arbitrarily chosen. 
Consider any curve, C,, on the scroll; it meets S,in 30 points, of which a fixed 
number, say &, lie on C?, and the remaining 3b—k lie on the three generators; 
if p is the number of points of C, on any generator, it is evident that 
0=p=b—1 and p can have, at most, d different values. For convenience we 
shall say that all generators for which p has the same value belong to the same 
set, a finite set or an infinite set, according as the number of generators in it is 
finite or infinite. There are, at most, b different sets and, since 6 is finite, at 
least one set must be infinite. Since there are only a finite number of genera- 
tors in all the finite sets taken together, we can always chvose 8S; so that no 
generator of any finite set will form part of the intersection. Suppose there are 
two infinite sets with values of p equal to @ and y respectively; having two 


. 
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points at our disposal we can make 8; cut out two @-generators in’ such a way 
as to avoid a finite set, and the third generator cut out will be either a @-gene- 
rator or a y-generator; if it is a @-generator then 33 = 3b—k&, and if it is a 
y-generator 28 + y=3b—k. Ina similar manner we can make an 8; cut out 
two y-generators, and we will have either 3y = 3b—k or 2¥+ 6=3b—k 
according as the third generator is a y- or a @-generator. Wither of the first 
two conditions combined with either of the second two gives y=@, so that 
there is only one infinite set. If we assume that there are three infinite sets, 
B, y, and 6, and put for convenience 3b —k=A, the only arrangement differing 


from the above is: 


fy =h— 28 
§ =h—%W=—-h+ 46 
+6 or: 

B=h—2 = 38h—8G 
= 36 


) 
and therefore al? 
3b — 38 


which shows that only one infinite set exists. As this method can be extended 
to any finite number of sets, and 6 is finite, it is certain that only one infinite 
set exists. If now one point be chosen on a generator of a finite set, say an 
a-generator, and the other point so chosen on a 6-generator of the infinite set 
that the third generator is also a @-generator, then 


26 +a —3b—k= 36, or a=68. 


Therefore there is only one set of any kind on the scroll and every generator 
meets C, in 8 points, while C7; meets C,, in 3b— 3 points. Since 


= 128 + 3b — 158 = 3b — 38, 


the formula holds for the frame. 


2. Plane Curves. Every plane quintic, C; ,, has six double points, where its 
plane cuts the double sextic, and intersects the double sextic, therefore, in twelve 
points, twice at each double point, [C,, C?;]}=15+12—15=12. Every 
plane quartic is a C,,, having three double points, and meets C?; in nine points, 
twice at each double point and once at each of the three points where the 
generator in the plane of the quartic meets the and [C73 C,,] = 12+ 12 


—15=—9. 


A plane through two generators cuts out a plane cubic, C;,, with a double 
point, that meets C7, in six points, twice at the double point and once each at 


two points on each generator, [C?; C;,]=12+9—15=6. The plane of the 


| 
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cubic is a double tangent plane. If a triple tangent ‘plane exists, it cuts out 
three generators and a conic, and therefore only one such plane can exist; the 
conic will meet C?; in three points, one on each generator, and the other point 
of intersection of the conic with each generator is a point of tangency. 


(Cg, =124+6—15=3. 


3. Twisted Curves. Let S, be the surface that cuts out any curve C, , from 
the scroll, and take v large enough so that S, can be made to cut out C7; and at 
the same time have a residual intersection, outside of generators, of order less 
than , i.e, r=b—1. By taking the triple point of C?, as one point of S,, it 
will be necessary to take only 6v — 2 other points of S, on C3, or 6y— 1 in 
all; by +1 points of G,, must lie on S,, but as 3(6— @) points of C,,, lie on 
Ce; only by + 1 — 3(b— @) additional points of S, need be taken on C,,,. The 
number of arbitrary points of S, remaining is 


{$o(v— 1) + + 6)y— B)}. 


At least'two generators lie in one plane, and gz , 80 that every cubic is a 


C;,,; if we take v = 4, we can make S, cut out G,, and C?, and have four arbi- 
trary points left; the residual will consist entirely of generators, since each 
generator already meets S, three times on C3 and once on (,. Since the 
formula holds for Cj, and the generators it holds for C, ;. 

2%+11+n 


In general, if we choose »= 5 , where 'n='11, 2, 3,4 or 5 


according as 26+ 11 is congruent to 4, 3, 2, 1 or 0 (mod. 5), respectively, and 
make S, cut out » generators in each case, we will have for the order of the 


residual, 


r= 26+ 
To do this we must: have 
5/2b+11+n\/20+6+n %+11+n 


+ 


5 


2(9 — n)b + (3 — n)n — 10(3 — n)B — 2650. 
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Since 8 =e , this condition is satisfied, in the five different cases, by the following 
values of 0, viz.: 


Ist Case: n= 1; 


b= 4, 9,114, .... 165 — 208 — 0, satisfied for b> 4. 
2nd Case: n= 2; 

AS b= 6, 11, 16, abs Satisfied for bS3. 
8rd Case: n=.3; 
8,18, t 125 — 2650, satisfied for 3. 
Ath Case: n= 4; 

Sand, 10, 15, .... satisfied for bS 2. 
5th Case: n= 5; 

7, 12, 17, satisfied for 2. 


Therefore, for all twisted curves.on the scroll, we can choose y so:that r=b—1, 
and since we have proved the formula for 6 = 3, it holds for all values of 6. 


III. Quintic Scroll with a Triple Linear Director and a Double Twisted Cubic. 

A plane through the two generators that meet at an arbitrary point on the 
double cubic, cuts out the triple line, and cuts the cubic in two other points 
which, being double points of the section, must lie on the triple line; 2. ¢., the 
triple line meets the double cubic twice, and each generator meets the double 
cubic once, so that the double cubic is a C?, and the triple line is a C},. 

1. Proof of Theorem I. Pass a quadric surface, S,, through the double cubic, 

21, by choosing seven points of 8, on CZ,. Since two points of the triple line, 
O3,, lie on Cf,, CP, will lie entirely on &,, if one more point of 8, be chosen on 
C3,. The total intersection of S, and the scroll will then consist of C?,, C?, and 
one generator (6+ 3-+ 110) and this generator can be selected at will by 
choosing the ninth point for the determination of S, on it. Now any curve, C,, 
on the scroll meets Cj, and C?, together in a fixed number of points, say /, and 
therefore must meet each generator in the same number of points, say 6, where 


B= 2b—k or k= 
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2. Plane Curves. Every plane quintic isa (,, having one triple point 
where its plane cuts the triple line and three double points where its plane 
cuts the double cubic; if the plane goes through one of the two points com- 
mon to C?, and C?,, the triple point of the quintic is modified by having 
two branches tangent, making the point equivalent to four double points. 
Every plane through one and only one generator cuts out a plane quartic, 
a (,,, baving three double points, one on the triple line where the gene- 
rator in its plane passes through and two on the double cubic where its 
plane cuts the double cubic not on the generator. Regarded as lying in the 
plane the generator meets the quartic four times, twice at the double point on 
the triple line, once where the generator meets the double cubic, and once at — 
the point of tangency of the plane and scroll; but regarded as lying on the scroll, 
the generator meets the quartic only once, at the point of tangency of the plane 
and scroll, since this is the only one of the four where the generator and quartic 
lie on the same sheet, [C,, G9] =0+1—0O=1. Every plane cubic is a C; , 
having a double point where its plane cuts the double cubic, not on either of the 
two generators in its plane. There is one and only one true conic on this scroll, 
if there exists a triple tangent plane containing all three generators at some 
point on the triple line, in which case the conic meets each generator once on 
the double cubic and once at a point of tangency of plane and scroll. 

3. Twisted Curves. Pass a cubic surface, S,, through C2, and O?,, by 
choosing 10 points S; on Cf, and two additional points of 8; on C’,. Now 


=) so that every cubic curve is a (C,, and has five points on C7, and C?, 


together ; therefore by choosing five additional points of S; on C;,, 8; will cut 
out C,,, the complete intersection being C?,, C?,, C;, and three generators 
since every generator will already meet §; three times on the triple line and 
two curves together, and no other point of the residual can exist unless the 
generator through that point lies entirely on §;. The formula holds for the 
frame, since the triple line lies on both sheets through the double cubic at each 
of the two points where it meets the double cubic, and hence these count for four 
intersections, 
- =3+6—5=4; 

also 


[C?, 36 + 56 = b— 28, 


G,, J= 68+ 6—58=b+6, 


and 
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so that any curve C,, has 2b—@ points on CZ, and C?, together, as we have 
already seen. Since the formula holds for the frame, it holds for C,;,. In 
general, since there are two points of C7, on the triple line, and 2b— @ points 
of C,,, on the triple line and C?, together, we can make S, contain the triple 
line, CZ, and C,,, if we place v + 1 points of S, on the triple line, 3y — 1 addi- 
tional points on C7, and by + 1— (2b— @) additional points on C,,,. If we 


26+8+n7 

5 
congruent to 0, 4, 3, 2, or 1 (mod. 5) respectively, and make S, cut out n gene- 
rators in each case, we will have for the order of the residual, 


To do this we must have 
+ 


2(5 — n)b —(n + 3)n + 
We have the following five cases : 


choose vy = where n=0, 1, 2, 3, or 4, according as 26+ 8 is 


1st Case: n= 0; 


= 11,16, ....{1 0b — 108— 1050, 2. 

2nd Case: n= 1; 
wa b=3, 8, 13,... 8) —1450, 2. 

3rd Case: n+ 2; 
b= 5, 10, 15, 6b + 108—2050, 851,552. 

4th Case: n= 3; 
b=7, 12, 17, 4b + 208 — 2850, B51, d52. 

5th Case: n= 4; 
b= 4, 9, 14, 2b + 303 — 3850, B51, 


The condition is therefore satisfied for all values of 5, and since the formula holds 
. for 6 = 8 it holds for all curves on the scroll. 
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IV. Quintic Scroll with a Triple Linear Director, a Double Conic and a Double 
Generator. F(C?,, C?,). 


This scroll is somewhat like the previous one where the double cubic has 
been replaced by a double conic and a double generator. The double conic has 
one point on the triple director and one point on the double generator, the 
double generator meeting both conic and triple director, for a plane through the 
triple director and double generator cuts the double conic twice, once on the 
triple director and once on the double generator because the double conic cannot 
lie in the same plane with either, The triple director is a C3,, the double conic 
a C?, and the double generator a C?o, since no generator meets the double 
generator. 

1. Proof of Theorem I. This is similar to the proof for Scroll III. If 
five points of S, be chosen on the double conic, C?,, two additional points on C}, 
and one additional point on the double generator, making eight points in all, the 
S, will contain all these and cut out one generator (10 — 4— 8—2= 1) which 
can be chosen at will by placing on it the ninth point for the determination of 
S,, since each generator already meets S, once on C3, and once on C?,. There- 
fore any curve C, meets é., CZ, and C?, in a fixed number of points, say 
2b — @, and every generator in the same number of points, 8. For the number 
of intersections of C,,, with each of these the formula gives: 


= 38 + b— 58 =b— 28 
[Chi = 48 +b—5B=b— B 
=28+0—0 = 20 


Also 
[Ch CPi] =4+3—5=2, Ch,]=2 and [C?, C?,]=2, 


which are correct results, since, at the points where these intersect, each lies on 
each of the two sheets through the point and there are therefore two intersections 
at each point. 

2. Plane Curves. An arbitrary plane will cut out a plane quintic having 
three double points, one on the double generator and two on the double conic, 
and one triple point; if the plane of the quintic passes through the intersection 
of the double conic and triple director, a double point unites with a triple point, 
forming a tacnode with a branch through it, and if the plane passes through the 
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point of intersection of the double conic and double generator, two double points 
unite to form a tacnode. In any case, the quintic intersects the double conic 
four times, twice at each double point or tacnode, for, in case the tacnode has a 
branch through it, one of the branches of the quintic lies on a sheet that does 
not go through the double conic; [C;,, C?,] =5+4—5=4. The plane of the 
double conic cuts out one generator that meets the conic once where the conic 
meets the triple director and once elsewhere when considered as lying in the 
plane; but considered as lying on the scroll, the generator, at the point on the 
triple director, lies on the sheet that does not pass through the conic, and hence 
there is only one intersection of the generator and the conic which is at the 
other point in the plane. 

In general, a plane through one generator cuts out a plane quartic, having 
three double points, one on the triple director where the generator meets it, one 
on the conic where the generator does not meet it and one on the double gene- 
rator. <A plane through two of the three generators that meet in a point on the 
triple director cuts out a plane cubic with a double point on the double generator. 
No conic can exist except the double conic and there is therefore no triple 
tangent plane. 

[It seems probable that a conic could exist if there were a cuspidal gene- 
rator instead of a double generator, which conic would lie in the tangent plane 
of the cuspidal edge. ] 

3. Twisted Curves. Since two generators lie in a plane, every cubic is a 
Cs,;, meeting the triple director once, the double conic twice and the double 
generator twice. If we pass a quadric surface, S,, through the C;,, the double 
generator and the triple director by choosing seven points of S, on G;,, one 
more on the double generator, and one additional point on the triple director, 
the order of the residual will be 10—3— 2—3=2 and the residual must 
consist of two generators, since every generator already meets S, twice. The 
formula holds therefore for C; ;. 

We have seen that the triple director and double conic have one point in 
common and that the double generator meets both, and that altogether they 
meet C,, in 26— points; we can, therefore, make S, contain the triple 
director, double generator, double conic, and C,, by choosing »+ 1 points of 
S, on the triple director, » additional points on the double generator, 27 — 1 
additional points on the double conic and by + 1— (26— @) additional points 


55 


434 WiuiaMs: Curves on Quintic Scrolls. 


on C,,. The number of arbitrary points remaining for the determination of S, 
will then be 
2a+at4 1] 
= —1)— (6+ 4)v + 2b—a + 38, 

b+8+n 
where n=0, 1, 2, 3, or 4 according as 2b+8 is em. to 0, 4, 3, 2,1 
(mod. 5), respectively, and making S, cut out m generators in each case, we will 
have 


which is the same as for Scroll III, and by taking »= as before, 


as before, and we can prove, in the same manner as for Scroll III, that the 
formula holds for all curves on the scroll. 


V. Quintic Scroll with a Triple Director, a Double Director and two Double 
Generators. F(C}, C?,). 


The four lines form a gauch quadrilateral in which the two directors do not 

intersect and the two double generators do not intersect ; 

C?;])=3+2—5=0 and [C?, C?,]/=0; 
also [C?, C?,]=0+2—0=2, which is correct, since the double generator 
lies on two sheets through the triple director and has two intersections with the 
triple director at the point where they meet; the same is true for the double 
director and a double generator, [C?, C?7,] =0+2—0=2. 

1. Proof of Theorem I. Pass a quadric surface, S,, through the four 
vertices and through one additional point in each side of the gauch quadrilateral; 
it will cut out all four lines, making the order of the residual 

0 

i. e., the residual is a generator that may be chosen at will by placing on it the 
ninth point for the determination of S,. Therefore, as before, every generator 
meets C,, in the same number of points, say @, and C,, has 2b — @ points on 
the four fixed lines taken together. The formula gives 2 @ points of intersection 
of C,,, and each double generator, b— 2 points for C,, , and the triple director, 
and 6—3@ points for the double director and C,,, making in all 2b—£, as 
before. 


2. Plane Curves. KHvery plane quintic has one triple point and three 
double points unless its plane goes through a vertex of the gauch quadrilateral, 
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each of the two vertices on the triple director giving rise to a tacnode with a 
branch through it and each of the two vertices on the double director giving rise 
to a tacnode. A plane through a single generator cuts out a plane quartic that 
has three double points, one on the triple director, and one on each double 
generator, and meets the double director where the generator meets it. Since 
every plane through two distinct generators that meet in a point on the double 
director cuts out the triple director, and every plane through two generators that 
meet in a point on the triple director cuts out the double director and therefore 
the third generator through the point on the triple director, the plane of every 
cubic must pass through one of the double generators; conversely, every plane 
through either double generator that does not contain a director cuts out a 
plane cubic that has a double point where the plane cuts the other double 
generator, passes once through the point on the triple line and does not meet the 
double director at all, and we have 


[Oh =8+38—5=1, 


There are then two sets of plane cubics, each set lying in a sheaf of planes 
whose axis is a double generator. It may be observed that there exists an 
infinite number of triple tangent planes, since the three generators through the 
same point on the triple line lie in a plane. 


_b 
3. Twisted Curves. Since three generators lie in a plane, @ ae and every 


cubic is a C,, that has one point on the triple director, two points on each 
double generator and does not meet the double director at all. If we pass a 
quadric surface, S,, through C;, by placing seven points of S, on it and choose 
the remaining two points of S, on the triple director, then S, will cut out C;,, 
the triple director and the two double generators (3 + 3+ 2+2=10) which 
form the complete intersection. The formula holds therefore for the C;,. By 
making S, pass through the vertices of the gauch quadrilateral and »— 1 addi- 
tional points on each of the four sides, and through by + 1— (26 — @) additional 
points of C,,,, we will make S, cut out C,,,, the triple and double directors, and 
the two double generators, and the remaining number of arbitrary points of S, 
will be 


1) +4—[(64+ 264+ 6 4+ 1] 
= —1)— (6+ + 26— B+ 3. 
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2 8 
By choosing v = 5 where n= 0, 1, 2, 3 or 4, according as 2a + 8 


is congruent to 0, 4, 3, 2 or 1 (mod. 5), respectively, and making S, cut out n 
generators in each case, the residual will be of order 

r= 
and it can be shown in the same manner as for Scroll III, that the formula holds 
for every curve on the scroll. 


VI. Quintic Scroll with a Double Director and a Double Twisted Quintic 
with a Triple Point. F(C%,, Cho). 


A plane through the double director cuts out three generators that inter- 
sect, two and two, in three non-collinear points on the double quintic (the three 
points forming a triangle, two on each generator). The quintic is therefore a 
Cz. and meets the double director, Cj,,, at two points giving four intersections, 
Ci.,;] =10+4— 10=4, each point counting for two intersections, since 
both line and curve lie on both sheets. 

1. Proof of Theorem I. By choosing the triple point and 13 other points 
of CZ, as points of 8; and two additional points of S; on the double director, we 
can make 8; cut out CZ. and Cj.,. Hach generator will then meet S; twice on 

2, and once on C{,, and consequently the residual must consist entirely of 
three generators which can be chosen at will since there are still three arbitrary 
points remaining for the determination of S;. Any two of these generators may 
be kept fixed and the third one varied so as to include, in succession, all the 
other generators of the scroll, and since a fixed number of points of a curve, 
C,, lie on Ci, and CZ, together, it is evident that the same number of points, 
say (2, lie on each generator and that 3b — 38 points of C,,, lie on Cj,, and C§. 


together ; 


28 + b— 58 =b— 38 
[C2. = 108 + 2% — 108 = 


and 


making a total of 3b — 38. 

2. Plane Curves. An arbitrary plane cuts out a plane quintic with six 
double points ; if the plane of the proper quintic goes through either of the two 
points common to the double director and double quintic, two of the double 
points unite to form a tacnode. A plane through only one generator cuts out a 
plane quartic having three double points where the plane cuts CZ,, not on the 
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generator. A plane through two generators that pass through the same point 
on the double director cuts out a plane cubic with a double point where the 
plane cuts Cj, not on either generator. No conic exists. 

3. Twisted Curves. Since three generators lie in a plane, every cubic is a 
C;,, and does not meet the double director, [C, , C7,] =3 + 2—5=0; it must 
therefore meet C}, in points, [C,, CZ,]=6 +10—10=6. 
If we pass S, through 21 points of Cj,, three additional points of the double 
director and seven additional points of C;,, S, will cut out the two curves and 
the double director, and the residual will consist entirely of generators, since 
each generator already meets S, twice on C},, once on C;, and once on the 
double director, and can not meet it again without lying entirely on it. 
Therefore the formula holds for every C,,. If, in general, we make S, pass 
through 5y—1 points of Cz, including the triple point, through »—1 additional 
points of the double director and by + 1— 3(b— @) additional points of C, z, 
then S, will cut out the frame and C,,, and the number of arbitrary points 
remaining for the determination of S, will be 


[$o(v — 1) + 4{— | (6 + 6)y—1— 3(6—8)}. 


2b+11+n 
5 
is congruent to 4, 3, 2, 1, or 0 (mod. 5) respectively, and making S, cut out n 


generators in each case, the residual will be of order 6 — 1 and it can be shown 
in the same manner as for Scroll II that the formula holds for all curves on the 


scroll. 


, where n =—1, 2, 3, 4 or 5, according as 2b + 11 


By choosing » = 


VII. Quintice Scroll with a Double Director, a Double Generator, and a Double 
Twisted Quartic having a Double Point. F(Ci,, 

A plane through the double director cuts out three generators whose mutual 
intersections form a triangle with the vertices on the double quartic, two on 
each generator; as the plane is revolved around the double director it comes to 
a position in which it passed through the double point of the quartic, and in this 
position the plane cuts out the double generator and a single generator, two of 
the generators uniting as two of the vertices of the triangle fall together at the 
double point of the quartic; the double generator therefore passes through the 
double point of the quartic and one other point, while the single generator in this 
plane passes through the double point of the quartic, on a sheet different from 
those through the double generator; thus the double generator has two inter- 
sections with the quartic at the double point and two more at the other point, 
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Ci.] = 4, while the single generator has two intersections with the 
quartic and none with the double generator at the double point of the quartic, 
Ci2] =2 and [C,,) Cio] =0. The double director and double quartic 
have one point in common. 

1. Proof of Theorem I. By passing S; through the frame and the double 
generator, t.¢., by choosing the double point and 11 other points of Cj,., three 
additional points of the double director, and one additional point of the double 
generator as points of S;, Theorem I can be proved in exactly the same way as 
for Scroll VI. 

2. Plane Curves. An arbitrary plane cuts out a plane quintic with six 
double points, four on Cj., one on the double director and one on the double 
generator. A plane through one generator cuts out a plane quartic with three 
double points, one on the double generator and two on CZ,. A plane through 
two generators that meet on the double director cuts out a plane cubic with a 
double point on the double generator, while a plane through the double generator 
cuts out a plane cubic with a double point on Cj., unless the plane also cuts 
out the double director. 

3. Twisted Curves. Since the double quartic, C?,., and the double gene- 
rator here, take the place of the double quintic on Scroll VI—counting for 10 in 
the order of the section by S, and requiring the same number of points of S,, 
a. e., 4v for Ci, (including the double point) and »—1 additional points for 
Cio, or 5y—1 in all—the proof of the formula for this scroll is exactly the 
same as for Scroll VI. 


VIII. Quintic Scroll with a Double Conic and a Double Twisted Quartic having 
a Double Point. F (C3, Ci2). 


A plane through two generators that meet on the double conic cuts out a 
cubic; there are six double points in the section, two on the double conic and 
four on the double quartic; the generators in this plane can not meet the conic 
again, so that the cubic has a double point on the double conic; the four double 
points of the section that are on the quartic lie two and two on each generator, 
through each of which the cubic passes. The double conic is therefore a C3, 
and the double quartic is a Cj». 

Schwarz has shown that the double conic goes through the double point of 
the quartic and meets the quartic in two other points; at each of these three 
points the conic and quartic intersect twice, since each lies on both sheets, 
making six intersections and [C}, Cj,.] =8+8—10=6. 
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1. Proof of Theorem I. In the same way as for Scroll II, we can pass S; 
through the frame, obtaining three generators as the residual, and prove Theo- 
rem [ in exactly the same way as for Scroll II. 

2. Plane Curves. An arbitrary plane cuts out a plane quintic with six 
double points, two on C3, and four on Cj,; if the plane goes through the 
double point of Cj, and does not contain a generator, the section is a plane 
quintic with a triple point formed by the union of two of the double points on 
Ci. with one double point on C},. The plane of the double conic cuts out one 
generator, as in the case of Scroll IV, which meets the conic once at the double 
point of the twisted quartic Cj,,, and once elsewhere when considered as lying 
in the plane, but has only one intersection with the conic when considered as 
lying on the scroll, since at the double point of Cj, the generator lies on a sheet 
that does not pass through the conic there. Any plane, except the plane of the 
double cone that passes through one generator, cuts out a plane quartic having 
two double points on CZ, and one on C3,. A plane through two generators 
that meet on C,, cuts out a plane cubic with a double point on C},, and a plane 
through two generators that meet on Ci, cuts out a cubic with a double point 
on 

3. Twisted Curves. Since the double quartic and double conic take the 


place of the double sextic on Scroll II, counting 12 in the order of the section 
by S, and requiring the same number of points of ‘S,—viz., 4y+1 for Cio, if 
the double point is not chosen, and 2» — 2 additional points for C3} ,, or 6v—1 
in all—the proof of the formula for this scroll is the same’ as for Scroll II. 


IX. Quintic Scroll with Three Double Conics. F (C3, C3, C3). 


The three double conics form a degenerate double sextic curve ; each conic 
meets each of the other two in two points, and they have one point in common 
which takes the place of the triple point of the sextic, or, as Schwarz has pointed 
out, the planes of the three conics are three sides of a tetrahedron whose vertex 
is the point common to the three conics and whose base is the plane through the 
three other points of intersection of the conics, two and two. Since an arbitrary 
generator can meet the conic once only, each double conic is a C},, and has 
three intersections with each of the other two, two at a point not common to all, 
where each conic lies on both sheets, and one at the common point where each 
conic meets the generator in the plane of the other on one sheet and the conic 
once on the other sheet; [C3, C}Z,]=4+4—5=3. 

Therefore the formula holds for the curves of the frame. The proof of 
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Theorem I is the same as for Scroll II, since §; can be passed through the frame 
and three arbitrary generators, and the proof of the formula is the same as for 
Scroll II, since the frame counts for 12 in the section by S, and requires only 
6y — 2 points of S,. [C3, C,.] = 46 +b—58=b—8, so that any curve, 
C,,8, meets the three conics together in 3b — 3@ points, which is the same num- 
ber as that for the proper sextic on Scroll II. 


X. Quintic Scroll with a Double Generator and a Double Twisted Quintic 
having a Double Point. F (C35). 


The double quintic and double generator together form a degenerate sextic 
with a triple point formed by the double generator passing through the double 
point of the quintic, but not in the plane of the tangents to the curve. This 
scroll differs from Scroll VI by having a double generator instead of a double 
director, in consequence of which each generator on this scroll meets the double 
quintic three times and it is therefore a Cj 3. The double generator has six 
intersections with the double quintic; [Cj,, C3] = 6. The proof of Theorem I 
is the same as for Scroll II, since 8; can be made to cut out C23, the double 
generator and three arbitrary generators, and the proof of the formula is the 
same as for Scroll II, since the double quintic and double generator count for 12 
in the section by S, and require 6y — 1 points of S,. 


(B) Scrouts or Dericiency (p= 1.) 


XI. Quintic Scroll with Double Twisted Quintic That is Met Three Times by 
Each Generator. F (C35). 


This scroll differs from Scroll X by having no double point on the quintic 
and consequently no double generator, which makes every plane curve of 
deficiency one. 

1. Proof of Theorem [. If16 points of 8, be taken on C25, S; will contain 
this curve and will cut out of the scroll, in addition, five generators, since each 
generator already meets §; in three points on C?,. There remain three points 
of §; that can be arbitrarily chosen so that three of the five generators can be 
chosen at will. Therefore by a method employed for Scroll II it can be shown 
that only one infinite set of generators exists, and each generator meets (C,, in 
the same number of points, 8. There must then be 3b — 56 points of C,, on 
Cz, and the formula gives 

[C23 Cy, 2] = 108 + 3b — 158 = 3b — 58, 
so that the formula holds for the frame. 
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2. Plane Curves. Every plane not containing a generator cuts out a plane 
quintic having five double points, and no other kind of a plane quintic can exist 
A plane through one generator cuts out a plane quartic having two double 
points, and a plane through two generators cuts out a plane cubic without a 
double point. 


3. Twisted Curves. Since two generators lie in a plane, @ are and there- 


fore every cubic isa C;,. If 21 points of 8, be chosen on Cj, and nine addi- 
tional points on @,, S, will cut out these two curves from the scroll and the 
residual intersection will consist entirely of generators, since each generator 
already meets S, three times on C2? and once on C;,. ‘Therefore the formula 
holds for G,,. In general S, may be passed through C3, and any curve C, , 
by choosing 5y+1 points of S, on and by + 1— (3b — additional 
points of S, on C,,,, which will leave 
1) + 4! — 5)y — 30 + 58 + 2} 
= — 1)— (6+ + 
2-+13+n 


arbitrary points for the determination of Choosing where 


n= 0, 1, 2, 3 or 4 according as 2b + 13 is congruent to 0, 4, 3, 2 or 1 (mod. 5), 
respectively, and making S, cut out n + 4 generators in each case, we have the 
condition, 


5 
4+ 3b — 58 + 2—(n-+4)("4 1—3—8)50, 
i &, 2(5 — n)b + (n — 1)108 — n(n + 3)— 3050, 
where 


If this condition is satisfied, the order of the residual is 
r= 26+138+n— (n+4)} =b—1. 


There are five cases to consider, viz. : 


Ist Case: b= 6, 11, ....; 


26+ 13 Condition is 
2b + 13=0 (mod. 5); n=0, x=——— 
, 6 (105—108—3050 
Satisfied for b= 6, 11, ete. 
56 


26+ 13+n 
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-2nd Case: 6 = 3, 8, 138,... 


2b + 13= 4 (mod. 5); n=1,7= 


2b + 14 bes is 


5  \8a— 3450. 
Satisfied for b5 5, t. ¢., for b= 8, 18, etc. 


3rd Case: b= 5, 10, 15,....; 
if 
655 


__ 2b + Condition is 


2b + 13=3 (mod. 5); n= 2, v f6b+108—4050. 


and .*. for b= 5, 10, 15, ete. 


4th Case: b= 7, 12, 17,...-; 


, 
B=1,b57 


2b + 132 (mod. 5); n=3,7= Condition is 


4b + 208— 4850 


if 


and .*, for b= 7, 12, 17, ete. 


5th Case: b= 4, 9, 14, 19, 


2b+-17 Condition is bS 4 

2 + 18=1 (mod. 5); n=4, p= 
5 §2b+ 308—5850. 

[852,05 


and .*. for b= 14, 19, 24, ete. 


The only curves not included in this list which satisfy the condition are 
C;,, under case 2, for which the proof has already been given, and Ci1, Co15 
under case 5. Now C,, can be cut out by an S, that passes through CZ, (and 
the residual will consist entirely of generators), for it only requires 21 points of 
S, on CZ; and 10 additional points on C,, and we have 34 points available. 
C,, can be cut out by an S, that passes through Cj, for it only requires 26 
points of S, on Ci, and 24 additional points on C,, and we have 54 points avail- 
able; the residual is of order 6, for which the formula holds. Therefore the 
formula holds for all curves on the scroll. 


XII. Qwuintic Scroll with a Double Director and a Double Conic. F(C?, C3). 


A plane through the triple director cuts out two generators that meet on 
the double conic, and since the generators can not meet the double conic again, 
the double conic meets the triple director in one point, which counts for two 
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intersections since the two sheets through the double conic also pass through 
the triple director; [C}?,, C3,]=3+4—5=2, and therefore the formula 
holds for the frame. 

1. Proof of Theorem I. By choosing five points of S, on C3, and two 
additional points of S, on C?,, S, will cut out the frame and three generators, 
two of which may be chosen at will as there are still two arbitrary points for the 
determination of S,, and each generator already meets S, twice on the frame. 
Therefore, by the method employed for Scroll II, Theorem I is proven for this 
scroll. Every curve, G, ,, on the scroll meets §, in 26 points, of which 3@ lie 
on the three generators cut out by &, and consequently 2b — 3@ points lie on 


the frame ; C21] = b+ — 5B =b— 26, 


and 
C31] =6 48 — 5B =b— B, 
making in all 26 — 3. 

2. Plane Curves. An arbitrary plane cuts out a plane quintic with a triple 
point and two double points; a plane through one generator (except the plane 
of the double conic) cuts out a plane quartic with two double points, one on C?, 
and one on C3,; a plane through two of the three generators that meet in a 
point on the triple director cuts out a plane cubic without a double point, the 
three points where a generator in its plane meets it being the point of tangency, 
one point on C}, and one point on C3,. No conic except the double conic can 
exist, and the plane of the double conic cuts out one generator in the same 
manner as the plane of the double conic on Scroll IV. 

3. Twisted Curves. Since the triple director and double conic have one 
point in common, and any curve, C, ,, has 2b — 3@ points on the frame, S, can 
be made to cut out the frame and CG, , if 


+44 by+ 1—(2b— 38) 50. 
26+6+n 


If we choose v= — . where n=0 or 5, 1, 2, 8, 4, according as 


26 -+ 6 is congruent to 0, 4, 3, 2, 1 (mod. 5) respectively, and make S, cut out 
mn generators in each case, we have the following condition: 


+ 2b— 38+ 


1. 2(5—n)b+ 10(n— 3)B —n(n+ 1)—1050, 
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This condition is satisfied in the five cases as follows: 


Ist Case: 7, 12,17, ....; 26+ (mod. 5). 
Ifn2n=0,7= and 10b — 308—1050, which is satisfied for DS 4 


5 


and 203 — 4050, which is satisfied for bS0 if 6S 2. 


In this case, therefore, for 6 = 1, and for v 


2nd Case: b= 4, 9, 14, ...-3 264+ 6=4 (mod. 5). 


n=1, 8b — 208 — 125 0, which is satisfied 


When 6S 


entirely of generators (since each generator meets the frame twice), 
and the condition becomes 


§(8 +2)(8+1)—(b+ 8)(6 +2) + 26 —38+250. 
5B’ + 38 — 268 + 250, 


which for BS ase 


= , take »= 8 + 2, in which case the residual will consist 


(Kq. 1.) 


gives 105 0, and hence the condition is satisfied. 


3rd Case: b= 6, 11, 16, ....; 26-+- 6=8 (mod. 5). 
n=2,¥ 6b — 108 — 1650, which is satisfied for 
“When 6S =, take v= 8 + 2, and the condition above (Eq. 1) be- 


comes 3b?— 23b + 5050, which is satisfied for 65 0. 


4th Case: b= 8, 8, 13,....; 264+ 6=2 (mod. 5). 


, 46 — 2250; satisfied for 6. 


For 6=3, take 6 +2 =83, since > must be 1. 1, above, 


becomes 450, which is satisfied. 


5th Case: b= 5, 10, 15, ...-; 26+ 6=1 (mod. 5). 


n=4, v=—_—,, 26 + 108 — 3050, satisfied if 


| 

if 1. 

26+ 9 
a8, 
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For 6=5, @=1, take 8+ 2=38, and Kq. 1 becomes 
54+3—10+250, 
which is satisfied. 
Therefore, for all curves on the scroll, » may be so chosen that the residual will 
consist of a curve of order less than 8, or else entirely of generators (e. g. when 
v= 8+ 2, which applies to the case b= 8). The formula holds therefore for 
all curves on this scroll. 


XIII. Quintie Scroll with a Triple Director, a Double Director and a Double 
Generator. F(C}, C7). 

This scroll differs from Scroll V by having only one double generator 
instead of two; the number of intersections of this double generator with each 
director is the same as for Scroll V, [C{,, Cio] = 2 and [C7,, Cio] = 2. 

1. Proof of Theorem I. If a quadric surface be passed through Ci, and 
Ci, and the double generator by placing three points of the quadric on each 
director and one on the double generator, the residual intersection will consist of 
three generators, two of which may be chosen at will by placing on them (one 
point on each) the two remaining points for the determination of the quadric. 
Therefore, by the reasoning employed for Scroll II the theorem is proved, and 
there will be 25—3@ points of C,, on the frame and the double generator 
together. 

2. Plane Curves. Every plane quintic will have one triple and two double 
points unless its plane goes through the point of intersection of the double gene- 
rator and a director, in which case the plane quintic has a tacnode if on the 
double director, and a tacnode with a branch through it if the point is the inter- 
section of the triple director and the double generator. The plane quartics have 
two double points, and the plane cubics have none and exist only in the planes 
through the double generator. 

3. Twisted Curves. By passing S, through »+ 1 points on the triple 
director, v + 1 points on the double director and » —1 additional points on the 
double generator, and by — (2b — 3@) + 1 additional points on C, ,, we make 
S, cut out both directors, the double generator, and C,,. This can be done if 


{$v(v —1) + 4} — {(64 8)v — (2b — 38) + 2} 50. 
This condition is exactly the same as that for Scroll XII, and the proof of the 
formula is therefore the same as for that scroll. 


, 
. 
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XIV. Quintic Scroll with a Double Director and a Double Twisted Quartic. 

This scroll is similar to Scroll VII, but here no double point exists on the 
twisted quartic, and no double generator exists on this scroll. A plane through 
the double director cuts out three generators that form a triangle by intersecting 
two and two on three points of the twisted quartic, the other point of the twisted 
quartic in the plane lying on the director, as in Scroll VII. 

1. Proof of Theorem I. Pass §; through the double director and twisted 
quartic by choosing four points of 8; on Cj, and twelve additional points of 8, 
on Ci,,. Since each generator meets the quartic twice and the director once, 
the residual intersection of S, and the scroll will consist of five generators, three 
of which may be chosen at will since three points of S; are still to be determined. 
Therefore, by a method analogous to the one employed for Scroll II, Theorem I 
may be proved, and therefore there are 3b — 56 points of C,, on the double 
director and the double twisted quartic together. 

2. Plane Curves. The plane quintic has five double points, the plane 
quartic has two double points and the plane cubic has no double point. 

3. Twisted Curves. The double director and double twisted quartic form a 
degenerate twisted quintic, and the proof of the formula for this scroll is the 
same as that for Scroll XI, since S, can be made to pass through the frame and 
C,,, by placing » +1 points of S, on Cj,,, 4y additional points of S, on Cj, 
and by + 1— (3b— 5@) additional points of S, on C,, ,, leaving 

{$o(v —1) + 44 — {(6+ 5)» — 3b + 56 + 2} 

= 1)— (6+ 5) + 58 + 2 


arbitrary points for the determination of S, as before. 


(C) Scrout or Dericiency Two. (p = 2.) 
XV. Quintic Scroll with a Triple Director and a Double Director. F(C}?., C?,). 


This is the only quintic scroll of deficiency two. A plane through the 
triple director cuts out two generators that pass through the same point on the 
double director, and a plane through the double director cuts out three generators 
that pass through the same point on the triple director, and this scroll differs 
from Scroll XIII by not having a double generator. 

1. Proof of Theorem I. By passing a quadric surface, S,, through both 
directors, placing three points of S, on each, the residual intersection will be five 
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generators, three of which may be chosen at will by placing on each one point 
of the remaining three points for the determination of S,. Therefore, by a 
method similar to the one employed for Scroll II, Theorem I can be proved and 
there are therefore 2b— 53 points of C,,, on the two directors taken together, 
By the formula [C,,, C?.,] =4— 26 and [G,, =b— 36. 

2. Plane Curves. Every plane quintic has one triple and one double 
point, and every quartic has one double point, and no other plane curves exist. 

3. Twisted Curves. Let S,, which cuts out the curve C, ,, have the triple 
director as a line of multiplicity »— 6; the residual in this case must consist 
entirely of generators, since each generator will meet S, @ times on C,, and 
v — B times on the director, 2. ¢., » times in all, and can not meet S, again with- 
out lying on it and forming a part of the residual. It is only necessary then to 
show that a value for » can be found such that S, will cut out the curve C, , and 
will have the triple director as a line of multiplicity »— 6 and shall not break 
up into the scroll itself, 2. e., a surface of order 5 with a triple line, and another 
surface of order » — 5 with this same line as a line of multiplicity » — 6— 3. 

If we let x =0, y=0, in homogeneous coordinates, be the line of multi- 
plicity & on a surface of order m, the number of terms in the equation of the 
surface will be the sum of all the terms of degree m in x and y together, plus all 
the terms down to those of degree & in x and y, 1. e., 


(m +1) + 2m + 3(m— 1) +4(m— 2)+....+(m—k+ 1) (A+ 1) 


=(m+ 


(m—k-+ 1)(m—k) 


Since a plane through the triple director cuts out two generators, there are 
b — 28 points of C,,, on the triple director, which count for (6 — 2@)k points of 
intersection with a surface having this line of multiplicity % In the present 
case m=v and k=yv—@ and 


(v +1) (Pt +) _1 + 28? —150. 
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Now when $8 =1, it is impossible for S, to have a component of order v — 5 
with a line of multiplicity » @— 4, so that for 6=1, 


(» +1) (5)—2(3) -1- — + 2-150, 


or v>6—1. 


For @ = 2, the only way in which a surface of order » — 5 could have a line of 
multiplicity »— 8 —3 =v — 65 is for the surface to break up into » —5 planes 
through the line. If then we impose the condition that S, shall contain a line 
that is not on the scroll, §, can not have the scroll as a component, so that for 
(v +1) G)-2(3)- — 4v + 6 —(v + 1)50, 
vy 2b— 3. 


For 858, S, may break up into the scroll and S,_,; with the triple director as a 
line of multiplicity »—@—3=»—6 on S,_,; to prevent this we must make 
S, pass through a number of arbitrary points not on the scroll equal to one 
more than the number of arbitrary coefficients in the equation of an S,_; having 
a line of multiplicity »— — 3, which is (since m=v—5, k= v— 6 —3, 


and m — Ie + 2= 8) 
we have therefore 


— b8 — + 28? 150, 
from which 


58? —B—2 


Therefore a value for vy can always be found such that the residual will 
consist entirely of generators, and therefore the formula holds for all curves 


on the scroll. 


On the Structure of Forms, and the Algebraical 
Theory of n-Lines. 


By O. E. GLenn. 


Factorable ternary quantics, representing n-lines, have an invariant theory 
which is in some respects analogous to binary invariant theory. The theory of 
degenerate forms lends considerable aid also to the study of non-factorable forms. 
In this paper we propose to develop the theory of factorable forms considerably 
farther than was done in a paper on the subject published by the present writer 
in Vol. XXXII, No. 1, of this JournaL,* and to make a series of applications of 
this theory. Sections 1, 2, 3, 4 are devoted to ternary factor theorems. In § 5 
an introduction to an invariant theory of n-lines from the standpoint of matrices 
is given. Resultant and discriminant matrices of forms representing n-lines are 
constructed. Section 6 contains a theory of rational partial fractions from the 
point of view of the Aronhold operator. 


§1. Multiple Linear Factors. 


The number of terms in an elementary symmetric function of m groups of 
any p homogeneous variables is equal to the number of distinct permutations of 
the variables occurring in any one term, when the subscripts are removed. 
Thus if the groups are 

Py (iy T1y 81), 
(92, Tey 82), 


Pw Sm), 
we are led by a simple proof to the relation 
Or, 


* «The Theory of Degenerate Algebraical Curves and Surfaces.’’ The paper contains a short bibliography 
of the subject, to which may be added, Brioscu1: ‘Sulla Condizioni, etc.,” Annali di Mathematica, 
Ser. 12, Vol. VII; THasr: ‘Ueber die Zerlegbarkeit einer ebenen Linie, u. s. w.,’? Math. Annalen, Vol. XIV; 
Bgs: ‘*Décomposition de la forme ternaire du troisiéme degré,”’ Math. Annalen, Vol. LIX (1904). 
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Hence, when the ternary form 
m—1 


fom = y™ + + + + Agr) 
T= 


which we write under the non-homogeneous notation 
fam Do + +. + Pm—1 y/x + Pm 
is decomposable into m linear factors, its coefficients are connected with the 
coefficients of these linear forms, as 
((=1,2,...., m), 
by the following relations, among others: 
r=0,1,...-,m—1 
6 = (4 +1) k=0, 1, : (2) 
= Am =1 
Assume that 7, is a root of multiplicity a, of 
Po-+ = + — on 1)” Amo = 0. 
Then evidently 7, is a root of multiplicity a, — x of 
Per (x= 0,1, 2,...-, a,—]). 
Now, when the coefficients a of $,_, are expressed in terms of the variables 


T,, &, we write 


and then J, (7, 8; 7)=0. By replacing 7, in by 7, +48, r+A8 
respectively, expanding by Taylor’s theorem and using (2), we get 


h 
where 
A, = k—10 + Gm )(e+1). 
OGm_xo 
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The first non-vanishing term of this series, when 7 =7,, is the term where 
h=a,—x. Placing x=0, we have from this term the result that the roots s, 
corresponding to the a, equal 7; are the a, roots of the equation 


Ore Ort 
+(— 1)* = 0. (4) 
Similar results hold for a root 7, of of multiplicity a,(¢ = 1, 2, ...., 


That is, we have for the homogeneous 


THEOREM 1. The linearly factorable homogeneous ternary form fm, whose 
leading binary _, has r; as a root of multiplicity a; (t= 1, 2,...., a, tas 
+....+a,=m), can be factored into factors of the respective orders a, ++, 
which are rational and integral in the coefficients of the form fz, itself on the one 
hand, and in the quantities r, on the other, linear in the coefficients ; according 
to the formula 


Ti pti Ti ri 
Sem = ~ + a; (a;— 1) - Yi 


As an application of this theorem consider the problem of resolving the 
factorable ternary quartic f,,, where 


4 4 3 3 4 
LS Po = Agi Le Agog Lj LQ L Lz + Ay etc., 


and 
Ag = 1, Ag =a+ 3, Ag, = 38A—4, Ayg=—4a—12, aqy=——12a, 
9, Ay 19, ayy = 138a— 22, 14a— 24, 


Ago = 30, Ay, = 16a + 40, Aye = 14a — 28, 

Aygo — 44, Ags, = 12a + 28, 

Ayy 24. 

We find the roots of $ .,;,,= 0 to be +7,= +2, +7,=3; a, =3, ag=1. 

Equation (4) and the corresponding one for 8,, a, are then computed. They are 
(a+ 1)s?+ (a—6)s+ 6a=0, s—2=0. 

Their roots are s, = — 2, s, = 3, s; =a; 5,=2. Hence, 

Sou = — 2 + 3 xz) (xy + 3 + 2a). 
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§ 2. Hatension of Method for Quaternary Forms. 


For elementary symmetric functions of m groups of four variables we have 


= a r, (> 91 Vm—j—k Sm—j—k41 Sm—j bm—j-+1 bn) t 
1 


Sm—j-1 bm—j by 


1 


8n—j bm ’ 


and with 


m—k—1 


there 
6 
8 = (K+ 1) m 


(7 =0,1,...-,m—1; &=0,1,...., m—1; 1=1,2,...., m). 


The terms of a quaternary form may be arranged, under a homogeneous 


notation, as follows : 


— —2 1 


+ 


where 


2—j 


— m— 


Hence, by means of (6) and the methods of the previous section, we have, after 
writing the results in homogeneous form, with 


(a + 1, + 13, 14. 04) (moo = 1), 


Sam 


1 


t 
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THEOREM 2: If is a root of d_,=0 of multiplicity a; (t= 1, 2,...., ¢; 
+ a+...-+a,=m) ofa quaternary form then the coefficients 7;,5, of tts 
linear factors are the roots of the equation 

t ai—2 @ (J) 


r1—ri Ti —2 


+ (= 1,2; (7) 


§3. Multiple Roots of Functions &{”, 
Let the m roots of the equation 
f = ay + a, + =O 
be 2, %2,----,%m- Represent the totality of the sums of these roots taken two 
at a time by &,(¢= 1, 2,...., (m)=4m(m—1)), and the totality of the 
products of the roots taken in pairs by — 4;(7 = 1, 2,...., (m)). Let the equa- 
tions having the sets of quantities £;, »; for roots be respectively 


BM) + tb = 0. 
Then, for convenience of statement in this paper, let the following terminology 
be adopted: Let x? — £,2—~y, be a quadratic factor of f(a). This factor will 
be said to be of sum-multiplicity a if f(a) has exactly a quadratic factors in 
which the coefficient of « is the same number, —£,. The factor will be said 
to be of product-multiplicity @ if just @ of the factors of f(x) have the same 
absolute term —y7,. Again, the factor will be called of multiplicity y if it is 
repeated as a whole just y times in f(x). Evidently if the factor is of multi- 
plicity y, its sum-multiplicity or its product-multiplicity, or both, may be equal 
to y or greater than y. 

Let «?— &,x—~y, be a factor of f(x) of multiplicity a. Suppose its sum- 
multiplicity and product-multiplicity are both a also. Then a, (x,+ 2, = &) 
are roots of multiplicity a of f(z). 

Let the roots of &{” = 0 be arranged in a triangular array as follows: 


Then it is evident that &, is, formally, a root of ®{” =0 of multiplicity 
=a’. 
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Similarly, 7, is a root of ¥” =0 of multiplicity a*. More generally, if we 
assume 


k 
where > a,=a, it results that £, is a root of d{” =0 of multiplicity 
i=1 
aj + az + + ai, 
whereas 18, formally, a root of B™ of multiplicity aj (A=1,2,....,%). 
A dual result of the same nature is obtained by interchanging the réles of 
in this paragraph. 
§4. Multiple Quadratic Factors. 
Assume that the general ternary form f;,, is decomposable into 1m=g 
quadratic factors (m even): 
(t=1,2,..--, 9). 


Th 9 m 
(py? + oye + = Po 


The coefficients of the quadratic forms t, and those of f;,, itself are connected 
by the relations 
(= On + + (& 1) Am—k—r-ir (9) 
0,1,2,...., m— 1). 
Consider now the case where r?+0,7+ 7, is a factor of multiplicity 1, 


and of product-multiplicity 1 and sum-multiplicity a of @,. Then o, is a root 
of multiplicity a of 6“, whereas 7, is a simple root of ¥). (We have taken 


Pi = Po ++ Ay = 1.) 


y= PL? (a) =F %, Gi, 5 =A. 


In let us replace n,, 0,, by +AQi, % +A, 248, respectively, 
and o by o+Ar. Then Taylor’s expansion mica by virtue of (9), 


re] 


| 
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When o=0,, r=7,, the first non-vanishing term of the right-hand series is 
the term where 7=a. Hence 

THEOREM 3: The a values of r constituting the set of r-coefficients of the a 
forms t;, whose binary quadratic parts are factors of swm-multiplicity a of 
L" Do yj2 = 0, are the roots of the following equation of order a: 


00; a—l 


where 

The corresponding values of q are the roots of the a linear equations 
) 
% (‘= 1, 2,...., (12) 

In the functions @, used here the coefficients ay, a,, d2,.--+, of §3 are 
replaced by @ym, @jm—1) respectively. 


Next let + 0,7 + be factor of of multiplicity a,, and 
of product-multiplicity a, (4 = 1, 2,...., &), and let these factors be all of sum- 
multiplicity a =a, +a,+...-+a,. Then equations (8), § 3, hold = —o,), 
so that 18 a root of of multiplicity aj (A= 1,2,....,%). Also 
Or + being of multiplicity a, in will be of multiplicity 
a,— x in >,,(*=0,1,..--,a@,—1). Its product-multiplicity will be the same 
and its sum-multiplicity will be 


k 
(a, — x) = a— xk. 
h=1 


Then 0, is a root of &%-” of multiplicity 
whereas 18 @ root of of multiplicity (a, — x)’. 
Now we have 
= BS (a) = J (m, %, 
and J (n;, %)=0 In J let 0, 
be replaced by N+AQ and we get 


=3 (aac 


+ 1) + 7. (13) 
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The first term of this series which does not vanish identically when n=7n, 
is the one wherey=a;. We get a similar result for 7 by replacing ¥_, by ®_,, 


by and a; by Thus we have 
THEoREM 4: The complete determination of the quadratic factors ¢; of a form 
fam, Of general multiplicity, involves the solution for the q- and r-coefficients, of the 
equations 


00," 
+( + + k ny ( ) 
§5. Semi-Resultant and Discriminant Matrices of Forms Representing n-Lines. 
By a semi-resultant we shall mean a necessary and sufficient matrix con- 
dition that an m-line and an n-line, each represented by a ternary form, should 
have a 1-line in common. The name will probably justify itself inasmuch as a 
semi-resultant of two ternary forms will be seen to be the natural analogue of 
a binary resultant. It is, however, seminvariantive instead of invariantive. 
The author has proved in another paper* that the general m-line is repre- 
sented by the ternary form 


—l 
fam x3" Po + X3 $1 


+ (— 1) =) [m—j—t 1 (16) 
where 


is the resultant of x3' and , D is the discriminant of 


Po 9 and 


This is of Theorem 1, §1, when a,= 1. 


* (Note added June 10, 1912.) This paper has been published in Transactions Amer. Mathematical Society, 
Vol. XII, No. 3 (1911), p. 373. 


A,= M Ago + (m — 1) 
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It is therefore natural to expect that any joint invariant of an m-line and 
an n-line will be expressible entirely in terms of the two binary forms x3'~ x xr, 
and the analogous forms from the equation of the n-line. That this is really the 
case also follows from the results in §1. That is, we may write the m-line and 
n-line equations as follows: 


fam = ap" Po + ay P1 24/22 + .-- 


Then we have (Theorem 1) 


fam = (Cay + — / open), 


It now follows without difficulty that the condition for a common 1-line is 
equivalent to the condition that the following three binary equations have a 
common root: 


This condition can be expressed by means of a matrix, by using Stuyvaert’s 
generalization* of the dialytic eliminant. Stuyvaert has shown that a necessary 
and sufficient condition that three polynomials in x of respective orders A, u, », 
vySA+u—1, may have a common root, is that a certain matrix of 2+ uw rows 
and A+ columns should be of rank} 4+ We may express the 
condition here desired in the form of such a matrix with 


A=m—1, u=n v=m+n—2. 


* Stuyvaert: Cing études de géométrie analytique (1908), p. 60. 
¢ Conditions more desirable than J, = J,=0 in §1, part II, of ~~ former paper can be obtained by con- 
structing from the elements of J,, J,, a Stuyvaert matrix, A= 2, w= 2, v=3, €.4., 


| a 0 a’ 0 Ms, | 
b a b/ a! a, || 
c b | 

| 0 c 0 ce a, || 


where the sets a, b,c, and a’, b’, c’ are respectively the non-zero elements of the third rows of J, and J,. The 
necessary conditions J, = J, =0 are also sufficient if a’, = 0 has but one real root. But the rank of M being 
3 is both a necessary and sufficient condition, free from any assumption. 


58 


Pox = 0, Vow = 0, 
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Thus, suppose m= 3, n= 2. Then 
Pox = Aq L + Ay Ay, Vox = by + by + 
+ X, + X,2+4+ X;, 


where 
2 Ayo bo — 3 Ago by, 


Xy = ay by — + 2 ayy — Age 


Then the semi-resultant of fz, and gz. is* 


0 Ap, — B09 — Boz Ag Doo 
= bo bu bee 0 
0 boo bo bo 
Xp xX, XxX; X; 


THEOREM 5: A necessary and sufficient condition} that fam, J3n may have a 
common linear factor is that Pn» should be of rank m+n—2. 

It is worthy of notice that the coefficients of ,,, 1,, occur only in the X;, 
so that two fourth-order determinants of ps, are linear in these coefficients. 
Therefore two of the latter are expressible rationally in terms of the remaining 
coefficients in the matrix. 

TuHEorEM 6: In general, if an m-line and an n-line have a 1-line in common, 
there will be 2m — 1 independent coefficients in fz, and 2n— 1in Moreover, 
the remaining 3 (m*— m + 2) coefficients of the first form and 3 (n® —n + 2) of the 
second are all rationally expressible in terms of the 2(m +n —1) independent ones. 

The condition that a given m-line f;,,=0 may have a double 1-line can be 
expressed as a Stuyvaert matrix condition that the three binary equations 


Por =0, Ve" =O — 2 G02 = OF (18) 


* The negative condition 
bon 


bn 
is to be understood. 
+ As Stuyvaert points out, a certain negative condition concerning non-vanishing first minors of a definite 


determinant of order » + v of the matrix is to be understood (sce p,, above). 


¢t Theorem 1 with a, = 2, a,=1, m=3. 


= by, — by. 
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may have a common root. When m=8, this matrix is 


3 2 
5 6 Ag — 2 a5; 9 Ay — 0 
2 
0 6 Ap — 2 9 — Ap) 
THEOREM 7: A necessary and sufficient condition that the m-line fm = 0 may 


have a double 1-line is that the matrix $,, should be of rank 2m— 4. The form fs» 
then has but 2m — 2 independent coefficients and the remainder are all rationally 
expressible in terms of those of Pox, Pix: 

Inasmuch as 4, gives the condition for a repeated linear factor of f;,,, 
it might be called the wltra-discriminant. Generalizations giving conditions 
for a common 1-line for more than two m-lines, and corresponding results for 
p-ary forms p> 3, can be made readily. 

Moreover, the method given may be extended in the direction of finding a 
necessary and sufficient condition for a 1-line of multiplicity greater than 2 of 
an m-line. Thus from Theorem 1 with a,=83 the condition for a triple 1-line 
is expressible as a Stuyvaert matrix (generalized) condition that the following 
five binary equations should have a common root: 


Pox — 0, Pox — 0, 
= — 2 dor = 9, (19) 


These are derived from the Hessian of (4) with a, = 3. 


§6. Resolution into Rational Partial Fractions. 


The results developed in sections 1, 3,4 give us general formulas for the 
resolution of an ordinary rational proper algebraical fraction into the various 
standard types of partial fractions. For evidently the problem of resolving 
a2" into partial fractions with real (linear and quadratic) 
denominators is identical, in part, with that of factoring a factorable form 


Po + af 91 + 


into its linear and quadratic real ternary factors (see §3). We can consider 


| 
459 
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the general partial fraction theorem, therefore, as one interpretation of theorems 
3, 4. A sufficiently general statement of it is embodied in the following : 


h 1 
THEOREM 8: Let 22" = (x, + 7; x2) (xi + &; 2, +; 23), where 
j= 


17,2, 1s a single (not multiple) factor and + 2, %, +; x} ts of multi- 
plicity 1, sum-multiplicity a, and product-multiplicity 1. Then we have the 


resolution 
where 
— An 
and the numbers a; corresponding to the a; factors of sum-multiplicity a; are the 
a; roots of 
Ex + 1 + Ms) 
+... +(%) = 0, 
J 
where 
or’ k 0m—k-1 + 1m—k—2 


These methods may be extended to the case of rational p-ary fractions p > 2. 


PHILADELPHIA, Pa., July, 1910. 
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FIFTH INTERNATIONAL CONGRESS OF MATHEMATICIANS, 
CAMBRIDGE, 1912. 


The fifth International Congress of Mathematicians will be held in Cam- 
bridge, England, from the 22nd to the 28th of August, 1912. 

The preceding Congresses were held at Ziirich (1897), Paris (1900), 
Heidelberg (1904), Rome (1908); and it was at Rome that Cambridge was 
chosen for the next Congress. 

A series of lectures is being planned, which shall give some idea of the 
present state and progress of the principal branches of Mathematical Science, 
including its applications to Physics and Engineering. Invitations to deliver 
lectures have already been accepted by EH. Borel, E. W. Brown, A. Kneser, 
K. G. H. Landau, Sir J. Larmor, Sir W. White. 

The definite Program of the Congress, including a statement of the recep- 
tions which it is proposed to offer to the members who attend, will be issued 
subsequently. 

Special arrangements will be made for the consideration of the Reports of 
the International Committee appointed at the Congress in Rome to enquire 
into the teaching of Mathematics. 

The Congress will be divided into four sections: 

I. Arithmetic, Algebra, Analysis. 
II. Geometry. 
Il]. Mechanics, Physical Mathematics, Various applications of 
Mathematics. 
IV. Philosophical, historical and didactical questions. 


The fee for admission to membership of the Congress is £1. All members 
will be entitled to receive the volume of the Proceedings. 

The families of members will be entitled to participate in the Congress 
on payment of a fee of 12s. for each person, but this fee will not entitle them 
to the volume of the Proceedings. 

For all information in regard to the Congress, apply to the General Secretary 
of the Organizing Committee, Professor E. W. Hobson, Christ’s College, Cam- 
bridge, England. 


